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PREFACE 


Thu story of Creek Tmthenmti® fo '-he tute of one of 
the most stupendous achievements in the history of 
human thought- It i my hope that these selection*, 
.riiich furnish i. rrasoimhly complete picture oMhe 
rise of Greek mathematics trom earliest days, will I* 
found useful alike by classical scholars, desirme easy 
access to n most characteristic inspect of the Greek 
jrenius,and bv mathematicians,anximis to loam some* 
thine about the origins of their science. In these 
■lavs «f specialisation the excellent custom winch 
formerly prevailed at Oxford and Cambridge whereby 
,„cn took honours With in clock's anil in mathematics 
has gone hv the Imard. It is now rare to Itnd a 
classical scholar with even an elementary knowledge 
of mathematics, and the mathematician «knowledge 
of Greek is usually confined to the letters of the 
alpha bet. By presenting the main Greek sources side 
by side with an Knglish translation, reasmmb y anno¬ 
tated, I trust i have done something to bridge the gap. 
For the classical scholar Greek mathematics is a 
brilliant nftcr-glow which lightened the sky long after 
the sun of Hellas had set. Greek mathematics sprang 
from the same impulse as Greek philosophy, but 
Greek philosophy reached its maturity in the fourth 
century before Christ, the century of Plato and 
Aristotle, and thereafter never spoke with like con- 
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viethin sin til the voice of Plato became reincarnate in 
tin schools of Egypt. Yet such was the vitality of 
Hellenic thought that the autumn flowering of Greek 
philosophy in Aristotle was only the spring of Greek 
mathematics. It was Euclid, following hard on the 
heeh of Aristotle in point of time, but teaching in 
distant Alexandria, who first transformed mathe¬ 
matics from a number of uncoordinated and loosely- 
proved theorems into an articulated and surely- 
grounded science; and in the succeeding hundred 
years Archimedes and Apollonius raised mathematics 
to heights not surpassed till the sixteenth century of 
the Christian era. J 

To the mathematician hk Greek predecessors are 
deserving of study in that they laid the foundation* 
nn which all subsequent mathematical science is 
based. Names still in everyday use testify to this 
oririn-Euclidean geometry, Pythagoras’s theorem 
Archimedes axiom, the quadra trix of Hipping ltT 
iJmostratus, the cissoid of Diodes, Hie conchoid of 
Nicomedos. J cannot help feeling that mathe¬ 
maticians will welcome the opportunity of tarain* 
the reasons for these names, and that the extracts 
which follow will enable them to do so more cosil y 
thnn is now possible. In perusing these extracts tber 
uill doubtless be impressed by tliree features. The 
first is the rigour with which the great Greek geo¬ 
meter* demonstrated what they act out to prove 
f hk is most noticeable in their treatment of the 
indefinitely small, a subject whose pitfall* had been 
t*»uitcd out by Zeno in four arguments of remarkable 
acuteness, Archimedes, for example, carries out 
operations equivalent to the integral calculus, but he 
refuses to posit the existence of infinitesimal quantt- 
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tie*, nnd avoids logical errors which infected the 
calcu his u ntil quite recent ti mes, The second few t lire 
of Greek mathematics which wifi impress the modern 
student is the dominating position of geometry. 
Early in the present century there hw a 
powerful movement for the *" arith mediation 11 of 
all mathematics. Arming the Greeks there wa_s a 
si si: i Li r impulse towards the H ' geomefmatiori " of 
ail mathematic*. Magnitudes were from earliest 
times represented by straight lines, and the Pytha¬ 
goreans developed n geometrical algebra performing 
operation* equivalent to the solution of equations of 
the second degree. Later Archimedes evaluated by 
purely geometrical means the area of a variety of 
surface*;, and Apollonius developed hi* awe-inspiring 
geometrical theory of the conic sections. The third 
feature which cannot fail to Impress a modem mathe¬ 
matician is the perfection of form in the work of Lhe 
great Greek geometers. This perfection of form* 
which is another expression of the same genius that 
gave ti* the Parthenon and the plays of Sophocles, is 
found equally in the prinif of individual prepositions 
and in tin 1 ordering of those separate propositions 
into Iktfjks ; it reaches its height, perhaps* in the 
Element* of Euclid. 

In making the selections which follow I have drawn 
not only cm the ancient mathematicians but on many 
other writer* who ean throw light on the history of 
Greek mat hematics. Thanks largely to lhe labours 
of a band of Gon Linen tat scholars, admirable standard 
text* of most Greek mathematical works now exist, 
and 1 have followed these texts* indicating only the 
more important variants and emendations- In the 
selection of the passage*, in their arrangement and fit 
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Innumerable points an the transition and notes I owe 
nn irredeemable debt of gratitude to (he works of 
Sir Thomas Heath, who £jm been good enough, in 
addition* to answer a number of queries nn specific 
|K»inU, These works, covering almost every aspect 
of Greek mathematic* and astronomy» arr .some¬ 
thing of which English scholarship moy justly feel 
proud. His Hiti&y qf Grttk Mathematics is un¬ 
excelled in any language. Vet there may still btt 
moan For a work which will give the chief sources in 
tile origiTinl Greek together with b translation anil 
sufficient notes. 

In a strictly logical arrangement the passages would, 
no doubt, be grouped wholly by subjects or by 
per*o!Ls + But such an arrangement would not Ik 1 
satisfactory. I imagine Shat the average render 
w'oidd like to sec, for example, all the passage* on 
tire squaring of the circle together, but vmtild also 
like to see Che varied discoveries of Archimedes in 
a single section. The arrangement here adopted h 
a compromise for which 1 must ask the reader^ 
indulgence where he might himself have made a 
different grouping. The contribution* of the Greeks 
to arithmetic, geometry, trigonometry, mensuration 
and algebra arc noticed as fully as possible, but 
astronomy and music, though included by the Greek* 
under the name mathematics* have had to be almost 
wholly excluded. 

I am greatly indebted to Messrs. R, and R Clark 
for the skill and care shown in the difficult task of 
making thin book. 

I. T + 

Anitrm, Losnua 
April I&39 
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L INTRODUCTORY 


(a) MxfKSMATKS ANh ITS Divuiora 
(i.) Origin of iht Sum? 

Anatolius ap. Httr Lm/+ d, Hcfbcfg: L 60 . 3 - 1 ^. - 


*Eff TWV ’AKtTflAtVu - t . 

ir 4 At to tiVp£ St imBrjiAaTiKT} &vopaa8 19 ; 

(i 01 ufr ttTO too n^TTiiTcjL! *bdaK<n>Tt$ pfro” 
porijs /lev KfiL TrarijTcjriJs fft'/iTTacnjff T€ -njj STjpcoooijff 
Stifaufe/ Tiva Kat /iij ^^1711, 

tA Si KsAov/jfva tSut jj ^aj9iJ/jWiTa ouSeW dp 
Ai^j3ritYtk h it^ vvx*~ irpQTtpav €F ^tcJnjtm yewdjfiCFOF 
rourcoF, 8ta ro^ro jiaftrypariK-ip* K(iAeii?f?ai t^f rrepl 
rOJ/Tii>F ftrcupuiv v^^Aa^LjSai’O-v. flcerffai Sf 
to T^ff paftjp&TiirlJp oir'opi tSimVepOF eVc jiofjjp 
y^wpcrpiap Adi aptfyi^Turi^s ot ttiro top IltiAi- 
yopair To vip rmAcu xwpls cirfiTEpu toAtcof toropd- 

JtTOj KOIVOV Sc Pt'Sif ^F d^ltf>OiV of o/ia/* 

11 AtUdffiHus ttn-, bishop of Ijiodkcru about a.Lu £80 r In 
a letter by Mk‘hiu»l FfreRus lie [5 wild to have written flooFirke 
beuUsc mi I hr Egyptian method of reckoning* 

1 Lt* singinf nr playing, u opposed to th* mitkmElicEl 
stlKiy ol miLhiral interval*. 

r The word pj&fcfyin, from fLa&dr, rnwtl In the tiret place 
“ that which i» burnt/' In Pinto it h used in Ihe general 
sense for any subject of study or instruct 100, but with a Send- 
enoy lo TT*trK!l il to tjii!’ studies now culled mathematic*. Bv 
Use time of Ariitatk this restriction £«nd become t tahlUhcd. 



I. INTRODUCTORY 
(a) Mathematic* its Dwisions 
(i.) Origin of tht Name 

Anatolius* cited by Heron, iMlnitimtt ed, Heiberg 
160 . ft- 16 2 . 5 

Frani the works of Anatolius* - * - 

" Why is mathematics so named ? 
fl The Peri pieties say that rhetoric and poetry 
and the whole of popular music ft can be understood 
without any course of instruction* hut no one can 
acquire knowledge of the subjects called by the 
special name muikcmatieM unless he has first gone 
through a course of instruction in them ; and for 
this reason the study of these subjects was called 
mt.'ihcmaifcs** The Pythagoreans are said to have 
given the special eih me mnth^mniks only to geometry 
and arithmetic ; previously each had been called hy 
its separate name, and there was no name common 
to both/ * 

* The esoteric members of the Pythufowaa school, who 
had le«mt the Pythagorean theory of kwrkdgc in Sts 
entirety* are said to have boon Cfil ted matkimdtivkirit 
j|j i: ijl ), whereas the esoteric members, who merely knew 
the- Pythngopcaji ruli - -if conduct* were rallrd hiam* (chcDii- 
r^nrowO- See I a mb) ichus, /V Vito Ptfthu$. 18 . BS. **L 
Denbner 46. 94 IT. 
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(ii.) Tht Pifthngnrem Quarfririiim 

Aithvbii up. Puipbyr. jw £Th fro., cd. Wo] Lin, (km 

40 - 337 . 3 s Dills I W*. 1 * . 431 , gg -K& * 

Ilapoxctafftu S* ™E fov To 'ApJftJrq tpi? flyfla- 
yopdov* ofl ^teLVcrra Kat ymfffta A/ytrai €&ai m 
wyypa^ara - Xiytt &i it? r<£ Hep! 
fv&vs b r ap)(Qf&€i'Q£ row loyov rd&€ q 

KaA£k jiGL Soiequi^t roi ?rfpl ra pa&tfpam 
Stayi'tw/icict* ttal ouSci 1 AtgttoU opffaijr eimj|iy f ola 
ii-Ti, Kepi itta&rvw ^povectv- -ep't yap rfi$ twv 
oXutv JtttAeof Siayi-oVrc* c^AAoi* tfal Tnpi 

T(Sk ffdTfi ftf/w, ofo BT tp 

Tt Sfjl TflF TUI? (OTJHtfl’ Ta^UTttTOj tfOi fTTfTttAai 1 KiU 

SwnW Trapl&vKov dplv oci^tJ Sfaywm* kqx uEpt 
yaptrpkf *al &pi0p£v irat cn^aipuras kcu ow* 
^Kicwu rrept ^cuffi«:af + Tflurci yap rd paAjjmra 
SonrovFT* ^tev 


/«, Ardl tf“ l|med E » thc tot hi If of the fo urth cenhirv i.e. 
Oi Tam ( Itanium) in M**na Onu-clu, He k s*|j ^ 
dL^Lkcul^J {Jirtn^EUA from nutting Pinto Ip deiith* For seven 
Tears he H.xmLinondrd the boas Ilf Ills city-state, IhuuErh thc 
law tolwde UJdm to hrthfl the pp*t aornwlly for more than 
E' 1 * >** r * and he nrvrr ddWted. 11. is gaid j 1Jlve 
heei; the fln* to wrlie ™ mechinks. end to have invented e 
niec^meal dove which would fly. Por such of his ninths 

"Si»ai dM have snrrived t stt pp, t LS- 1 M* I 30 -I^ k 
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INTRODUCTORY 

(ii,) The Pytjni£rfir?an QiititJriuiiim 

Arehytas, cited by Porphyry in hh Commmtarp <5 a 

iit*rmtmk* t «i. WiJlLs Optm MathtmoHm Kii 32WL 40- 
f37. I; Dil ls I or#. \K 431, £G-t&i. S 

Let us now rile the wank of Ardiytas ■ the Pythn- 
goreun* whose writings are said to be mainly au> 
thentic* In his book On Mathematics right nt the 
beginning of the argument he writes thus \ 

"" The mathematicians Ktrern tu me to have arrived 
nt true knowledge, and it is not surprising that they 
rightly conceive the nature of each individual thing ; 
for, having readied true know ledge about the nature 
of the universe as a whole, they were bound to see in 
its true light the nature of the parts as well. Thus 
they have handed down to us clear knowledge about 
the speed of thr stars, and their risings and settings, 
and about geometry, arithmetic and sphacrie + and, 
not least, about music ; for these studies appear to 
be sisters.” * 

‘ Xpt%a*r+e U dearly Identic I with astronomy* and Ls 
■l fitly defined by Heat Ii, / LO. ■ i- 1 1 □ 4 the ftwrtuflw ctf 
Ihe sphere cun4den?d solely with reference lo l Ur problem 
of accounting for the motions of the heavrTliy bodies." 1be 
tame gutidrfrhtlia 1$ attributed to lln- Pyttuipreaiu by Nieo- 
uinirhiis TheOH of Smyrna and PrttduSt out in the order 
arithmetic* onifkv precirri etry and sphaexlc- The htffc 'd this 
order is that arithmetic and music are concerned with number 
(ITOdd?)' arithmetic with number m itself and music: with 
n inn her in relation to mm rids s while peoutetry and sphaerlc 
are concerned with magnitude geometry with 

magnitude at rest, »phuric with nugulfcikde in motion. 
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{iii.) Plato's Scheme 


Pkt. Rip. t»_ A jso d 
M Lopiiiir dtiil Ariikmtti^ 


* foytwev T * ™ npiftfl?) TiK-r; TTifjpi 

api&fJWV ITflflfl T 

Kat /idAra, 

Tttura S* yt ^atWrai ayojyd irpos dA^mjr # 

I Trcppu&f /iti 1 o5r r 

■^ 1 ' ^ri to l^ac r apa* €oik € 3 fiti&T^fitxTo} s- ns? efij ■ 
ctoA^ujotu i/4v yap S*d to? dvay^aiW liaSeftr 

ravra> fiXoaS^np Si Sid to ttjs ovutas df rri&v 
£tj at ™&*tos fjfoyaSiW^ t) /AijScW* Aoytcrr^tS 
yei-'eotfm, , „ „ 

u J l ° vv °! f1, ^ I AatfifttiiTp d ti? cpiKTo 
( ^ flaufidai&t. JTt-pt ITOlW apt&ficl\p SmA/yed?E* 
tv of? to cv ofov afiofffc i&riv t It tom t« 

flfWTW 7mV TOlTd MToJ tW&e <7^1^01* Sio4rfpw t 
fiopdV T* € X ov iv tWr$ odSiVp- " Tf a* oEg« n\}?ovs 
uwoKpiVfwvmj 

Tonto tywyt r on irtpl to ihtatv Myovtnv u*v 8ia- 
voyj&Tjvat fAovov t . aAAti>f S otVSictjidrs' jlktii- 

Xftpiito&at Sharov. H . . 

1 1 Sc ; ToStf t)Stj tuf ol Tf tfi \}&gg 


* 1 k h, ‘ is Imkrtt fra eh (hr srdSoo dealing with I he 

nliai-4T r H in 4 if the Gmidlua, Thr ^peakcTH in ihr dMonuc 

T?T^ "S? Ck «™s *« ■*«m k*p' mEZ 

2S.I” yv*Tduuto Would ereclve Ej^ir chief matin'[.inriml 

n4tli,rtp itthMn the (i*m of twenty qn< i thirty, after two ot 
hrtr sjH^nt an the study of qnufe and ayrimiutic and 

"1* y ; :ilT *' hil]d >- nr dloE*tk-- IW# 

FTK-, it WL» be noticed, is virtually identical with the 
t ythagoreiin *iumn num except for Ihe xddL'Ciim of ^tcreo- 

a 



IN^TEOBCCTORY 


(iiL) Plvfo't Scheme 
Plato* IUfjHt&iir vih 5it5 a-S $0 d 1 
( 4 } Laputie and JrithmttK 

Now logistic and arithmetic treat of the whole of 

number* 

Yes. 

And, Apparently, they lend m towards truth. 

They do, indeed. 

It would Appear, therefore, that they must be 
among the studies wc seek ; for the soldier finds it 
neeessary to lenm them in order to draw up his 
troops* nnd the philosopher because he is hound to 
rise cut of Becoming and ding to Being on pain of 
never becoming a reasoner. .. . .* 

Now what would you expect, {ilauconi if someone 
were lo ask them t M My good people., whnt kind of 
number are you discussing ? What are these num¬ 
bers such as you describe, every unit being equal, 
each to each, without the unsUefit difference, and 
containing within itself no part r M What answer 
w ould you expect them to make ? 

I should expect them in say (hat the numbers they 
discuss are capable of being conceivi^d only in thought, 
and can be dealt with injw other way, . . . 

Again ; have you ever noticed that those who are 

mrtry ; and thr addition is more formal than real situs 
sitmimrtrical probtnru tm certainly iiiv^t by the 

Pythagorean* nut hast by Archytas— &$ part of geometry. 
Plata .1 3m> clLallftpui&liCS from urifitfirtir (for which 

vr thr extract given Mow Oft pin IM-Ijl), and speaks of 
knWMlfei ( nMiorta) not thus avoiding 

on 1 fusion lift p^mJor irjw*i> fro frfyi&tar 

k Then is a ploy on !he 1 i reck word, which ecu Id mrn II 
cither 11 reasoner " or 11 calculator/’ 
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XaytxiTiKQl ”QVTa rd paflijpaTa <iy eiroy 

ffiVolrrai , ol T< a I" ' fV mi- 

Seuftdkjn* *«tl yu/ii acrait^TQi, ftav aAAp ei^eA^- 
^wcrtVp iiy ye to ££tfrepcu flinj! aur<Zn r 

yiyyeofku wivrt$ eVtJtSoaoir; 

"Eortv* £ifa r mrrti*. 

Kai w? cy$pm t a yt pei£ai ttovoj 1 tiop^ei 

pav&ii^TL o vk Sm ^S/oij ovSe 

TrnAAri av IVpOi^ aiy TOIrTO, 

0*5 yap oEw. 

HotTiwv Si) €i'€tta tqvtwv gu* d^cr^ap to 
dAA h ol dpioroi Tay fivatis muBtvHot dv atJreo- 
Edp^/Xi., ^ S 1 d*?. 

( 0 ) 

TcpCto TflW, fllTO^ £r Tfjitv tctfufttol* 

T€pov Se TO ixoptvav toutqv tjmiftwfitffa Jpd T t 
jrpocrejreei t}f±h\ 

lo ~atav; ^ ycwptTpkv, l<frrj, Xtyus; 

, \ e5to rotffD, ^ 3 ‘ fyiJ, 

'OffOF fity, Iqhj(, rrpos ta iroAf/mea aiJroC T cfm, 
SijAoy qti irpmnjrefu B , . 

AAA oJs' Sijp €* 7701 % irpdy ph? t a Totaftra real 
fip a XU Ti w efapxat ytwtiiTpitxr T€ koI XtyyurpLwv 
papiov' rd Sf iroAti <nmjy tfal iroppoiTtpco ^poi’dr 
o'^OTreicnSai ?ki u n irpoy ixtfvo ™Wt, irpoy to 
ttouIi- reaTiSejw tt^ toC dyatfot? iftfnv. * * 

ou TOcW Wd y* p fv s 1 fYtd, 

fyny Jcroi real njurepi ygupcrput? e^Trtipot, dri 
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by nature apt at calculation are—not to muke a short 
matter long—naturally sharp nfc nil studies »nd Lhafc 
she slower-fitted, if they be trained Bind exercised 
in this discipline, even supposing they derive no 
other advantage from it, at any rate all progress so 
far os to become sharper than they were before 't 

Yes, that t rue, he said. 

Ami I iim of opinion - also* that you would not easily 
find many sciences which give the learner and the 
student greater trouble than this. 

No, indeed. 

For Jbll ltiese reasons. then* tKi?i study must not be 
rejected, but all the finest spirits must be educated 
in it« 

I agree, he said. 


(fi) ftwmttiy 

Then let us consider this, I said, as one point settled* 
In the second place let us examine whether the 
science bordering on arithmetic concerns us. 

What is that ? Do you mean geometry f he said. 

Exactly, 1 replied. 

So far as it bears on military matters, he sald t it 
obviously concerns us. . . . 

But for these purposes 1 observed, a trifling know- 
lodge of geometry and calculations would suffice ; 
what w e have to Consider is whether a more thorough 
and advanced study of the subject tends to facilitate 
contemplation of the Idea of the Good. . P . Well, 
even those who are only slightly conversant with 
geometry will not dispute us in saying that this 

* Plato's fin nl reason e nay strike contemporary educa¬ 
tion is U u .Ho me whit odch 
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avTTj ij tVtcmJjLiTj Irak ravva.rriQv t%£i to ty £i r atrrff 
XayviY Ac yQpLtmts vtto twv aeraY€ipilou.£i^i3if „ 

/Wyouca fi€i* ffdu fioAa ycA&UAj^ re wai fl^yjfaiws' 
ty? yap nptLTTQms tc ital cinema uarr-ag 

rou^ Aoyouf nvioCpti'Qi X4yo\XJU r Tcrpayan't£civ re 
K(U 7 T *V (ir * t ^ eo ' 1, Kat 'ftpQ&Tifi&i'ai avi I TTctyra ouro* 
ift&ey'yQfix f-'oi > r& 5 cote ttqv ttop to p*i Orjpa 
yV<h{J*.OFZ ti ,'ttxii cVmj&wJjiflW. * , * 


(y) 

Ic Be; Tpnw 0%i€i> acrrpoi'ppiW; *} py Sojccf; 
*Epoi yow J c^sj, + . . 

Ne?mS^ ^ yap oujf opfico? to /fijr c Ad/Iopcy -nf 
yctup^Tpga. 

fl&r Ag/Joitcs; t^ 4 , 

Mcra tmVc&Jv* ijy S' ly<b M cV mrpi^opa p* tJStj 

trrtptQV XafiovTn?' Trpiv tiuro tiuO' ait a AnJ 
opfliSi Si £#« ^cra &cprepay auf^v tpitijv 

A<ip.pwGiv, e“cTT: Sf roirro -n-epl r?p r<yy tfujSW 
aiTf^^ *ai ttj fidQom pcT*£tw + 

EoTi^yap, oAAa Tui/ra {J 

SoiCCI OU7TU3 ^pjjcr#ai. 

Aettq yap, ^ S T tyai, tA oTtmv arc re ovSep/a 

7T ( jAi ? ciTijEia;^ totA Zx*t> Cijr^rai *aAe™ 

tTVlfTTaTOL 1 ScPETai Pt i^TOlVTt^ oWir Olf 
aix qi> ciJpOi€i^ OV TTfwrov pit- ycWcr#Oi yaA*nw t 


II ts iiwfd tD know that thr*r (r tiilr, which W twEilnrly 
r.MJiul in Elided, WMV alivmjy in technical u« in Plat?* daf 
_ Uf. iTU-rpa^ C hf ruhn>, ' whet* the word ” tficmuc'" 
>* the Mine a* llml fcraiminted nlHyvt Hl Elinjen^on/^ 
to 
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science hoick a |>o>ilion the very opposite from that 
implied in the language of those who practise it* 

How so ? lie risked. 

They speak, I gather* in an exceedingly rtdieutoiu. 
and poverty -stricken way. For they fashion all their 
arguments as though they were engaged in bunincs* 
and had some practical end in view,* speaking of 
squaring and producing and adding™ and so on* 
whereas in reality, l fancy, the study is pursued 
w holly for the sake of knowledge. - . , 

iy) fiirrttitiirtry 

Again ; shall we put astronomy third, or do you 
think otherwise ? 

That suits me, he said. * . . 

We were wrong just now in what we took as the 
study next in order after geometry. 

What did wc take ? he asked* 

After dealing with plane surfaces* 1 replied, we 
proceeded to consider solid* in motion before con¬ 
sidering solid* in * hern selves ; the eomot procedure* 
after the second dimension, is to consider the third 
dimension. ’Tins brings ils* I believe, tu cubical 
increase * and to figures partaking of depth. 

Yes* he replied , but these subjects, Socrates, do 
not appear to have been yet investigated. 

The reasons* I said, are twofold. In the first 
place, no state holds them In honour and so* being 
difficult, they are investigated only in desultory 
manner. In the second place, the investigators lack 
a director, jiileI without such a person they will make 
no discoveries. Now to find such a j*rr&cut bs a diJTii- 

There Ls probably a pliufu] reference U> the problem of 
doubling Ute cube, for which sec in/o#, pp. 
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crretra rat yevapAw, W ^ £\et, ouk dv rreWovro 
oi 77epl raura ^TnjTiKdl ptytdoifrpQVQvp&vi. ct Bi 
WAc^ gAtj {JVVtTTiUTfLTOL iWtpwy ayouflti aiJra, 
oihol TF Av ITCi^dllrTd KQI ETW^Wf T€ dl* Kai £y- 

rdiWS ^pn^jULervi tK^avrj ytvairu dirij fx fl * Kal 
v£w wrB rmv TrgAAtor d-npa {rfjieua mod raAauefyiem, 

ui7d St t£iv ^Tjroi^iTwr Adyoi- gvk iypfrrusv Ka&' pti 

Xpijtfipa, d/iPif irpo? diravTfi raura j0/a urn ^apirof 
au^dvcraLp rai otiSfv flaupacnw tiirra 

Kat B?J # ifirp rd yc eVfyQpL rat Sta^fpdwtus 
€^tf, ctAAa f*oi QV^rfoTtpoV thri d m-S^ lAtyer, 

yap TTou rot) iwwtBav TtpaypaTtmv you- 

pSTpltll* €Tl&t ip. 

IW, ^ 5’ €yC0. 

E trd y\ ljrq w to p.h> 7rp£rrov ehjTpQvapla.v peri 

mtmpF* uoTtpov 5" di^^ttjpijiaaf. 

ETTfu&tw ydp, f?fjn)v t ra^d ^rdrra StefeAtfetr p-dA- 
Aov ^jmSlW yap orWr rip ^d^ptiy adfij* 

p^SoSov* ort Hj ir}TT)V€i yiAotwr 
a&nyv A*<Tu ytwptTpfW dprpomptav IAtyoc% 4°P*v 
ovmn* ptiOoirg , 

’OpfiSi?, *<£ 77 * Atyets. 


4 Thti.m? word* (iuf j-fr be taken either with whal 

gj** w *ith whiil come* after, Ill thf former 

Flut.i (or Socrates) will be referring tq a dMfngtlbihrd eon- 
temporary (sticb nx Etidonia or \rthytaa) who had already 
mm!? dixovtrka in 5*1 Id geometry. 

I hts pjft>wi£re haA been thought to tiAVt Mint bearing on 
ttie tpwstion whether the fioerntei of the dialogue h mkni 
to be thr Spiralat of hktnry or not. The eondHbh of stereo¬ 
metry p as Md in the dialogue* rarfaftri? dew not fit 
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cult task* and even supposing one appeared cm the 
eew f ns mutters now stand/ those who are investi¬ 
gating these problems, being swollen with pride, 
would pay no heed to him* But if a whole state w ere 
to honour this study and constitute itself the director 
thereof, they would pay heed, and the subjccti being 
contfrmonaly and earnestly investigated, would be 
brought to light. For even now\ neglected anti cur¬ 
tailed as it is, not only by the many but even by 
professed students, who can suggest no use for ft, 
neverLheless in the face of all these obstacles it 
makes progress on account of \\& elegance, and it 
would not be astonishing if it w ere fully unravelled. 
It is certainly nn exceedingly fascinating subject* 
he said. But pray tell rat inure clearly what you 
were saying just now, 1 think you defined geometry 
as the investigation of plane surfaces* 

Yes* I said. 

Then* he olwcrved* you first placed astronomy 
after it, but later drew back. 

The more I hasten to cover the ground, I said, the 
more slowly I travel; the study of solid Indies comes 
next in order, but because of the absurd way in 
which it is investigated I parsed it over and spoke 
uf mtnmouiY, which involves the motion of solid 
bodies, as next after geometry* 

You are quite right, he soiiL* 

Plain's gt>mi ration, when ArdiytU find Eudoxus were making 
brilliant dLscoirrrics in wild peemi^ry . huh rven during (h-r 
lifetime of Socrates, LVmwrituv and Hippocrates Ju'sd mnd» L 
notable eontribtitkHia id the same Science* This 
cannot help* iherrfun-, towards dir tolutinn of lh«l problem, 
Ail that Plato meant* il would ap]M‘ar. wit* Hint stereometry 
had not Wen made n formal clement m the curriculum but 
was trebled a? part of geometry. 
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Aitrmttmsf 

Tiraprov rotwv p S' iyat? ti 0&p€v fiaffitfta 
a^rpoyophw, * 5 ^ ^rrap^DUOTjs rsjs ink* Tjapoktnro- 
fiti'Tjs, iav aMp> irdAij * . . raiha fib? ra 

EF Tip Gvpav<*> TTQltLlXflfira, *Tft7T€p ft t £pti?tn 
7rc™iViArLti a KtiA^icrra flip ljyeiatftu teal a*cpt j9e- 
ffr^Td TWF TQIOISTLUV i^ iV > T & v Si aA*j0iWSi- iroAii 
•rvStti^ a? rd 5 p khi ^ oJaa ^/JoStn^s- fV rc^i 

aArjtfuxj ilpiOfiih kcu ttqoi toc^ aX^Biat tr^^acri 
^opas: Tc -npoy aAtajAct ^tperat ko! ra fVd&TO 
a hoyw pev tfoi SiasW^ n^et S* oir ij 

ctzj 

Ot^cEpwsr yf p 

OvKOVV, itnov, -rjj TTf/H tirffOXW TTDEPilAlfa 

TrapaSf/ypacJt ^jO^crrfOF -r^y Trpo? fVffm pa#rj<jftu£ 
rote** npoUos ajmtp av d r t? ivrv^oi vtta 
JxatSriLW ^ tifqs riAAoy >pyo€ ^ ypa^ioj? 

Bia4*povriiis YtYpapiitvoLs Kai rKmirm^Sia- 
ypdppauiv^ . . „ irpo^AiJpaatF apa, ifr S* 
XPFjpct'oi yfcuptrpiaF drftu *rai acrrpo^ptai-' 

ptTtjUfi^ ra S’ fV rep ouptirw fatto/ifFp cl ptAXofu-v 
oj™s dcrrpoFO^iaf ptTaXafifiaVQtrrt? vpqawa# to 
4vtet 4p6vtpw iv Tjj i Pvxfi *( WlWotP irotTj- 
atiF. * „ , 


4 lhc « *K™ Ultfe &wU that in thw pnatfifp Plate tidied 
mtrcmDmj tp hr rattled as the pure vdreec of bodk* in 
ImH lon, of whldl the heavenly bodk., ecrald at fowl nfford 
iFily our c^anipip* Btimrt hits made drsrariJitr erTnria to 
S»V*! Plfttu frnm himself, Aetondiiifr to his cnnlchlkm. Pinto 
"Jfflilil that lutronomy should deal with the trui-. » Ottposot 
to the n J>parc-nl , motioni of the heavenly ; i[ iv tenipt- 
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Let us then put astronomy os the fourth study, 
regarding that now passed over a* wanting only until 
some state shall lake it up* . , . Those broideries 
Vuiiid^r Id the Leaven, forasmuch ns they are bttddered 
on a visible ground* are rightly held to lie the most 
beautiful and perfect of visible things, but they are 
nevertheless far inferior to those that are true, far 
inferior to those revolutions wliieh absolute speed 
mid absolute slowness, in true number and in all true 
forcnij accomplish relatively to each other, carrying 
lheir contents with Ehcm—-which can indeed be 
grasped by reason and intelligence, but not by sight. 
Or do you think otherwise f 

No* indeedi he replied. 

Therefore* I said* we should use the broideries 
round the heaven as examples to help the study of 
those true objects* just as we might use* if wc "met 
with them* diagrams surpassingly well drawn and 
elaborated by Daedalus or my other artist. . * . 
Hence, 1 said, we 5 hull approach astronomy, ns w r e 
do geometry, by means of problems* but we shall 
leave the starry heavens akme* if wc wish to obtain a 
rail grasp of astronomy, and by that means to make 
useful, instead of useless the natural Intelligence of 
the sod, , . , d 

ing but ilitTii"uit to rrocaaeik this with the decisive language 
of the Usl. Fortune Lely Pkto'sown pupik in the Academy, 
Hfrtsbly Eidoxia and fit-ra elide* of rtmhis. adopW A dif¬ 
ferent nttLiudr, using mathranalksS. lo nccaunt fur I hr actual 
motion of Elie heavenly bodies t ami Pluto hinjiM'lf dwi r:.«| 
appear to turn held flmsistHitly to the hdkf Jh rr .3, 

for lie is ‘■aid to have put to hb piLpi E-i the questijota of wlmt 
Qtdnblft Atkin of uniform drculnx revo] u Lo-rt-. the apparent 
mnv^rPnU of Hit heavenly bodies can he explained. 
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(4 Harmmk* 

Ktv&wcvn, €$r)v, tl? flpfc iarpovQfjuav Sppan 
i Thrqyzv* u*s it p&? brapupvwv $opar dmm^wu, 
t(ai aireu aAAtJAcyv aSc A^ai rii't? ai ^ 
fl™t* cij ot t* fluflayopejoi <£acn (£ 

IVWkwf, mr/xwpQtiptv. 

(iv.) Logistic 

SchoL. in PUL iharm, 165 1 

Aoyicm*nJ con ti^pia rt7?v tipcfl/i? ra*v M Se 

vojv apdBfiiifo p4-ra.y€tpiGTiKT] * au toj- * 1 r'lTws ipwjiOF 

Aa>ij8avoLn3 r ti > £AA faorjJfefim) to j^cf itf 

^uwiiSa, to St ws cipc ofov ra Tpta 

Tpiajtt CeVCU KOi TK1 StKa SeKoBa- €$' cSf cVaynt 

ra Kara aptJSlAijrixhp tfctupij/iara. fiWptf aflv roOro 
p- 1 - TO tfAijflfv fin- 1 ’AjaYJjiijSai/F JSghfikof irpo^A^^a, 
touto Sfi pjAtTCiT K'aL ^taAtros aptfljUaui, row? 
crri i^ioAtTiE^ tow? Sc *Vi Trpifittjj' koI ctt* aAAcgu St 
yCFujv ra ttAijAtj TtS^ aferftjrfciF uwprirtiMV aKQ7TG$un M 
ws Trtpi r-eAeuuF aTTwfc arnm, oAtj Sc amjj 7m rm 
re dpifl/njra r film ^ a&rij? at KAA^ viaai k«u 
Aiyu-TrrtaKai jcaAoujuo'ot fitdoSoi tV TroAAaTrAa^ta- 

* Srf ihr frnjrmcnS from ArcIsyTJLS, ■ ■v? v K pp. 

1 SiwTatra pnxcftls to ccwur« the PftfuftorcftRS fur fysn- 
matting- the Same error as the astronomer*: they investigate 
list; nuiiirrifift! mMrtf ^uhsistin^ belween audible cfsmctsnls, 
bit do not apply tfaemsetats to problems in ord^r to examine 
w\\&i mimbffii ^.rar cnnuinant and wh&t n«l P end tn find out 
the rcfl-M>n fur the d J. (Terence (AnffjfeirtiV ert'pd £l ^' us opiSpoi 

Ktiil tiv tf <*u. hctll Slfl. f; frf'l KjXKl, 

p In the cnUie - 1 pmhk'iii Archtincdc* s*t$ himself [o find 
the number of bulls and cows of eurli nf four colours. Thu 
problem* ^ttippod of kb trimmings, is to bud eight unknown 
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It would appear* I said, t hat just ns our eyes were 
intended for astronomy^ so our ears were intended 
for linriiiunions movements, and that these are in a 
manner sister edenecs, 1 the Pythagoreans assert 
a m3 a$ we d Ghucon, agreed 
* 

(It'd) Logistic 

SchoDdm tu rintcTa Vhotwidtt (65 i 

Logistic is the science that t rente of numbered 
objects* not of numbers : it docs not consider number 
in the true sense, but it works with I a$ unit and the 
numbered object as number* eg., it regard^ 3 as n 
triad and ID us a deenrL and applb-s the theorems of 
arithmetic to such eases. It is, then, logistic which 
treats on the Otic hand the problem railed hy Archi¬ 
medes the cattle-problem/ and on the other hand 
mt'ijle and phiahtt numbers, the latter appertaining 
to bowls* the former to flicks rf ; in other types of 
problem too it haa regard to the number of sensible 
bodies treating them as absolute. Its subject- 
m ntter is every thing that i.s numbered ; its branches 
include the so-called Greek and Egyptian methods 
in multiplications and divisions, as well the addi- 

quantltlcH commXxd by ^ven simple equations sun! subject 
lo two other condition®, It involves the solution isf n 
M Friljan " equation in no rubers of fantastic she. and it h 
unlikely that Arr-himedi^ completed the solution. Scf ml, tU 
P P* Stffl fF, ; T. He.it h. Tkt 3 tWir A tehinutU # + pp T $ Ift- 
3Sd> sud for a complete dUousalon, A. Amthor, 
far Math, if. Pht^Mik AbthEi[un&\ pp, 

3 53-171, Mlpplr minting m article bv lk Knmibiejrr] (pp, \±l- 
136) 011 the Buthmticity lifthr problem. 
d He should probably have sflitl “ ippLea HK + 
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tffiQiV xai iitpiupois, Ktii a! ?utv p&ptuw myK€^a- 
vh«*Wr Kol Rtatpcotis, afc 1 %Wee ri rara rip 
^ T i V T il>v irpfl^TJ^T(4j V TtJ T7£pi TOVS 

Tpiyan'Qvs rat i7QXvywvau$ wpaypar^ia. tcAoj 
^ Gimj£ to K^voiwitg^ fv /?ioj ra! xprfatpov fv 
^jSoAdiots-, €i *cu Sow*? ITf/si rw^ O&ftlj™* cijr 
TtfAftoji 1 [iTio^aiV^O'^ai., 


(v*) Laf«r Clanificalim 

Anutonua b Pj Ber.J>#/ +fc *L Hdba^ t nj, 

" T^s r</uWp*r xal irpwrqs oXoa&pi&rtp* 
pcpjj Slid, aptOjiTjrtt^ ical y<otfitTp{a, rijf 3j ?f e pi 
r<z tuotfi^fd do^oAoip^^Kij ? if, Aoyummj, ytojSct*- 
ffra, wri^, WKWi*^ ( jUTj^aktKTj, drrTpot-ojtumJ, 
tm oiJre TO TOKrue&> KaJWjxo'oi- ovre to ftp^tre- 
wncdr ofa ri bjp ^,Ses piottra*^ 3 ro irtpi T i ? 
^® w ‘ s » «AV oijSe to Ofuui'upajj- ir<iAp;.'pi£ro^ /iijj-a- 
Vu(6v ’ * owrat rwes t pipTj ^oftjpartmjf e( 'm 
wpproWos Sc rov Xoyov cra^j- te keu (W^Stuc 

Sfi'fdpET'.’ 1 


" ~' v V * 6 "ijh IH>JTsen.s) 1 p|r objects. 

•* £fSv n Siif^S *° S*?^ ’" >■ M- Kriedtin 

a». # 1 .}, Kim the some cltssificutmn. only in the order 
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tion and splitting up of fractions whereby it tx- 
phjres the secrets lurking in the subject-matter of 
the problems by menus of the theory of triangular 
and polygonal numben* Its aim is to provide a 
common ground in the relations of life and to be use¬ 
ful in making contracts, hut it appears to regard 
sensible objects as thcmgli they were absolute. 


(v.) Later Classification 

Ann toll us, L'itd by l^ro^ Dqfiv\ition.t m cd, HftbtTJ 

tef-i. 9-ie 

<* Bow many branches of mat hematics are there ? 
Hl There are No main branches of the prune and 
mure honourable type of mathematics* arithmetic 
and geometry ; and there are si\ branches of that 
type of math*-mafic* concerned with sensible objects 
logistic, geodesy, optics, canonic, mechanics and 
astronomy.* Ihat t he so-called study of tactics and 
architecture and popular music and the study of 
[lunar] phases/ at even the mechanics so called 
nonionymous1y p ^ are not branches of mathematics 
as some think h we shall show clearly and methodically 
aa the argument proceeds/' 

arithmetic, granietrv, meciiAniqs, astronomy, optics, geo¬ 
desy, canonic* logistic. GrfuJesy means thr prart^l 
measurement of iLir/ttCT'-v uml i r ofL|inie§ ; ennunEr is the 
theory of musical Intervals t hvfctfch the art of Cakutatinn* 
as opjitv-L-di to arithmetic, by which is meant what wc *hoq[d 
Cali the theory of numbers. (k-jiiinus proceeds to giro an 
elaborate analysis of the various branches 

* According to Heiberg. thts means ^ da> Kolttidenviren/ 1 
4 Ih Lbf'rg interprets inis ay " die pr^ktischc Median jk, 
the sLch im Namcii \%m tier then ret H L hen nidit untt-r- 
schcldet/” 
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(6) Matii Kii .in Gkxk Education 
l&rnhl. Ik Vita lyH tap, is, S 9 , ed. Deulmer Aa* 6-11 

Sf ol ! l uBayoptioi yew* 

ptrptav QVTiuS. a.7Tty^a\dv Tim T^V oi/OtaV TtLv 
T\v&a.yap€i*iiv* tbs Bi tolto So&fjvai avrtu 

}jjT)^aTiO(urda< u.ttn ye^ptrpiW. tVoAetTO ££ ^ 

yewperpm npis II v9ay6pov Wopta, 


Plat Xfjr- viL @17 c-S 20 d 

a i 0 NNai +>3 eecno 2 l H Rri Sij tow m? my cA^l^ 
Qipatf t errIV rpia fLa&rffiaT(i t Afrjwpot jUfT wai rd 
^€/3t ap[(?^IOl!i- El' puKHnfia, ft iTpTfTLKTf St ^T|KQLI£ 
Kal iTrt^Bov Kdi fla8au$ atf tv aJ Bti/repor* rptToF 
TTJS TiDv aorpaJV TTC/MtSSow Trpdf SAAqAa caff 
ir/^LMC€V Tropelktmii. raGta Si GniprrtiiT-a oiv tiff 
a-Kpifttl as c^opeva Set StaTForaiF rods- jtoAAous oAAd 
nuws 1 SAtyous—-aus Bf # irpoioi'TiJs (Vi ™ rtAei 
tfipd&Qpev- QtniD yap iffrirrov QV eI^-toj TrXrjthi Se, 
(Mm atmdv dvayKatti mat ttw? dpSorara Atytrtu 
Ml frrtoTuofldi pir rotf itoAAcjTs- aJffj^po^ St* axpi- 
St fijTttv Travra DLrre pSStOF oure to Ttttpdrmt 

Spptmfr, * . . 

1 oa riSt tq*Vw JjtScrcuy ^aiat 

TO VS £XtV&£pmi? t OOC1 Hal mtpTToXu^ 4v A lythtTip 

"ai&n/v d^Aos Spa ypdppaot payflo^i, frpdrtw 
pei> yap TTcpi Aoyiopws arej^vdis tfcucrlv ff?pp?j-peW 
pafl^tara peri ^tuSta? re Kot iJSoriJff pmrifflaiw, 

* Plata i* thunghl tu have redeemrt) !hi_> promise towards. 

Lhe end cif (hr Jjaitif, where he describe* the coinpofcttkm of 
the Npcturtiiil Council* wIiOw ntriubens *re required to have 
COaffakreble knowledge of mathematics. 

1 The Greek word to derived from the same root a* the 
120 
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(£|J MuTTOtMATICH IN’ Gfir.HK R^IKTaTIOV 

Ieinbl]chn\ Ofl IAhp Pjftha&Qreiin Lifi 18, i?!>, ed, Dciilmfir 
J52. &-M 

'flic Py thagoreans say that geometry was divulged 
Iti this manner, A certain Pythagorean lost his 
fortune ; and when ihk befell him, he was permitted 
to make money from geometry'. But geometry was 
called by Pythagoras " inquiry,' 1 

Plato* Lerirj til 917 r-tiiO u 

Athenian Stiuvc kh , Then then' are* of course, 
still three subject* for the freeborn to study, Cal- 
cultitfons and the theory of numbers form one subject; 
the measurement of length and surface mid depth 
make a second : and the third is the true relation uf 
the movement of the star? one to another* To pursue 
all these studies thoroughly and with accuracy is a 
task not for the masses but for a select few—who 
Ihese should be we shall say later towards the end 
of nur argument, where it would be appropriate 
for the multitude it will hr proper to learn so much 
of these studies as is necessary and so much as it can 
rightly be described a disgrace for the masses not to 
know* even though it would be hard, or altogether 
impossible, to pursue with precision alt of those 
studies. . , . 

Wei! then* the freeborn ought to learn as much of 
these things as a vast multitude of hoy* in Rgypt- 
team along with their letters. First there should be 
calculations, of a simple type devised for boys, which 
they should team with amusement and pleasure* 

Greek word for 14 boy / 1 ttftd Plato is playing on like two 
Words. 
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JIlJAfclJ 1 t£ Tll'iuv Srn VQfiai KOI fT7£sf)tLVlU* *V TfXtlQUiV 
nfia Kat iXdrroaw d/j^oTTO^toy uptfipOw au- 
Tiit'j Kffii TTVtCTOJV Kal na^QUOTfJ^ TC Kfit 

oTvAAnj^tus 1 eV ju^pet Kat ^ef m& 1 dj? irc^ifaacri 
ytyi^otfeu, ml 5^ ifai (jjWAa? d /4 a 

J^twou tfttt j^aA^et! Jfat apyupou kqI TivtLt' 

JAjWv KfpavnW^j, 04 Se #ffti JAa^ ttclhj SeaSiSom?, 

OTTtp itlT&l\ €iV mU&l&V £vOpfi OTTOVTt S’ TasT TWV 

avay^attLij 1 *£^cAjOw« tow? ^at'- 

^am^TUS €if n Teij tcZv orpanjufSa/v raf((f ko. 1 
dytuyd? Koi orparctds *ai ciV oiKovo^itas av r teal 
ttctxtw ^cr(|wT(poe^ flwoij ojjn&tr #ku 
poraj jUfiAAor Touj arPjQi-ij iToi.f^ dircp^^oprat* fLCTti 
Se raura cr raTf p^TpTfffccFtv, wa f^et /itjJo} k «4 
irAartj teal mpl cra-aimi raora «Voftw rtva 

yeAocav re ttcu at^di? ayvour* 1 tgh£ 
?n£tftir* rai5nj£ dxraAAarcuJcrtv. 

K-VE1N1A2. IIotaF Sjj tfal rtM Aeyttj ra.vn}v; 
ah, £i 4* lAc KWiti, TFdn-aTFa^t y* teal auTOf 
**«&»* #f rd wpi Tcvra ^ imftrK 

tBavitavfi, Kal ISofe /tot tquto oik dvPpt^Woy 

«AAd vqi*wv Tti-oJi' ilmi pnAAa^ tfpe/ipdmi^ jJovijv- 
Tf fiwip tfpawofl /iowp r dAAd ical dsrifp 

ctTrdlTdiP TdJir *EAAiJi^jp a 


, Hcnth fJf.O+M* u 120 n, 3) Hirst f^lLhfactori !v cxnlAEnd 
thr dUiibtnstrtjon of thlfi *rfi3 etuie. 

* I1]C Athenian Struiggr, E/tnc rally token to meern Pkto 
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such as dintribudofu of apples and ctow'tis wherein 
the same numbers are divided nmopg more or fewer, 
or distributions nf the competitors in boxing and 
wrestling matches by the method of byes and draw- 
ings T or hy taking them in consecutive order, or in 
ii mv of the usual w ays* Again, the boys should play 
with bowl* containing gold* bfotuse, silver and the 
like mixed together, or the bowls may be distributed 
ns wholes. For, as 1 was. saying, to Incorporate in 
the pupils' play the elementary applications of 
arithmetic will be of advantage to them later in the 
disposition of armies + in marches nnd in campaigns, 
ns well n> fn hniiM'liold management, and will make 
them altogether more useful to themselves and more 
awake. After these things there should be measure¬ 
ments of abject.* having length, breadth and depth, 
whereby they would free themselves from that 
ridiculous and shameful ignorance on all these topics 
which is the natural condition of all men. 

Clkinias. And in what, pray, does this ignorance 
consist ? 

Athenian Strang eh. My dear Cleinias, what I 
hrard h somewhat belatedly T of our condition In this 
matter** I also was astonished ; such ignorance 
seemed to me worthy t not of human bcinp, but of 
swinish creatures, and I felt nshnmcd+ not For myself 
alone, but for all the Greeks, 

hlmsdf, ur-OCtfed'i tn explain at li-rgrtll that klii referring to 
thr prahlem of incomnsejinii mlii lily. The Greek (AAGdutir 
jwTfi could nn-an that hr had only lately heard either 
of tucomrrieiwnaraWlity itself or of the prevalent Greek i^iioh 
nnev (dmut Lnremiiiejx^urnitiihty. A. E+ Taylor oomiiurtb 
dint in view of rcteos ti> hscorrfcuien.*Lirabil!ily in quite 1 
early duilngoeH it jK«DU heller to take the words in the 
latller 
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KA. Tch" 7T€pt; A €y UTt Kill qWf?, Jj 

ab. A<fyiu StJ- jtiaAAo^ Ss cpturai^ ffoi Stiftii, 

Kdl poi aftiKpov uTsatcp imv ytyvwuKfis mti 
frifXQs; 

KA„ 71 piw; 

A**. 1 1 fit; 

KA+ ndirrwr. 

ah, # H tfai ratrrti on SiT cordi 1 , ml rpirov 
TQVTWV J0dj?iOff; 
ka + Nwj yap oJ; 

A6„ r Ap ovv oy &QK€l ff&l Tnyra ftvai SrtuTci 

ptTpvfra ?r pos aAAijAti; 
ka. Na/. 

ah. MtJicqs re offm rrpi^ jeai nAdro? 

TTpo$ ^Anrof* kceI jSdtfof Suraroi^ f?Fai 

JJLfTptrp tfsunei, 

KA, E^dfiprl yc. 

as. Ef 6* tori p^rf avfdSpti /nfre ijpc/m Sward 
£ ^ a j aAAu. m tkl tie S* 7f>is^ro ^y^f* f^Sis 

<?*C* WpQ^ Tflthra SlDJfftgpat; 

KA. AfjvW on tfia i£W? . 

B At *- Tl S* QlJ ftfjtefc Tt ™L frAaTC^ jrpd£ ^dflos, 

^ r<? W KO $ aAA^Aet; Jp* qy 

OwvaoiSfieSa Tif.pl raiha qutuis ^EAAi^tf Trams t 
<ir $wi wd Am ^tTpeiatfai Trpdr dAA^Aa dp<Z^ 
ye may; 

IT aiTciTfayi jiev OtV* 

A®. iLi^^fora 1 qpT Sward* 

FaiTtfr S f o^r^p etFoi'j, IvWijPf? fiiavuqii^itfla 

Svcaritp pLOH' OtriH: d£lOV UFtp 7rdl*TWP am^T^^CJTa 

ypfi? ai/rpc^?’ " Tl ^Atiot&c f EAA^F p 
*■' eWd-tw xoyr h Armr dip l^apev aio^pdr /itu 
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Clekn. Why? Flense explain, sir, whit you nre 
spying. 

Ath. I will indeed do mi ; or rather I will make it 
plain lo you by Risking questions. Pray, answer me 
one little thing : you know what is meant by line ? 

Ci.ein. Of goitrscH 

Ath. Ami again by ntrjace ? 

Clein. Certainly. 

Aw, And you know that these are two distinct 
tilings, and that volume b ji third distinct from them ? 

Cletx. Even so. 

Ath. Now does not it appear to you that they are 
all commensurable one with another ? 

CuctN. Yes. 

Aril* 1 mean, that line i* in its nature measure hie 
by line p and surface by surfaecp and similarly with 
volume. 

€mv. Mi>-st assuredly. 

Atm* Hut supytHi.se this cannot he said of some of 
them, neither wtUl more assurance nor with less but 
is in some eases true, in others not, and suppose you 
11k:nk it true in nil en.se a ; what you do think of your 
state of mind In this mat ter ? 

C4J5IN. Clearly, that it is lin^fttlsfaetory. 

Ath. Again, what of the relations of line and sur¬ 
face to volunicp or rtf surface and hue one to another ; 
do not all we Grc$fc§ imagine that they arc com¬ 
mensurable in some way or other ? 

Cleix. We do indeed. 

Ath. Then if this in absolutely impossible, though 
all we Greeks, as I was saying, imagine it possible* 
arc we not bound to blush for them all as wc say to 
them, 11 Worthy Greeks, this is one of the things of 
which wc said that ignorance is a disgrace and that 
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yryovivat to trij cVAmuricu, to 3 s tirl&rauSai 
Ta^ayh-uto. ouSct r jraw KuXav; Jh 
KA. Jltoj 8 1 ou; 

Kal wpA$ TQvrot s 1 y* nAAa fcn-iv Tourtu?' 
oryyyeiTj^ ofr av TroXXn ([/xtipr^^uiTfl 
fiS*A<£o Ttfiw iyyiyvzTai TtLv afmprqfii&Ttiiv. 

KA r 11 Old Sij ; 

^ A@« la nor {xtTpTjr&v rt Kal aperpau* tt^o? 
cL\At^W frm ytyawv- raimt yap 3^ tnco- 

TTouyT a Sutyiyvakrvetv a^ay^fitov tJ Trai'rasrcimr 
fli-m ifavXoVt TTpopilAAoi'jd rt act, W 

Tpipljfl^ njf TTCTTcmy iroAu ^KOTfpai' 

StarptjpoiVTa, ^iAowfrEEV tv rais roihrwv a^iaiai 
uXoAats. 

■vw/ l0W T foiwv y ° rrt ' ^ Tt ^rrr*** irat rax?™ 

aAA7^wii ra ^a%ia™ ov wdfATroXu Jccxaiptcr&u, 


^ ^naM/njn'pwf 46-88* 23S i-o 

Tf?ff Tiai&iaj rijs inro n5* irywyiJrtm- 

karaAfi^^tnTjs ToonvTou 3™ toxTtufipmrta*, June 

*“ ' n P f *<P ’W^*' JCaTfitfrufr^ar f-aivv,, Aa'yw Se 


_ 1 tata b pn»Ub] r rcnsufinjy n bdfcf Ihmt If twi> Mlliarcs 

Btt com mensurable their sides are also cwnttSsmSStet 

!„ Lv*° ct,bes npe! ““""“"twite. their surfaces amt side* 
are ftfaft coMllft.nsurabJc, n Sc discovery that thU is nnt 
s f f *™ U ,B with problem* ns that ptn- 

Ktri&t&TSA ¥ “ Moulding Of ft square) and In 
i ^“P{, 1 ‘ a * M>n , of <!w cnbe fwv infra , pp, SJ56-:fci5*V 'll,, 
gnjrjifegul^ fa Hint coremcnsBrobllity in not always hn- 

S3Z«^tef. mSa t3 • 8l T lrit - A ^ » h <“ *«■ anil 

athnri^lWw ,n l ! fl ™ r m™*ure Wtmld mart this 
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to know such MttsSfliy matters is no great achieve- 
□lent 14 ? 4 

Cttm. Certainly. 

Ath, In addition to ihrac, ih(*rc are other related 
points* which often give rise to errors akin to those 
lately mentioned, 

CuttJt* What kind of errors do yon mean ? 

Axu. The real nature of comment urablca and in- 
commensurable^ towards one another* 1 A mmi must 
be able to distinguish them on examination* or must 
be a very jioor creature- We should ci mtiniially put 
such problems to each other—it would be n on 
more elegant occupation for otd people than 
draughts—ami give our love of victory an outlet in 
im-stimes worthy of us. 

( leex:. Perhaps so ; it would seem that draughts 
and these studies ore not so widely separated, 

1 hucraten p Panupyric of -1 thin* 2ti-2f* + 233 n-n d 

So far from despising the education founded down 
by our ancestors* I even approve that established in 

* According to A. E, Taylor* this mron^ ilmt 14 behind (he 
Inure fiprt’iB] probiciiu of the com mr-mn nihility of specific 
rtrcM uml vulumn there Jits the problem of constructing a 
general ‘ theory of Sncomnicniuntblcs, 111 He calk in the 
evidence of Epinomis StDQ d— tXH n f for which sec in/nup 
pp, 400-405. for furl her reference* to Ihe problem 
hjfu* pp, 110-111.314 21 A. 

1 Isocrates begcu this loaf of his nradons in lii.^ ninety- 
fourth year and it was published in his tdnetj-dghtb. lie 
■ ipi i. s.seai sj ini I ii r sen t Ements about miiLlumntic? ilk dlkti&wi* 
hce nko Xenophon, NttnOfaltitia |v. 7+ 2 ff, 
JIhi til's, drv comment (HJJ, ,V. L 22 s Is t "It would appear 
therefore that, notwithstanding I hr influence of Unto. tk 
attitude Of Cultivated people In general towards mathematics 
Wnfl not different hi FlAtaV time from what it k tg-dny." 
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ri}v ytatperptav ml rijir dorpoXoytav tfai tout 
SiaAn^guf ToiJf iptartxiy&s KoAm> u4vqv? ? flfr of pit? 
VidtTtpQL poAApr ^Clipoycrt T OU 8iQl*TO TUJV 81 
rrptafiuTtpatv ofi&ti? iartv, om? tlv ivticrovs auravs 
th r di ^sjertici% 

?AJX n/ufiif iydt Tots ihppTjptvois ini ravra 
trapatfeAi?L-p/iai north’ mu 'irpoalvtiv tqv yq&v aimai 
tqutqif, Mywv t (Its tl pcul /tfjStv «AAo fiJi-tirat to. 

{laBifparu. ra Ora traitiv dyaflcV p dAA T ovv dnQTpiwt e 

ye tqvs v£tdripov? n &\Acor eUAaj^ QpaprTjpdrwy. 

TOiS [ii:V ow TTJ^KOiItO^ OlJ^TQT 1 & 

StarpijM^ tp^tAtpwrfpUT roimpir vv8i paA- 
Xov mpt-avaas' TOiff &€ TTptafivrtpQlS ml rots CiV 
fll&pv? StScKifKLVpJvaiS OlWn }}±L TCI? ftcA^Va? 
tsivt&s appnTTtw. opi.v yap ivlous rvtv cVt rots 
pad^paai ouTuts aTTTjKptfibtptvon' didte §mi 

TQVS <xA Xous 8$d<TK€tv 3 oih* evtcmputs Tfits int- 
crr^pais afff etfOUfft XP^pfam* & T€ TtlZf aAAatf 
-tTpaypaTtinL? rats ntpl tqv /9iW d^wrpr/po&s: 
o*tss t tyj- 1 patfjjTtDr* dia*dj yap etVciy tpjv ciLKCTiijy, 


(c) PjiAt riCAL Cauc ULAtlOX 
(t) An cj/nrrflj'/firl by Fingert 
AHtfol. Prob. xf. 3 , PIO b 23 - 91 ! A I 

Asa rt irdsTts di^pfPTTo^ htii jf?dpj0apot h m al 
w EXX>pte? t df rd SfKa KfiTapi^4o£?<Ti t Kat at5 k dr 
aAAoi- apififiov, tilnv , 3 . y, S, £, < 7 ra irtiAti- eirawi- 
Sltt.Wch^ *v irow, 8™ Wit*, iLcmtp h^ftta, 
StiStKa; , . , v) &ti irdvres av8pt ujtoi 

St'vft ^flJfTIjAoUf p otoV Q yS 1 [/j M'/hutrj f yCf£ j 
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our own times— I mean geometry, astronomy, and 
the so-called eristic ialnguc^ in which our voung 
men delight more than they ought* though there is 
not one uf the older men who would pronounce them 
tolerable. 

Nevertheless I urge those: who are inclined to these 
disciplines to work hard and apply their mind to all 
of them* saying thni even if these studies can do no 
othe r good* they at least keep the young out of many 
other thing* that are harmful. Indeed* for those 
w ho are at this age I maintain that no more helpful 
or fitting occupations can Ise found ; hut for those 
who are older and those admitted to man's estate 
I assort that these disciplhirs am ho longer suitable. 
For I notice that some of those who have become so 
versed in these studies as to teach others fail to use 
opportunely the science* they know, while in the 
other activities of life they are more unpractical than 
their pupils—I shrink from saying than lheir servants. 


(e) Practical Cai^lation 

(i.) Enumeration hij Fingers 
Aristotle, Problem* sv. S, 910 h 33H3I1 a I 

Why do all men, both barbarians and Greeks, count 
up to ten and not up to any other number, ^uch as 
S t 5, t or 5* whence they would start again, saying, 
for example, one plm r live* two plus five, just ns tliey 
Say one plus ten* two plus ten f 11 * . , Is it that all 
men wore bom with ten fingers } Having the 

• The Greik words for \ | jmd HHMtl ilierallv one-ltn. 
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T&U OlK€tOU tipitffiQVt TOWW ™ TtAtJ0*E teal 70 ClAAtl 
ofuBfiovow,. 

Nltolii’i d. Tannery, A'tJifw ft ixirniU dst nn^n- 

jtTifi di < lu vul, mlL pL 1, 

ppu 1WMSS 

'Ejtf^oaAf tdu StitfruAEKoy plrpou 
'Ey Se t<u£ ^-fjCHTc KafiefiL? dpiff/toy? duto*?' 

kui £r iiev ng dWtt t dtft nous patuRueoti? 

Kai mKxmKotoS vpartiv dpivpavi, er ot tt] Oeftu 
Toys ^jcaTiDwaSttfflis Jtai ^lAifliTaSiiTduf^ rgif S£ 
tViKftVO TOtf™^ ^tljCKlTTttf CV TIK' OU yap CjfCLff 
OTruji? tfoAffc+ff cm rats ftepeu\ 

ilwTTtAAojCl^KqLI 1 TOlT ITpuJTOU Ktlt f-U^pOU SuKTlsAdOi 

too p4mof icaAovp^i', rwu Be rcutrdpiuy cVrera- 
fitvwv Aral tarapJwuY aptfiStuv, KaT^et? tV t?j 
ripLffTfpfl £Ctpi povdha piuv, hr St Tig Befid ^toi r - 
TaS* ptov* 

Kai ttoAev moreU^pAv ii *al roifrat? tfut raw 
per" aurar Beurepoy SaxrtiAcn.', rot? “CipajUtffdtJ kqI 
/"l/SciTOU TtSl' Se AcHffllW Tp«rd h tiff 

fcfrT)pfi r ffpartts tV jtifv ctjim^up-tp 

SuOp Bf T$ 5f£tu Sltf^oW. 

Toy B 1 oS rpiTQV crvcrrcAAopoAou* ^roi ruv a$a.- 
tftA&y *cal ptrjoL 1 , tfa/j/miy Mt rdiu eVcptoy SuOj rdiu 

- The word ( hl tn five '*}, u«;d by ilumer 

(0d+ h\ 412) in fhe + * to county would iip^'fir In be % 
rdk <if m quinary system of rakon Sntf, The Ur^ek fcr^i, 
hltr live l-Jitta vrariiiLr* is Ii.srcl to deoote 11 a ticnnber "of men* 
Kerodqtflj vil. 157, riii. 140 £ Thucydides til. 94. 

* Nk'n|a> ArtAVUdy of Smvmu, wkd Kbl^du, lived 
in the fourteenth century i.d. li e is the author of two letter* 
SO 
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equivalent at pdibles to Uic number of their own 
lingers, they cantoe to use this number tor counting 
even 1 tiling else as well - 


N^kula-h Ithubdaii 1 «l. Tannery, jlVtriu r ft rffM iwa n ii* 

rcWfa d« hi IfiWjofA+YErrr NvUitmati m vol. xxiii, nL 1* 

pp. 

Exposition of firiger-notatiim * 

Tins is how numbers arc represented on the [mints : 
The left hand is always used for the units and teus p 
a fid the Hghi hand for the hundreds and thousand^ 
while beyond that some form of characters must he 
used, for the hands are not sufficient, 

Closing the first finger—the little one r called 
Myope—and keeping the other four stretched out 
straight, you have on the left hand 1 and on the right 
hand 1 lHX>.* 

Again, closing this finger together with that ne*L 
after It— the second, called nrrf the middle and rpi- 
bate ^mid keeping the remaining three fingers open, 
as we said, you have on the left hand 2 and on the 
right hand £000. 

Once more* closing Lhe third finger—called fpJtu 
and tniddfe —and keeping the other two as 

ulsh-t! by Tannery, of which Ifr* wODCkl Can be dated to the 
year IJll by q eaicutation of Easter, I W rdiled the arith- 
trtctirtil manual of the monk Maximum Piamidrft. 

# A titular syitccn Is e^inined by die Venerable Bode; 
*k IffPFjporuri* mtiumf* C. L, " De compute r?| |rK|neia (Ibi- 
tonim. He implies that SI. Jerome 4dl>) m ako 

acquainted with the system, 

^ In the Greek the numeral* art sometimes written in full 
“m* 1 times m the alphabetic notation* for which see iu/ni, 
pw4JL 
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St Acn-tZv Son iKTtraft&/ii&, rotJ Aivazov A^yaj wot 
row dv rixtipoSi *«nv intfi KpanU b fib rfj Acud. 
y, b Si if &i£4, ,y. _ 

Haiv PlWt£jUo/Jf™i r Twv &U0! TQU ptAtoV KOI 

TTfipa^EffoVj, ^yowv rot? Scot epov tfot rp<Tou, ftsi rmP 
aAAtur QITWV i^7}TThwpivwVt ro5 avrtxvtpo* Atyw, 
t& 0 ^ul too jxtr tuirofj flmv tl-ue^ icp^Ta? er 

fiiv Tfj S* it* 5-*" tt} Sc^«> ,S« 

lliLv toij rplrou, too Kal ja/oou, ovoeoraApAtfJU, 
ttal XoiTTun* r^aadpwv eJfrtftinfi^JV, StjAgooi^ 

flTTfp K-paT€i>- (cV per rij Aoi^)* e ? eV Tlj f i m 

I’m" tTTljSciTOU iTaAil 1 , TOU JCdt &£uTip&V t OW* 
ecnrqApfVQLi kqItcum 

rtparct? €P /to' T]ij eo*ot^p<p eV Sc rfj cVep^ . 

'YoQ ftwitTtos waAio, tqv Kal TTptoTOo* iKrera^ivw 
j?al Ttjf iraAfl/tij rrp q tjifsa.vo itos , twy Sc Ao&77ojr 
uTTapcvwK 6pfim§* awe p *a t4x*iS* f. & Si 

ttJ cIAA^i 

Tot? OsOTEpQU WoAlV* fov Jfol TtapafliiTOU, 0 pOU 4 £ 

EKTtra/teWu peal tfAtioMros aVpis ou tj§ 

reAeiaty wpofftyytoTjj two 5e AotTrcoy Tpiiuv p rov 

TpiTOUv TOO TeTapTOtJ KOi TOO wipiTTIJO, tiff 77 pO' 

cipiyreu tarafiivwv dpOiW, to ycoopeiotf <r^po 
iv pev tjj Aaia BijAol ij, co Se Trj ,fj* 

QvfoiS oEv Kat raw rpirov yeVopcVoVj icecpei'oji' 
*ai rwv aAAwv Boo* too itpuirav Kal &£U7€pov t Kara 
to aurg o^Jpa, lv pco rjji apterrepa 3?jAooinv $ p cv 
BJ 77 J aAA^ ,£* 

HflAlV TfiC IIlTL^Etpti? S’ urrep- 


1 „ P . ^nd ,nItL Mord+ 

1 rt;i»riipuK- add. Tiicintiryp 
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before, with the reimiining two held citit straight— 
J mean the foie Roger 41 and thumb you have on the 
left hand A and oil the right hnnd fiOOD. 

Again, do*dng the two finger Called middle and 
nr.rt the middle* that is, the second and thirds and 
keeping the others open—I mean the thumb and fore¬ 
finger and that called m y ape y you fun r e on the left 
hnnd t and on the right hand 400G. 

Again, closing the third finger—-the middle —and 
keeping the remaining four straight, the fingers will 
represent on the left hand 5 and on the right hand 
SOOf} P 

Closing, again, the epihate finger—'the second— 
jmd keeping the remaining four open, you have on 
the left hand 6 and on the other 6Q00, 

Again, by extending ihe finger called mpope —the 
find—so- a.4 to touch the palm, and keeping the 
others stretched out straight* you have 7 and on 
the other hand TWO* 

If the second finger—thn( called next the middle — 
fa extended in a similar manner and bent unit] it 
nearly touches the hollow of the hand, while the re¬ 
maining three finger— \he third, fourth and fifth— 
are stretched out straight as aforesaid, the resulting 
figure will represent on the Left hand 8 and on the 
right hand 8000. 

If the third finger also is bent in this manner, the 
other two—ihe first and second- -remaining us before, 
the fingers will represent on the left hand 9 and on 
the other <} 000 . 

Again, if the thumb is kept open, not raised verii- 

■ Tin* Greek word mentis Rtemfly the 11 licking " finger 

1 The Greek word mcanA iiteriliy * k Unit which is ophite IT 
#C. thd four fingers. 
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atpop.tmUy dAAa irAuyiojr ireo?* jmlJ rod A*^mw 
unnKXivofievQV &XP l< * ® 1 ' 7 4 TQ ^ wn^ttpas irp&rt'fHii 
tip&ptp GtijlTTitTfit 1<U£ av ytt^TtU afyfLtLTQ? ffJTjjUtt, 
tw Si Adi Tf&v rpi&v if>umKUif jJirAcjjjULtVcu^ teal ft.7j 

XOipiZQpivttiY an aAAjJAwVp aAA-i avyif}^eviAtv t to 

TQIQVTQV €V fl€V TTJ l ^HtVVpep £5A/H OTjfttuVct BtKQ. M 

€V Si TjJ p* 


(li) Thf Abmi* 

Herod, ii. US H 4 

Tpififarm Ypd^mmi *al Xoyi^ovrtu "EA- 

Atjv*£ piv c lttq y£)v Apurnkputv eVt rd 5*£ui tf*4- 
poerre^ ttjv Atyv?moi tiirA rwi- bsgion* i rrt 

to: afn&rtpd- real TroteutTttf ravja am)! jU£i 

cut Sfcfm ^GUijntf Be tu' tipiartpa. 


- ^ b perhaps unnecessary to fallow this trifle to Ita end. 
rihuhdtLS proceeds to show how the tens from M In SO, ae=,I 
Ihe hundreds from £00 to OCXl. can he represented in similar 
manner* Detail* nre given in He*th< mG,M+ 1L £5£. 

I bin? not found it possible to glw a sntisfnt * i ton r rr ndcrmpr 
Of RhahdaVs names for thn: finger*, Poshly should 

**■ Inunl/Llcd P^tff (though thi> rams a more natural name 
fi-r tile thumb titan the lint fingert nnd r*tfcr; 

Jn the mss*) can mean apaanu nr wrw 
™»w«S find Mr. Colin Robert* cmtatively lugralii (to my 
ijiiiid eonvlitciiwl*) »h<aHie mhUlc finger is sot-ilfed Ihn-aii* 
it u Honed with Ifte ihumb in cracking the finger*, 

* j f 4311 1? ancient abaci which drive bmi prtscfvd and 
ron definitely be identified *s such are Ron tan. It b db- 
pijtcd whether the famous. Sain min Ian table* discovered bjr 

34 



INTRODUCTORY 


cully but somewhat aslant, unci the forefinger is bent 
utiiiJ it tnEidieh the tir^t joint of the thumb* that 
tin*v resemble the letter *r f while the remaining three 
finger? are kept open in I heir natural position and 
not separated from each Mkttr Lmt kept together, the 
figure bo formed will signify on the left hand 10 and 
on the right hand 20Ch 4 


(IL) The Abacus * 

HerotioEu* It. 3£ r I 

In writing and in reckoning with pebbles the 
Greeks move the hand from left to right, but the 
Egyptians from right to loft t * in so doing they main¬ 
tain that they move the hand to the right, and that 
it is the Greeks who move to the loft* 


Rarkjpii^ and described by him in ^rehiolopiqu* 

iih),T? an abacus or 4 ganu'-Tward : the table now lies in the 
Kpjgrmphkal Museum at A then* and U described and iElus- 
I rated by Kubltwilick (Wirmr a tun J jjJMi/ irth* '/ fit f thrift, 
xxxlt 1&9P, pp r with Plate xrir.j. Nngl [ Abhawi- 

titn&m zttr Omrhifiktd tUr Muthtmuitk'. ix, F SSSO T plate after 
p. H57) and ihntb. IIJ3.M* fi. 40-51. The oaone of the 
Greek abacus, like l hr- Roman, was an arrangement of the 
columns to denote different denominations, in the case 
of the decimal system unit-, tens, hundreds and thousand 
I'he number of units In each de nomination was- shown by 
pebbles- When the pebbJi« collected In one colunin became 
sufficient to form one or more units tsf the ne\t Irigfbt-^t 
di-nom [nation* they were withdrawn and the proper number 
uf pebbles Biibsiltuled in the higher Column. 

* This implies that the columns were vertical. 
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Diog. Ufrt, L 

"KAiey* S« tqA§ napa roTs TvpthvQis Suvap&avs 
ffapanAijffioyp +■ ij'cit rtit^ rtiTc trri rtZu* Ad- 

yUTjUjJF. #f*U yqfi itttivmv eWonp ttot* pir rrAtwu 

tnjpaiVenv 7 totI Se tJttoj 1 kq.i tqvtwy tovs t vpdv- 
i-ouf itgt£ p.£v ocacrrov pcyai 1 ay€tv h m al Xapjrphv M 
'ZTQfi hi JnjiOV* 

Polyk Hhtor. r. s:s 

"Opto*? yap eu7w mVot ^dpairATjcfirti tclT? htI to>v 

ajSaK-ttur i/rrj^D££ ’ Cttribdf Tt yap ward TtJv 701/ 

(ScuA^criv rapri ^oAko^ Aral 'naptwrltctx 
raAarjw iP/tfowiv, ol rf irtpL rds- aijAds Kara to 
toe? fiaaiMw? vtvpa pet tiptoe «al T^apd iroSas 1 

tAfttVOl yiYQVTUL* 


INTRODUCTORY 

Diogenes Loertius L 59 

He [Solon] uned to *ay that men who surrounded 
tyrant?, were like the pebbles used in calculations : 
for just as each pebble stood now for more, now for 
less* so the tymnts would treat each of their enurtiera 
now as great and famous, now as of no account. 


Fotyhltw, Hitterif y, && 1.3 

These men are really like the pebbles on reckoning- 
boards. For the pebbles T accord i :tig to the will of 
the reckoner, have the value now of on eighth of an 
oboL, and the nest moment of a talent"; while 
courtiers* at the md of the king, are now happy* and 
the next moment lying piteously at his feet, 

- [ti lbs Su tans Lilian table (see «■ u^j^ri h p. 34 n« the ex¬ 
treme denoniJnRltiLmjoiii cine hide are actually the tale hi ami 
the w f l 01101)1, 
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II. ARITHMETICAL NOTATION AND THE 
CHIEF ARITHMETICAL OPERATIONS 

(a) Ewoush Note* ano Examples 

From earliest times the Greek* hdlowid the decimal 
system of enumeration. At first. no doubt p the 
words for the different numbers were written out 
in full, and many inscriptions bear witness to tins 
practice. Bat tfic development of trade and of 
mathematical interests would soon have caused the 
Gredtf la search for some more convenient symbolic 
method of representing [lumbers. The first system 
of symbols devised For this purpose is cornet Ernes 
known as the Attic system, owing to the prevalence 
of the signs in Attic imrariptionSt in it l ! represents 
the unit, and may be repeated up to four times. 
There are only five other distinct symbols* each being 
the first letter of the word representing a number. 
They arc 

P (the first Setter of tt* vr*j m 5 


A (^Kd) 

H {Inara v) 
X (xikwi) 

M fiVjQioO 


10 


- 100 

- 1000 


-10000 


Like l. each of these signs may be repeated up to 
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four times. Four other symbols art farmed by com¬ 
pounding two of tbu simple signs, 

r* (P njui A)= 50 

P (P and H)« 500 
F* (P *md X)= 5000 
p" (p and M) = 50000 

By combinations of these signs it is possible to repre¬ 
sent any number from 3 to 50000. Fqr example, 
P»XHHHAAPim- 05 S 9 + 

Notwithstanding the opinion of Cantor** there is 
very little tr> he said for tills cumbrous notation, A 
-ere 11 id system demised by ihe Greeks made use of the 
letters of the alphabet p with three added letters, as 
nkjiiH rats. It. is not certain when this system came 
into use,* but it had completely superseded the older 
system long before the time of the writers wdtfa whom 
we shall be concerned, and for the purposes of thin 
book it Is the only system which need be noticed. In 
it an alphabet of 27 letters Is used: the first nine 
leticiTH represent the unit* from 1 to 9, the second 
nine represent the tern from ID to and the third 
nine represent the hundreds from 100 to 9Q0* To 
show" that a numeral b Indicated, a horizontal stroke 

- Vvfi&MM** fiber GeniMdr *Ur \ialh*mtifik r i* + p r 1^0. 

1 For n fuQ COftkifilerallart of the date given by i.arftJd (end 
of n-W\ith o ntury Jac.j and Blit gLvtn by Kri! 0- li5 b.c.L 
.rise I truth. tW.lL L &RU. 
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^generally placed abcire Lhe letter In cursive writJngj 
ns in the fallowing scheme * 

a -I r-10 P=IQ0 

#»S *=SO ff=SO0 

■ 3 X-30 f =300 

■4 j5 =40 v»«M> 

<~5 v =50 $ =500 

<r=0 | =£30 f =000 

f=T o -70 $ =700 

*5 ^8 if = S0 (5 “ BOO 

5 = 9 q=<X> ^<900 


I 


Thi’ hortsantal stroke is often omitted for con¬ 
venience in printed texts, 

lia this system there are three letters - (Stigma, a 
form of iJie ftignmnia), G or <? (Koppa) and ^ (Sam pi) 
which had Ik-cr taken over by the Greeks from the 
Phoenician alphabet but had dropped out of literary 
use. As there is no record of tins alphabet of £7 
letters in this order being in use at any rime, it seems 
to have been deliberately framed by someone for the 
pmposes of mathematics.* Though more concise 
than the Attic system, it suffers from the disad¬ 
vantage of giving no indication of place-value ; the 


connexion between r, F and for example, docs not 
leap to the eye as in the Arabic notation 5 t 50 P 500. 


4 in iame teart» the rriplhnd of indicating that it letter 
stands for a nu mml is an accent placed above the letter and 
I□ thn rights In the- followinR- muniicr: 

*'=i* ir»ift 

A double accent is ii^ d to indicate submuLtrpIcs, e.g Pt 

* Guw, A Shmt tfi i'iry r>/ Gr**k Matkmntk** pp. 45^(5. 
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GptaiorLs differ greatly on the facility with which it 
could lie used, hut the balance of opinion is in favour 
of the view that it was an obstacle to the develop¬ 
ment of arithmetic by the Greckv 

By combination of these letters, it is possible to 
represent any number from J to 999. Thus pry = 3 53. 
For the thousands from 1000 topOuO the letters * to 0 
are used again with a distinguishing mark, gene 1 rally 
a stroke subscribed to the letter a little to the left, 
in addition to the horizontal stroke above the letter. 

Thus pi=ltHX>, $= 2000 + , , , ^=9000. 

For tens of thousands the sign M is used, generally 
with the number of myriads written alsove it. 

* i-f 

Thus M » 10000, M =20000. jiile] so on (Tlutoeiia)* 

Y 

Another method is to use the dga M or M for the 
myriad and to put the number of myriads after it, 
separated by a dot from the thousands. 

Thus 

v —— - 

= IGI057C (Diophjiiitns vi. £2„ ed. Tannery 

M + i i). 

In a third method the symbol M U not used, but the 
symbol representing the number of myriadl has two 
dots placed over It. 

Thus 

1839$ i Heron p Gtnmdricfi xvii. 53, e<L 

Heiberg 3+0. 33). 

He run commonly wTote the word pvpia&s in fxilL 
To express still higher number*, powers of myriads 
were used, Apollonius jind Arcoimedea invented 
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systems of tetrads M and ,p octads " respectively to 
indicate- powers of HHMK) and ilhhKHKKK)- 

Thcre was no single Greek system for representing 
fractions* With siiiimu]i the Orthc«tox method 
wji.^ to write the letter for the on responding number 
with an accent instead of ft horizontal dk^h. eg*, 
■'= t. There were special signs Z' and €\ for 
and w* for The Greeks, like the ligyptians, tried 
to express ordinary proper fractions as the sum of 
two or more huhimiLtiples. Thus Z/ ^ *=i + i = iT 
ZL r £o H - i + A m J-j (Etttocius), There was a limit to 
what could be done in this way t and the Greeks 
devised several methods of representing ordinary 
proper fractions. The most convenient is that used 
by Diop h ant us, and occasionally by Heron, The 
numerator Is written underneath the denominator^ 
which is the reverse of our modem practice. Thu* 
y a . A method commonly used in Herons 
works w r ns to write the denominator twice and with 
an acccnt+^,g,, £ ■*» *, CC “ V- Sometimes the 

word Xrm-ii ( M fractional parts IF ) was added „ r.g. p 
Acsrra v* ra H A* = ff* There is no Fixed order of 
preference for nuns era tor and denominator. In 
Aristarchus of Samos we find &vo p** for and in 
Archimedes i oa r for jj^ where only the context will 
show ihat JU.'-j U not intended. 

Several fragments illustrating elementary mathe¬ 
matical operations have conic to light among the 
Egyptian papyri* The following tallies (2nd cent, 
a,d,) show how fractions can be represented as sums of 
submultiplo*. The Greek Is set out in columns. The 

■ 3 am indebted lo Mr. Cohn liohert? for drawing my 
tiLttfJitjiin to then]. 
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ftp&l two columns give the numerator of the fraction 
to be split up- The denominator la not explicit ly 
announcc'd in the fable, but it is implicit in the first 
line. Fractions are marked with signs like .accents, 
usually hut not always over every letter. The -dj^n 
A for | will be noted. Dots under letiers indicate 
doubtful readings. 


Michigan Papyri, No. i U* r voK liL {Hu?\ a?n'jfp> SjrUt* 
vnl, il + ) p. 

1, ii 

A Table of Twenty-thirds 


T^S 

a 

k\‘ 

S$' 

mV 


[rwr 

il 

*' 

pV 


[riur 

6 

7 

f'iV 

Wt 


[Tin- 

t 

M ■['/'] 


Equivalent in Arabic Notation 


i _ t 

V ¥ 

i'rv = 1 f + n ar 

4-1 

u - " 


A 1 

A 4 


+iti 


fvx 

i+’Wb 


ii 


A Table of Twenty -ninth* 


Tti*r 

■0 

A 

y 


.rA'/3' 

[firt*] 

*7 

/ 

iv 


-t 

[tw] 

iS 

A 


[*-'V 

p<r 

l™] 

[™r 

If 

<1>- 

ZL 

rV 

«']0' 

-y 

[fwr 

■f 

Z 



T^V 


*{AV] 

PP* 
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Equivnh*H£ in Arabic Notation 



The Greeks had no sign corresponding to 0< and 
never rose to the conception of 0 as a number A 
Having no need of a sEgn to indicate decimal posi¬ 
tion* they wrote such ft number ns 1007 in only two 
letters— /if 

By mentis of these devices the Greeks had n 
complete system of enuflucratiom Hem are a few 
examples of complicated numbers taken from 
Em twins ; 

$ ,rVv z ' fi'- ismtsiJ* ~is7S9 «*f. 

tf ,/S*; «-* = 5 vrao 9 t%^= 5 * 72090 ^. 

With these symbols the C^reeks conducted Llie chief 
Dimtheiiialical op^ntfoEi in much the same manner, 
and nith much the same facility, as wc do* The 
fnlhnvjng is Jill example of multiplication from 

- In his ^supesSmnl aulntSofl* Ptolemy uwd the symbol O 
lu stand far piTpa of ftii^ The diverse 

views which have been held on ihhi syndic! from the tilUe of 
IJelambrc arc summed up by Lorin (/rf rratt* niff" 

tintim i?ncpa + P- 7GI) In the words ; fci In base ni document 
scoperti r dtcifntl iiuo ad oggi, slum nUloriiioti II iiej^are 
die I Creel In Km nd senso e tie! modu in L'lii Eli 

adoperitmo noi.” 
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[\nbadnas commentary on Archboede* Aframr&ntni 
of a Circh (A M’liirti. p cd Heiberg iii. 2Y2 ): 


PSl 

153 



irl pvy 

x Ia8 



M ,7i 

15300 



/ M F 

5000 

3500 

150 

f pvB 

A 


300 

159 

M 

Total 93409 




The operation, It will l>c noticed* to split up into n 
number of simple opera lions. 153 u first multiplied 
by l QO+ then 100, 50 and 3 are separately multiplied 
by 50, and lastly 100 nud 53 are separately multiplied 
by 3 k The products are finally all added together to 
make the total of £3409* 

Only one example of long division fully worked out 
survives in the whole of tlie extant corpus of Greek 
mathematical writings—in Thcuns Cammntiortf on 
ihf Synliurix of Ptolrmy. The ssuic work contains an 
example ol the extraction of a square mot. Both 
passages will be reproduced, but ns the notation is 
sexagesimal s few words of explanation are necessary. 

The sexagesimal notation had Its origin among the 
Babylonians and was used by the Greeks in astro- 
tiumjca! calculations. It appears fully developed in 
the Syniaxii of Ptolemy and the of Thcuti 

and j’n.ppiis.* In this system the circumference of a 

1 Tbran of Alexandria (to be dbl ingufchcd from Throu 
of Smyrna) bs dated by 5 uhUls in the If ign at TlicutlosiLi* t 
(a. ft. 370-3*5), Hb ctammenljary m Ptolemy T e Nya/uxj# is in 
eleven \ tooks, and hi* fiimiml daughter Hypatia aisled In 
Its revhkiEL PttPEn^ of Alexandria Aourbltcd eii file «3gn oF 
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circle* and with it the four right angles at the centre, 
are divided into 560 equal parts by radial lines. Each 
of these 560 dtgfeCM (jioipui or w divided 

into 60 cqiul parts called srp-Cru yrajeocmi* frequently 
represented as *t 4£^koctto t jfirtrf (ubdli or mniuitar. 
In turn each of these parts is divided into 60 &t-?4pa 
<^ijixocrrn' r sir ft {gqivarm, tmaut sixtieths or irttnufr* 
By further subdivision we obtain T/urn i£ij*t«rra p or 
Y ffriKVJTu, and so on. In .similar manner the din* 
meler of the circle Is divided into HS0 TpJjpxr*, rrg- 
mcnt$i each of these into Hixtletlis, and so on. The 
circular associations of the system tended to he 
forgotten* and It offered n convenient method for 
representing any number comisting of an Integral 
number of unitci with fractional parish ITlc denomi¬ 
nations of the parts might be written out in full 
(r.g,, srpuTci e^rj|Jt«Tn ^| = JOO minutes h a 
ir Ktfi fi* u = £Q0 minutes and, 15 tseeonds), or a 
number consisting of degrees, minute* and seconds 
might be written down in three sets of numerals 
without any indication of the denominations other 
than is provided by the voidest (f*g +l * u 

= 1515° SO' 15"}« 

After explaining the advantages of the notation 
owing to the large nnmbcr of factors of 60, and noting 
thei result of multiplying or dividing minutes by 
degrees, minutes by minutes, and so on. III con gives 
an example of multiplication and then the two in¬ 
teresting pojpftgsfl which are now to be reproduced 
and translated: 


Dtactelian (a.o. St64-30J}- fib ubieF wurh was his 
Svnavog* or Cbf fating*, el liaucll^Hik to Creek gcomdry 
which & now one of our main Msum-s for the subject und 
win be lUfteruavely used in these jugca. 
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Div[-<iciS 

Tlin,?n Ale*, m PtrtL Mutk, Syn M Coinv*. L 10+ t<L Rome* 

S*wK « T«/i, UL'(J)>W- «■■ I" W*« 17 
'‘Effrw Sc Kai didrroAir SoifeVra ripr^pm- pit pirn c 
77 a pa rc jidipaf ixpa>rti mrai Scdrcpa c^votto:* 
Iot(u o Solely dpiflpis d k it k Kfti >&rbv 

cVt4jj jLleptcrcu adrpfc> frapd rdi- ft? tj3 t > TDVDfffnV 
twpcti* TroadifiF ccptu- d «t tjS i £v rw j* It- 

ayTot* jyptSrol 1 irapd roV I* cVcc^pf^ P 
TTOptt TQV V7T£pHl77T€l Val afoupOVflWP iftJJfflU* 

toki roV Tt jet ™i rdv ij3 f *cu Frt tqv t + vat 

TTpQTipQV TQV *>', KQi ylvOVTQl /*$* rfra cVt TWt' 

AdittcLi' paipan' ft v it aiti^cnuTfy rds ii fjdipa? 
cfy npdrra ef^Koerd vai 7rpQV$4vrtS ttvrots rd 
wptpra e^Tp*f<jPTd k d?rd twf ycrofi^iAkU 1 wfH&ra 

™Au- i^TfKoora a^aipoSp.tv ify/covr avt? rd iij, 

TOLn-edTiiv e/hk’ tfpi «V* cittq twi? Adhwm 1 JjptirCQV 
i^Koarmv a vat ScWpaii- it d^aipcrfpci- efij- 
Koi-rtuccs TrdAtr rd t r Scurcpa pev ef^vo<rrid 

* We trvfty exhibit Thcan + S working m follows i 
1*1 dlvliSali |5f F Ifl" J J5|5 Q 3F H 7 ^ 

ww* 1500° 

~ir^ooa F 

SO' 


MO' 


ly 1 ' 


50 


mo' 

IfPifiCf = 10 F 






c i! V 

ABITHMETICAL DOTATION 

(&} DlVCSI0N 

Tfieori of 4 lexandria, Cofnwntunt im FfoUurjf't 1 

10, tti. Koine. $iudi € T**H t UxiL {193d), -iil* I—■*— 

Conversely. let it hr required to divide a given 
number by a number expressed in degrees minutes 
mid second*?. Let the given number be 1515 H ^t> 
\5 rr ; and let it be required to divide this by E5 P 
IS" 10'", that Ls, to find how often S3* 12' 10" b 
contained In 1515° 2Q r 15 JF .“ 

We take 00" Hif* first quotient, for til* l? too 
big; and we subtrnti. sixty times 25 und sixh 
times IS r and also sixty times 10", First ly. F we 
take a wav sixty times Sfi 3 , which is 1500*. In the 
remainder, JS* 20' 15"* we split up the IF into 
minutes and add to them the =»' ; find from the 
resulting 9^0' wc subtract sixty times IS* # that is. 
This leaves *00 r 15", and we now' subtract 


£»d division 33M3 p 1(1" liMP 13 ' 

W.r = r*s' 

is" 


9i s" 
ir.r= u” 

ur.r * i" nr' 

3ni division *f ir jo" |W r iff"!®!* 

2o°as" - aaa" 

4" £G f "=?D0" J 

ir-3S w « st)6" 
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fa TTpwra Se L emi mlXu' 7 a C^oXiTJ^i'ra irpd»ra 
ffrjKcurri p$ iftu Bsurtpa i* jtfp/ftytct* vapa t 4 v 
K£ t KGU ytvtrtu & yupi&fj&s -napa £' ihr^palim 
yap Tt tipi tvv 15 + Ktii tA ymoptva eV Tra.pa.-~ 

poAvjs iiijKoara Trp&ra poi dm rwv 

p^ ^pcar-tar iimra m Aatrrd fe TTpa/rci 

cfjjwsocrnl dvoAwmipTieis 1 tiV Sctnfpo: ^ m£ rpoer- 
fleWcs ath^ir tr SidTepci e£ 1-1*0 err 4 tf > «mj r<2iv 
yet'o/icvwv ^if d^aipou/icv fTrritfij Tti ij 9 77pwTti 
cf^icocrrai ■FOWTKrrc*' ttS Stidrcpa t^Kocrrci, Bui TO 
tun ra £ Trp^ra that I^vjkout d. woi imAc«T€T<it 
Aortfa *uAa Bedrfpa e£^tf<wrd, #cctt £ti i^AoDp*!' 1 
dpotW wot t* I 3 *i/rfpa e^tfoord* d 

ytVfTcu Tp/ra e£ij*«WTa o r TOUTIffTtf BewepaV d 

*ai rptra I. koI Aa-tfrd umAimj Bedrepa <fijfcwrd 
£u^ j<al Tptra r. raOra rrdAiv wopa rot 1 *?. #cat 
yi™ <5 pt«i- pepinfio$ Trap a tw h* ff* Be tt]s 
ittipQ.f 3 oXT}? vjkI Bturepa ^fjjtfoordL wai Xoimi 
U7TtAtjrg_ &€ dnepa efrjffOGnrd S, TpiVa Bl v, opov Bi 

Tptra tTfira iraktv ihl*tDiojicv tA t$ Trp&ra. 

(irjKocra Tpm^ovrdtct *al rptf *al yvfwrtu rpmt 
t£.s ~ 7 wv Troiftr lyyiora rot pt£pi<jpiv 70V ,a^uf k if 
TTQpa Tov k* ifj i, f ? Ay* errei tfai eiy tgvtq 
TT oAAairAatJtdtfiu^iciv eirl ri k! ijl 3 1 urui-dyfr'^ d 
* *i cyyujra* 

^ fl iff tj3 I ( £ Ay 

(ej EmumoK ov Squahr Root 
Mid. 460 . 16^47 a. S 

Tfcdrtai' ffctt^pl^tPTtcip, 4£fj$ dv tvq StnAa^JV ttws 



ARITHMETICAL NOTATION 

sijcty time* 10" ; that b 600'% or The rr reminder 

is IfK> r 15" , and, making a new *Urt, wc divide by 
25* S the quotient h 7\ for S" is too big. The number 
resulting from this division h 1T5\ which we subtract 
from the LJX/. There Is a remainder of 15\ which 
we split up Into 900" and to ft add the 15'"; from 
the resulting 01 5” we subtract seven times IS'* 
which ]s 8 V' on account of the seven being minutes; 
there is left a remainder 831 ", Similarly we sub¬ 
tract seven time* 10", wMch is 70"% nr l" 1Q JF % 
The remainder Is 8 : 29 " 50'". We divide this in turn 
by 25®. The quotient is SS f %and the number result¬ 
ing from the division Lq 825", leaving a remainder of 
4t r * 50"% or »90"% Nest we: subtract thirty-three 
times ir, which ta Thus the quotient 

obtained by dividing 1515° SC/ 15" by 25 s 13' 10" is 
approximately 60 fl inasmuch as* if we multiply 

thin quotient by 25* 12* IQ", the result will he 
approximately 1515° 15". 

wis? m r i5" *& a vr to" «o* r ar 


(c) Etta action of Squawk Root 
Ibid. 4m. jfl-+73. S 

After tliis demonstration the next step is to inquire 


i “Forme snap^r. Voir pourtmi Hirt, IlawMmh d*T 
prifcfiitchift bint- und I IdJdberg, 1912, 

p. 50 S. 4 '—Rome. 
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air SoAa'Tdf X ai P^ V TtWW T€TpaytLvOV {.ITJ %X aVTOS 

wAovpAi pfcci p^TTj^ tj)v crt^yytPff ayroS wpayw- 
vittyf irAeupai €irjAoyi™p±0a. k*I ww to Toioir- 
rov £t}JW tire pp^v *£oito? ^Aeu/wr, e* too B r 
fccopfrutra? Ty ^ iStjSAtoy iw Etpij^eW, of tJ 

TfpOTtUFt? ed-rtl' TOitH-HTJ' tfOV Ctfffeiff 

w Itu^j to iwo tijs oAtjf Tf-rpuyuiw W Am*' 

TOIJ T€ tlrro TtuM TjfJ-TJ^tCtTCOI TeTpajrtWPWP Kits Ti3 SI? 
i/mJ twi? Tptijpmoi.' tt Epie^ttyteVp £nv 

yip ^oiTf? So&Wa aptf/iov rtrpdywvov tLs nv 
pp.B f fri}Tr}v ix&vra irAfupair 1 tus rm^ AH titfuav, kqi 
Ati^orre? qltoD iXdaaoiis. t ^rjpiymvov nov p a o5 

zzrrii irA tvpa i r tcol ott Q&dp*vM t^v AV l, SittAii* 

otaaaiTtf aon)v ifaij 1 Bid to Si? frro rwv A l , 

FB, (itapiy ri y*vo/i*i-a k TrapaffaAtu^ei 1 [^apd] 1 

T-a Aoitto. ftS a raiV {moXtinop-£i*iuv S ifiTOi to ann 

FB, a!h-q hi juj K€t j3’ ijv Be tfd q AF r nai 

oXt) dpa 17 AR torai /jtoipwv ij&, oircp Setfat. 

1 mil om. Rome. 1 Rome* 

* tflpa cim. Rome. 

* The dlogroll will make the |ifcW!ed urt dtaftT- Th? square 


E -—-— A 


P=IOtf* 

Z 


»= av 

i= 4 “ 
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in what manner, given the area of a square whose 
side is irrational, we may make an approximation to 
its side. In I he ease of a square with a rational side 
th c method is clear from tin: fourth theorem of the 
second book of the ElemmU, whose enunciation is as 
follows : // a straight line In cat at random* the square an 
the whale if equal (n ike squares on (it segments, ami 
t trice the rectangle contained hi] the segmeaU, Foe if the 
given number is a square sm h as 1 i >, having a rational 
side AH, we take the square 100, which is less than 
IW and has |0 as its side, and make At' equal to 10. 

Doubling it, iK'Cau-it the rectangle contained by A I’. 
FB is taken twice, we get HO, and hy this number 
we divide the remainder vt. obtaining a remainder t 
as the square on FB, whose length will therefore 
be 2. Now AT was 10, and therefore the whole All 
is J2, which was to be proved.* 


Ai is divided up into the squares EZ, HZ and th? equal 

=M)unrf X'i. 4-2 rtcU AZ - square RZ 
1J( . j n= t0 s 4- i.lOJ + - ■ Generally, if a given square 
number A is equal to (a r /f, where a’ is a first approxima¬ 
tion, then , . 

A =#*+ flA »+* 1 

and we fluid the value of r by dividing fa into the remainder 
when a a is lubtructcd from A. , - 

] i A is not a .sq Liim' nu min 1 r* tm'n mis |T»vcs a mtoi 
Utitf Lug an apprpsimatlmii t j.% to tlu- L feQiis^re root. 
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Iva iv huI ii7L tli'ijv t&v tV 77 } trapa^ei- 

^■lVojV api&pwv vrr' Oiptv JjijLta yn^TCU ij t^v’ Kara 
fitp-o^ d^mpdatiA}^ ZHaKpujts, mi .rioOfieOa. -rip' Aira- 
St*^iv fn tqv a pt&jfAQv t ot 5 Ti)i' TrAtT/pav jfeVcra 

fioiptstv SC E vf_ m ixicf tttdw x&piov rtrpdywvov to 

ABFAj ;xoi'( 5 i' pifTov, oS re c^aSor Smu 

fiatptiri- Koi &&v ctfTto rijp <n/wyyuy airr&u 


© 


K 



f£ = 67 4 

b'^r 

1 V' =is"| 

# 

, 3^5 = «W 


1 

» \ 


S’ 


S3 

» j 

5& > 

I 

pfr'=f6S' 

u 

HI 


1 ir 

$5 

■ j 1 ^ #■ 

= 40'" 


A 


rcTpayom K ifF nXcvpjy tVA) y&Mgftu, orel <J 

* Tlij- method trbich Tlimn proposes to vh mm- he mim.- 
mnnird AS fotbn-h, A fij*t ipproitaution to the square run* 
iltf 



















ARITHMETICAL NOTATION 


Tn firdrr to show visually, fur one of the numbers 
in the SyniaftAi this ext. motion of the root by taking 
nwiiy tbo pnrts, we shall construct the proof for 
the number *500% whose ride he [PtolemyJ rmuta 
<57“ 4 H 55 w , Let ABF A be n square area, the square 
nlnno Wing rational p and let its Contents lie 4500^ 
and let il be required to cukruktc the ride of ?i 
square approximating to it* Since the square 


of -1500 U fit. For 1 ; i 1S9, niiU ffilggcSU that Thcon mny 
™ hfld a. table Of ^unrti before him.) ThcOfi propose* to 

find the square root or 4500 In the form £i“ + *- + X. That L% 

dfl GO 1 


JWB * v 67 * + 11 =67+T + •>-,, 

It ftDovi from Euclid il. 1 that —If must I'c las than 11, 

flCA 

or j- most 1 k Iwa than The nearc&t whole number 

obtained by dividing ff,« into SfO U + T and we try 4 for tin? 
fnJue qf j. On Wid it Lm fmind that 4 &atSrive* thtj condition* 

of fcb* problem* for (tiT e M * It less than 4500, the remainder 
74i4 ? 

hclbff Tlienn proves this geometrically, IF AE-tiT, 

thru the square AZ = 448$ and the gnomon BZZA Is therefore 


gitA i 

^ " + Putting Ee = HK = ^ we have tret. ©Z^rect 

Their sum ifi ^ rind this We subtract From 

SCO _6*j 1-4 7440 _ __ t 16 , 

SO s nr gjr[i ■ M* « subtract being 

T 4-24 

thev&lu# of the square ZA. arid so get ^ For the remain Eng 

gnomon BAAA, a# stated above, ‘thL* remainder now 

wenm as a bub to obtain the third term y of the quotient 

since | + ^ J -r ^ j 1 in appro* Imniciy 4300^ we Jirtve by 
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aiWyyttf rov J&4 rtrpiymv^ forty ix^ irAffV? 1 ' 

qAgliu piORiSoii- airo irAfypaJ roy £^ r 

d6jjpTj&&iu ami rov AGFA ^rpayt^vov tq AZ 

TiTpa^i'a^ pwaBaiv ^Suirflj ov ij irXcupn ^oreo ^ovfi ~ 

tow ££* A Aoi?rpf dpa £ BZZA yvwpMv t<rrai 

flQtruSwt* af ayaAvOAtTfff flf 'jTprtifTfl f^^OffTii 

vjf fV^ffoWflri, frami SwrtamcImxFm r^V EZ &a 
ro Sis wro EZ, uK777ep EZ np ZII 

Ad^GbJbnotJTCfj, irapa ni yevcTp^w pA8 impnSuA&ujirv 
tA tf^/dugra ?fp3ra f ^ai T<Sit (K tt^ 

irapa8o&f}$ S TTpdrrtuv i^Kcytrr^ tfo/ity cjcaf/pair 

Tior EB P IIK. jmi a^cnrAijpwffavT€s tq 0Z p ZK 

Trapa)&?i\MyptLUtta l£ofA£V tfai^ aura ^AT tt/kut^ 1 
ff^ntOOTujFj fjcarfptw Se or Q% T l+ ^ Tn TrdAtv ra 

MTCoAtfTtl ‘Tnl ptih nptJJTa ' EL ' ; 

^ftTfjLHi , Jttyi* d.cfheAcv/icv ml to ZA a “A TTparTOj]- 1 
S -^ci-'dft^vciv 1 e^Tj-Ko.Trd>f Betirep^i> i~ P Jra y^Apoi'a 
irepcftfvres Tto *£ lipJH? Tcrpaywwp t< 3 AZ exatytet 1 
ro A A -rerpayuaw iira frAtupaj f £ S txuroycjjiciw 
poipwv ,£ 1 ^ ^ E?- irat Aotirov TrdXiv tov BAA A 

yiw^os r a /ioipwi" ,i5 y pS| Sfyrtpi^ 

i^KOtrrmv ^ukS* trt £c wAiv SiTfAacriatra^f tt}V 

0A ci? tTr 1, tijtfefasr ri/yx^ 1 ^ 1 * 01 ?* *7? ©A Tfjs AK. 

™ irapa t d ytioptia. ^ jtepiimvrts; to. 

Seurspa ffjpftOTtt, TtSi* cV ri§t rrapajljoA-rJ? ^yeiw- 
pnWf w lyyurra SeurspaJi' *ff7] KfHTrdji- 1 e^gGftEi 

FmlIlJIJ, 4 Ehit S^67 t + f^t) k appro* Smite I y * 

and we obtain n- Ifial value lor y by dividing or 
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which approximates to 45G0 5 but has a rational side 
and consists of a whole number of units is kt## 5 on a 
side of d7 D * let the square AZ, with area 44SJJ* and 
side 67°, be token away from the square ABfA, 
The remainder, the gnomon HZZA, will therefore be 
] which we reduce to 6f5Q r and set out. Then 
we double IvZ, because the rectangle on EZ has to 
be taken twice* ns though we regarded ZU as on 
the straight line EZ, divide the resnh ISf into fkiflk 
■itiri by the division get 4\ which gives us each of 
EO t 11K. Completing the parallelograms OZ + ZK h 
we have for their sura or 26S* each. Con¬ 

tinuing* we reduce the remainder, l£4\ into 7440% 
and subtract from it also the complement ZA r which 
is Id", in order that by adding a gnomon to the 
original square AZ we n lay have the square A A on 
a side d7 F and consisting of J-K)7 a 56' 10% The 
remainder, the gnomon RAAA h coxisfcta of 2 3 44'' p 

that is 7424", Continuing the process we double 
0A* a-s though AK were In a straight line with BA 
and equal to it* divide the product i'M n 8 H into 7421% 
and tile result Ls approximately 55% which gives 


^ 13-1 + i fit tl 74 - t r which yields y 55, Putting “ a* the 

40 

valued 1 6B. KA* wt gtt th«s value — %. |?T for each oflhe 
7377 *0 

rtuM, HA, AA b or ^ for their sum, Subtracting this 

74 J 4 IrJ 40 

from —" t Wri g*! ^ + ^ 3 . which Th™i notes will be ap- 

/ 55 \ 1 

proximate-]}- the tbIul* of tine square AF, or [_} ■ As A 
ntBltcr of IdcL, ^ 7 -j +sa = -55 while =-joJ- 


' SO 1 W 60* 60* 
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?yyitrra tkOT^pav ™i' SBj K^, ATHt 

(jams ra BA* A A TrctpoAA^Aoypc^iia, ffofiw 

Km aura ItrjXQijTon’ Beurtptt*v fiiv f (to koi TpjraSV 
vpi, EKtiTtpav &€ StvTipiMV pe f tfijKOOTafF ,YX 7r ^ Ka * 
TpWiuv m} wai XoiTifi UTTtXiTn} l^7jKQ<rta SiUTCpa 
jJT nai Tplrn fi t &77Kp Fyyitrra irowi to A F Terpd- 
ytin~Qi\ dmj irAeypd? Ttiy^avov P* Bcirr^ptfjF ifa- 
WOOTt^Fp Kdi *{T)(apL€¥ TT}V irXfVpOSf TOV ABF A 

TGTpayiiufQUM fioipwr T^y^arai^-CHf Jtofr, ££ ^ Ff 

eyyiora, 

"ilarrf Kai Ka&6Avv *av %f)Twp*v dpifipafi to os 
t^f Terpay£djFi^F TrAfi'/jiir eVtAoyM?aaffaip Aop- 
TTpttJTOV TOlf qnjj'eyytff T€Tpayttil*OV ilpiOp ,ou 
rrjiF ?rA*PpaF + eTra TadnjF Bi^AoeriMciFrcj icai 
ira.pt I TOF yiFOpCFOF p(piaaVT€S TOV Aoi77oF 

apiOpnv avaAuBcvra ffs wp£rm i^KOi rri koi htto 
tou erf tt)s Trripti^oA'rJj ycvofA-ii'o u af^Adl^ff Ttrpd- 
wifov, Kfli avfiAt'or^' ttoAif tvi niuoAftTrrj/^va 
htUTGpa eftjKXMrr*l # hrai peptfoFTTS urapd tqf Bi- 
wAatTiOFa tw poipdiF Kru cf^iCfxrrilM^ 
fyyia~ra rdr imJijTOimfFOF ttj? TrAcupaj tol» 
TtrpaytLvoU Tfwptoti dpiPpoV, 

(if) Exotica mov or Cube Root 

Heron, UL 20+ «L Sdiflnc ITS. 3-16 

*Q? Sf fre* XafteTv rtltv p povdAitsv Kvfiwiiv irh^pav 
Pvy tpovp€i\ 

1 fr:< the I'Silf-t M H . til others She numin’m unr Worked 
olf in the «qiiiv,i tent forme #"'■ *y) k&i" 

* III the Orctk of I ho oldest m*. the ttDmbtit nre piven M 
T3T<1 tHT 1 and 3flS5" 2J0'\ Ln which form Tlicon would flint 
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us an approximation tn OB h Kd. Completing the 
parallelograms BA* AA, ne 3 Em]3 have for their joint 
area 7377 s20 J '. or 40 HI each. 13 The remainder 

U W* W f \ which approximates to the square AF 
fin a side of 55" and so we obtain for the side of 
the square ABFA+ consisting of 450'i „ the approxi¬ 
mation G7 P 4* 55". 

In general, tf we seek the square root of any num¬ 
ber, we take first the side of the nearest square 
number, double it f divide the product into the re¬ 
us rnnder reduced to minutes, and subtract the square 
of the quotient ; proceeding in this way we reduce 
the remainder to seconds, divide st by twice the 
quotient in degree^ ami minutes, and we shall have 
the required approximation to the side of the square 
artnA 


(tf) Evm action of Cujik Root 
Heron, 5/rfrvtf ub ?0 + cd, Schttne 178. 3-IS 

We shall n<>w inquire into the tju lliud of l-£ trading 
the cube root of J0& 

obJain them. In other h si. die numlttrs are worked out to 
Uie form 7377 * W" ^GBS" 

6 In his Tab]p of C tiofda J‘tulccov givea the approxlniatfciEi 
v - aV I03 55 S3 


60 


h 60* +tiQ* r 


which b equivalent to 1*7330509 artd is correct %a jfa th-dmaJ 
pion-s* Tlaii formnLi could be obtained by a slight lulautn- 
lion ufThWj imtthotb 

Amhlmcdts gives, without any cjcpEauattan, the following 
upproizin wtion: 


3351 


Sr>vfe?s. 


im 


155 


ThtforniUInopeus op a Wide held of I’mijectLlfC; See Heath, 
Tht IJ urh fl/ Arctiirwdt* , pp, Im^tu. 
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Aafli tqv tyyia-ra tatffav roG p ri» re &TwpfidX* 
Aomi fcai top ^AAttVovra- Icm Bi q pttc wal a 
*ral otfa pei - 1 trrrtpfi aAA»* fidiriSe? at, oaa S* eA- 

Xd7T£t t paruSes At. teal tqitjvov ra e id Tu SF" 
yiyvtrai p^’ #ceu Tft p' ytyvircu ffeipu^JoAe 

tB' 


rd pTT Trapa tA <rrr .) 1 ytywrat S r ^ppa^uA* rrj 
[Kara] t£ju tAdaffovor kv^ov rAeupa, TOmori rdi 

tS J 

8* yiy^tTai povdBts B Kai tqkqv twI' eerreu tj t<Bv 

p jiardStaM' Ku/JtiMni TrAeypa cfe JyyidTa. 

k *tii rrrijKJ □'■□.i\e Td pTf ttitpfl T4 dV SU pplrVI t FJ. SchoEif■„ 


« If p* and ij* are the two cube numbers between which 
A hes/uul A=jT s -fl=( 1 +ft + theti Nirrtolffr formula Can be 
£L:nr rallied as follows : 

VX-f+*^s* 

A+H'O 


U la unlikely that Heron worked with Uils meat -nil formula ; 
h is method vrm probably c: mp iricaL The subject i± d L>cu ised 




AHJTHM KTICAt NOTATION 


Taker the nearest cube in «»ess of IDO muI nho 
the nearest which b deficient.; they an 1^5 nnd (U. 
The excess of ihe former is £5 T the deficiency of 
die latter dfi. Now multiply 3 G by 5 ; t!ie result Is 
ISO ; and adding 100 gives Dividing JSO by 2S0 
gives r tf T . Add Ellis to the side of die lesser cube, 
that b 5 to K and the result is 4^. Thb * is the 
closest approximation to the cube root of 1GD + 

by ^ 1 , t'L|.rt 3 =*- H Quadral-uwi AVrfthrtfrBita l*i dm Qrirrhm 
nnrfi IhfMt flfu aufyefumirttw hlfrpMxC {ZritMrhrift /■ 
Math. h. iiii H . ] K'jt. Jtok; pp, i i;i-i^f) p 

G. Werthi inip ttrnmi JuMzithunp dtr frmtwtviitt* h'uhii- 
trvrziln {ibid, JtUv.* I//;#/,-!«>, .f&A.-p pp L 1-3J. utd 
U, Enestr&ni, JfrAtfoffora vUJ.* IIKJT-JKEL pn. 

4l^~l13p The atim I yaJ ue of (4 ft j 1 Ls 100 r 
H J>iere is no example in Gm?k mathematics of the extrac¬ 
tion of a cube roof fully worked out hy imam Ol' lhr fur- 
niull (4 +lf=fl l +&iV + 3(ur l + i* l rttfrr?i ponding to Themi't 
3111 &odfor square root*i but by means of this formU U Fhiinn 
iiE' Byzantium Synf, iv. ii■ 7« ed* H- SciiOnir) appears to 

IltiVc approximated til the cube roots, of IflOti, i*(Kvi\ jj>m.i 
^.KXl anri bOw), lb™ I -iMWr* Hi. Sf^ «L I-J. ScMne It+1, 

1 -2) give* without ex pEiiiml ion 46 OS EIlc cube root of 97050, 
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[II. PYTHAGOREAN ARITHMETIC 


VOL. ] 


r 


HI, PYTHAGOREAN ARITHMETIC 


(a) l-'msT PutNCtrus 
Eupl* j£7f ?iL 
"Opot 

a* T Moraff /ptef* wct^ r iJf ftfaoroF tliiv qvtwp h? 
ASytrai. 

fl\ 'Api8pos to 4k ^araSojv uxtyKtijui-ov 

y\ Mfpor etrnr c piBpos apiflpot? 6 iAd&Gttfv tqu 
pctZoro?, orav Kara^Tpfj r&v petfovcu 
h\ Mepnj 3^, orciir ^Tf jraro^tinpjj, 

fIo\ArurAaaip? Se <5 rot? EAdEtfap^JF, 

oray xaTo.p.irrpfjT{u vtto rot* tAtiafiPvpsv 
r'. “A/mos dpttfpoe f*mv d hiaipovpivot> 

U* ntpE-aETPs 1 Se 6 pff hiaipouptvoi Si^ti ?| ip] 
ppi-iiSi &api|kcw dprtW tlpiftpatL 

t^\ "Apriiftf rjprtog apttfpds enjn*' 6 ujto opr/ay 
apt%o£f ptrpo upEiojr ifurd dprjo*- dpti’J/idr, 

■ TJir tfwry uf mitrtbcr* '\fi trtiiiwj (jy End Id In Buok* 
The aefinitlan^ pn’fivcd to Euok v\U ji rt^ wholly 
! h y IhnROfrnit in the If outlook F though the*} are difclftncs in 
EMI 



III. PYTHAGOREAN ARITHMETIC 
(«) First Principles 
Euclid, Element* vil* 

DETINTT tCNtt * 

t , A unit Is thnfc in virtue of which each of the things 
thcLt exist is culled one, 

A nnmttrr is ft multitude composed of units. 

S + A number js n part of a number* the less of the 
greeter, when it mensure* the greater, 

4. But parte* when it does not measure it, 

5. Thr greater number is s multiple of the less when 
it h measured by the less. 

a An nett number is one that is divisible into two 
equal parts, 

7- An t*dd number is one that i* not divisible into 
two equal parts, or that differs from an even number 
by a unit. 

8. Anei'm-timeiem number* is one that Is measured 
by an even number according to ait even number, 

drillLL Heath's notes {Th* Thkt**m tiwk* vf Em AitFt Eir- 
m*nt*y toL il. pp. iTMS] arc invaluable, 

* It is el ^nHvqucnc? of LEib ddbttioji that an even-thrus, 
even number may a bn be even -tim« odd, as £1 Ls both 0 * 4 
and 6 i3{r/. Euclid is, 34* v tirie it b proved lhut thb must 
be so for serialLn mi mbers). Three later w riler*, Nlcumarhits 
-Owon Of Smyrna and lyinblk'hlls defined an even •times evni 
number differently, els a number of the form f ^ 
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O f n 'Aprairtts St TT^pi&aos term- J wro apTtou 

dpi&pav fi€Tpovi&€VO% Kara ntfuaaov api&fiov, 

[i y < ncpUJodjUJ dptiSs iu~nv <J tmo rtepi&vov 
dpt&poD ptTpovptvas Kara dpriav dpt 0 pdi\|* 

ia'. M epEOTCiJfft? Bi TT^piaijoE dpiOpag la Till A tmo 
mptavoQ dpi&pav ptrpavptvo^ Kara TTtpiotJov 
dpiQp.6y< 

ifi \ flpaiTos 1 £orti' a |toiv£Si pdrr} jic- 

rp<nWw£* 

iy'. nptSrat irpds dAArjAffy? dpiBpat cutiv ol 
pov-iSt pdiTJ p*rrpaCJ/i*ro& tfowp pjrpip,. 

tB\ ^HvvGtros dpiOpos tor tv d dpi8fi<p rivi }i€- 

TpQUpflQ*;. 

t€ y . Iii'Sfnn &l TTpof clAA^Aoirj eisrtv q£ 

Jptflpoji rivi fit'TpQvp.evQi KQtvip plrptpr 


1 Ttff+GitKMiS . 


dpsGpnir [»m. llrjlHT^. 


s [ml end of EndldV (erm «»£»&» Nfc&- 

niai’hu-s Thom and lamblichtifr used the single word dpriw 
According u * S faunae hti=^ i, „■ ( nth, /nfswf, i. ft) such 
» eiuuiIht, wlieu divided by 5 + tesvro an odd number aj 
thr quotient. ij.h it is of (hi. 1 form 2(5fpi ■ El, En thb Inter 
?.ubdivb3ffli mEt mhl-rreH (t^pitraupnag |t number U one which 
can [k liajvrej twlw of Trn*rr sUttrcNdvely. bn I (he imnl 
quotient is aliFip an imIlJ number and im( unity, w 
number of the form 2? +l (9 h+ 1). Wit thu^ huve thivt- 
mutueliy raduhlTU classes of even numbers t (| J of 

the form S J i of tlie form + 1); uiii 

«mv r the ft™ ? r+ t (5 m -h 1), wlim; i E) fltfid (3) air estreiiiis, 
Rltd (2 j partakes of the nature hiF both, Thr wM-odd \% not 
drfmed by Niconutchus urnd Ituublidui*. but aOcurdin^ to a 
corh'iiH uMi^e in Thc*m it In am- of the names npulted h* prime 
numbers. For thew have two odd factors* X anti the number 

Ib-.rtf. 

1 \ceordi.ujr to this dcfiolRoo^ flay evcn-limeH odd numEjcr 
Would nbo he odd-times r-.Ven. The definition npwara to 
Imve been known to [umbhehus. but there cart be JitUe doubt 
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9, ,\n tvcK^tintes-add n umber 4 is one that is measure tl 
by an even number ic^^rdin^ to an odd number, 

(10. An odd-tme* nrn n itm brr fc one that is nleisured 
by mi odd number according to an even number.]* 

1L An q dddimrt odd iimnhrr h one that Is measured 
by -in odd number according to an odd number. 

12, A primtr number is on v that is measured by the 
unit alone. 

J3. Numbers prime to one another are those which 
are measured by a unit alone as a common measure* 

14-, A cnmptmtr number is one that b measured by 
Some number. 

Id. Numbers comport tr to one an other are those 
which lire measured by some number a_s a common 
measure,* 

Hh.r it is an iulrr|*n|.-Llioiii., If both drfinilLmLs nrr 
one in not only ppfinlJt^ but tiir cminrialk’iu of lx. 33 *nd 
h* 34 become difficult to understand, and were, indeed, read 
differently by Inmblictmi from what we dud in our me. We 
have In timse between acceptm# IimbUchus*a reading fin all 
three place* and rejecting Drf. 10 m interi*ilalcd. I aprec 
with itcit^rg pp r I!>!s ri wq „ \ that the derini- 

Ikm was pmuBbly interpolated by someone who was unaware 
of the difference bel ween the EudJdnn and thr 1 later I'vllm- 
put-ail clnS&Lficalium, hut noticed the sib-mcr of a defftiitiun 
by Kus.iitl of An odd-limej even number arid tried to supply 
une_ 

f Eudi^ di flni tin-ji of prime and composite nnmbers 
dlfftr.-’ greatly from the cli>^HeatipTi of Nieomarhus- 
/of rod. L 11-33) and Iamblichiss, To match ihe Ituee das*^. 
of even nunihrrs, they devised three duSScS uf cjdd number* i 
(I) roai prims amd inftmptuift, which is 

a prime number in ihr Kudfidtao sense ; fowepo* *oi 
mh4rrQr w te&mdary if*td which appears to be the 

product of prinw nombm: and (3) O •off" larrhpiv irrTfjyn r 

i(Cii Eru^crat^, np&s aAJm £c iT^rf-os 1 *nl ihrtt I chicb 

t* jfei/adary a art composite in but print* mid inewm- 

poiitf in rotation to another, where ail the factors- iiiuvl 
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P A ptOfinz apt$fwv ToAAairAacrid £fiv A^ytrai, 

OTO.V, QVU.L FtfT LV £V dl'TOl ft&vdBtf M TOCTaUTaJftff 

auvrtOfi d jToAAaTrAamaiLii^Fxw^ ittzl yftijTSu Ttr, 
tU. OlW 5 c 5ir-rj dpi9p.o't TroAAajrAaoiCi<7ai i TtS" 
dAAijAoirc Trotdjcri t tva k :> yemp.*vos eirtVc-Sdy *a- 

A^tratp irAru/s&i Se airrm" m iruAA&rrAaaidtxaiiTe? 

aAA^Aoy^ a^iii?jUcPt, 

*Or£ir rpftf dpuffjtnJ 7TOAAaiTAflfflaCfClI^TfS’ 

cAiljAotf? tfmttftfi Til7l p 6 y€p6pLXVQT OTF/KOf t'crTtl", 

7?Aci?jocs1 5e aLrrd£I ir^AAoTrAacrtaVci t'Ti s dAJbjAdi^? 

apiBfioL 

i9\ T eipaycynoj apif^w fViv o foum; ipof sj 

[o] VTfa StJO iCTOH* dplfifuIiV ITtpif^OJ^CTOf, 

K P KuSoy 8c 6 iG’dKtS iirafrij ^ [<f] utto 

Tptilll' t€FiiJV dpt&p&V ITtplf^AfLCWS. 

M # r Api&fitit diaAoy'ov fto%y, ora* d TTpfihros tov 
Smn4pm teal £ Tptras rad Ttrdprm itrikif fj 
ffflj/Wjffiifftos ^ to aura pspos tJ tA fivra p£ptj 
<Zaiv. 

*Opaioi FTTLTreSoi *cai artpiol ApiBpot c|w 

oi ai'oAflyev ni? 

■ i tActas 1 dfuflyxdf d tg& eaurou 

W(W dSy- 

he ifcdd a ill) prime. The cla&stftotfoD b defective* o_b (0) tn- 
Cmrlra AmDEifoer defeat U that the term c^mpoitiit Ls 

r^ trlcttd lei pdd numbers instead of (wing given.. uby End-Id, 
[| 3 i grllffltJ j,ignifwjitiun. For ail eorlkir and tjlflV-rcnt Lise of 
Hn- N-rn 1 - bjrSpctisippu*. w itf/m, p. 78 n, a, 

* !’V r ^p™ numbers* «^e in/nt m pp BHffl, 

* M p thouph usually written la one wunl. i* espulr 

valent to aa^a ?iqym, in proportion* It comra* however, m 
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16. A mmibff is said to multiplt/ 41 number when 
thiit which is multiplied is added hi itself as i mny 
thncs as there are units in the other, and so sonic 
number is produced. 

J7. And when two numbers have multi plied each 
other so as to moke some number, the resulting 
number is celled plan?, and its sEdes are the numbers 
which have multiplied each other * 

IS. And when three numbers-have multiplied each 
other so as to make some number, the resulting 
number M&f/, and its sides are the numbers which 
have multiplied each other. 

19 , A rqum number is equal multiplied by equal, 
or one that is contained by two equal numbers. 

SO. And a cuie Is equal multiplied by equal nod 
again by equal, or a number that is contained by 
three equal numbers. 

- 1 - Nuudiers are prnporthnnl when the first is the 
same multiple, or the same part, or the same parts, of 
the .second &$ ihe third is of the fourth, 

2 * 2 . Simitar plane and sfiiifl numbers arc those which 
have their side* proportional, 

SS- A perfect number* is one that is equal to [the 
£Una of] its owti parts. 

C berk mathematics to hr u^-d prttcUctlh ns an mdcctiiuiVh 
adjcctirr, * , . Sometimes it is used JMbrerfcbriJy ” < Heath, 
The Thirteen It&jk* iff EntUd's Ktttitf nt* A voL Li. |i. 1 

definition, inasmuch ns it dqH-mte rn the nation of a 
pnrt of 41 number, inapplicable only to comuirnanruble minimi. 
hi A nrw definition* nppi liable to tncommrmurmbJr as 
Wfd] CLS commrn^urahlr magnitude*, and due in sul^taniv 
though not nrerSMirily in form to EudoXQiL, S* given by liticlid 
jtl Eiemt*to V. I kf. ft (s« i'*/jpa + pp, 4414(7). 

* The term ^perfbef number ir was apparently not imd 
in 1 li Lh sense tw fcrr EudJiL The subject Ls treated isfm, 
pp* 74-57. 
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(h) Class rrTCAnOT or Xr miners 

PJiUoIiilK np. Stub. EeL 1. 2| + 7c, «L WAchvmntli Iti*. S>-EJ; 
Dark, For/* i* |(^ T T- E Cj 

TOtJ ‘OiAoAaOtf 1 j ep! Konp.Qu *. , * 

“ "0 yii pap dpiflpoy *X* 1 ^ tct 

rcpuKrot* jml oprtOMj TpIxoM 5e dir 1 dp^or^paiP 
ptivftWwF dpTioir/pt-rroF' cVaTtpoj Sc toi eEStoy 
rrdAJW a? JraretaTOF auraerro mjpaivfi.” 

Niftm. Arith. InttmL i. 7, fd a Jlitch^ 13, T-H. ]3 

"Apiflpdj iort ttAtJA??? thpuTfiivov ij pjvtfSmr 

criKmj^a ^ iroffmjT&f em jtiDfdScur auywet* 

fiiD'or, toi 7 Sc dpiOfioQ TtpiuT^j tqju) to dprto^ 
to *>* TT^piTToV. roTi Sel dprtov pV, a ofdr 7f ctf 
Spo Iffti Statpc/^rai ^lordSo? jtifDDP pt) rraptpTTLTr- 
Ttitftnjff, TTSpiTIW St TO Slrt^JjLLCl DV Ciy SlJo IcTtt 
Sid, -njr 'trpmipT}ti4vT}v ttJt pordSoy 
pti7irctap. nuTQ(f piv dc/ i - d opojr in ttjs- S^pdJ5c?t#> 

dudAt^w ^ard Sc to ITuffayopiK&v dpriof ape- 
Hpdf tortr d T-fp 1 Ft 1 ? rd ^tycora itai ra cAn^urra 
Kara f&ih-f> t optfi CT/tSe^dp^ray, peytOTCt ptr 
TrrjAr0T7j[Tt, (Ad^io-ra Sf rraodTTjTi^ Kara 
Ttar 5i/d tntmar yraSi/ dt-rr —e^orflWji.p TTifpLcrcrS- 
d p?} SiJVijpcm? tootd 7m#eu% «AA* ctsr driaa Sua 

T0v4ft€¥Qf» €T€fitp Sc Tp$?T<il Kara TO TTflXdttiy 

* The + ' cveiwukl “ *ou\d wm *n mum here- t]n- pn*Urd 
df odd nnd even millibrn, This ajrms with t.iidid f s n^ijp- 
in A/em. tU. Dfif, 9r Ir'tir I lie la I *-t ^perin lifted l J j-thjipciej*ji 
meaning, mc #Npna + p+ ^ n. ii. 

^ If aj \ Olid number h hI oul j». ^rp ; I unit* In a straight 
liue^ then |i can be divitli d Jala two Kdljina of tt mills 
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(A) CLAAKEfTrATlDN D¥ NuMDEHS 

Hilblrtu.^ ritcd by Stobanis j r 5t r 7*% ed. 

Wiiiifai mut ] l t EM _■ ; [ Jirk. f oft H J*. -U>h, 7-1 !1 

From PUtoliys^ book On i/is Utiiversc * s , 

*' Number is of two special kinds, odd and even* with 
a third* even-odd" arising from a mixture of both ; 
and of cneh kind there are many forms p which each 
I la ■tig' exhibits in itself/' 


Nkotimchiiit IirtrorJuttivn to . J t. 7, Hoche 

13. 7-14. 13 

Number is a determinate multitude or collection of 
□ nits or Row of quantity made up of units, and Un 
first division of number Is into the even and odd. 
Now the even is that which can be divided into two 
equal parts* without a unit inserting itself in the 
middle P while the odd is that which cannot be 
divided into two equal parls owing to the unit 
inserting itself as afonsailL* This is the definition 
commonly accepted ; blit according to the Pytha¬ 
gorean* an even number is that which Is divided^ hy 
one and the same operation, into the greatest and the 
least parls, greatest in but least in quantity/ in 
accordance with a natural reciprocity of the two 
species* while an odd number cannot be *o divided 
but Ls only divisible into two unequal parts. There 
is another ancient way of defining an even member 

measured frnni either end. with a single unit left over in the 
mtddIs: t but Lin even number nf unite can be dlvLdfd into 
twu etpial Mclionii wilh no unit Jr Ft over In the middle. 

* i.«. into two halve*, for tlserr cannot be any purl greater 
I bun half nar fewtr parts Ilian two, 
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6 ™i ttV Si/o r<7R SuvajiAfMCtf 

jfat €ir tii'ttJti 5 l°o p 7tXt}v ttJs 1 fV 

St mSos ffdrtpov to fiivov imfi^xapfaqs 

TO £i? fora^ tV 1$TIH O m- Top. ij 7Taptp^WUfV TO 
Zrtpap tf&Qs fujjw TOt" «(pt0/to0 f 07TW ai' Siyac^, 
fijiicro^ov Taij Aojiroir irfptcrtfDs Sc fW ipitfjtios o 
*«0' ijvruwow rOjLtrjiy efe avura ywopi^v 

djxtfwTfpa dpa ip<t*a(vtov ra tqv tipi&pctS SmJ eJSij 
oiSSeVoT* wpara iiAAtjAeor, aAAa 3t&Tor« cn^ iV 
At^Acuj. £V Of TW Si CiAArj A wt* dp in TTtfU’rro-f- t rJTC l' 

6 poi-'d&i ifi «ftTOTcpa apriW aptf^oPj 

TQVTfUTtv bri TO pd^ov *ul eAarroo, apric^ Sc a 
Sm^cpcoi' irtuTtpav tt* pin gov dpSpofi^ 

TOUTEfTTl fJAVtlSi KCJit jH-QIVJlSi ^XilGUOJ k. 


(c) PEftHUT NliMSKHS 


[Iambi] r/nTdJ 1 . _JnV'... ul, Jr Fnico £_?, e*HUp> ?3; Dlds, 

1 'or*+ \K 400. Oi-Wtf. II 

Hrt Kilt TTr^S', O IItdrJjVTjs' JLtO" tiros ttjj 

™ HA drums d^fU^ a StaSo^v Sf 

irpQ z.wGKpaTw, €h tojv iimptTtos mrovhaodeiodiv 
ad niSayopiKiLv aKpod&zwv, /laAtora SI rdtv 


* It is probable fciint wi- hftvc here n (raw of Rn orhritml 
ttuicepboii «*onUug tp whfcfa 3 nhr djld) h ah monied os 
not A number. hut tl^ principle nr brRinnihfc of tile 
evri*, jiirt m 1 *u not u * number, but I hr principle 

nr tK-^iJinine ■>f number I for the quftlifiCAtkm about the dvnd 
sren k s cl|nrL_v to be a inter addition to Ihe ordinal ddirutmn + 
t numt Wbw been BftsPkUlHlkv for in /W Ikl u 
■* ly *!*»> «f - ^ even. Arustotlr. who nttii- {Tenia 0 J 
J J n rn Owt 3 b th r only even Dd „4 -Inch tfJKt ^ 
l IW* A 5, S$S 4 10) the PytlrtffOre^fB r^irdcj tin- Qnv L 
Y+ 
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according to which it L%m be divided both into two 
equal parts and into two unequal parts, save in the 
case of the fundamental dyad* which con be divided 
only into two ccjunl parts ■ r but howsoever it he 
divided, it must hove its two ports of the some kind,* 
without partaking of ihe other kind ; while the odd 
is that which, howsoever it be divided-, always yields 
1 wfi li iLi'qu eiI parts and bo exhibits nt one and the same 
time both species of number, never independent of 
one another but always together/ To give a defini- 
I ton in terms one of another, the odd is tlrnt which 
differs from even Dumber by « unit in both directions, 
that is, in the direction both of the greater and of the 
tesacr, while the even b timt which differs by a unit 
from odd number in either direction* that is, it i- 
grenter by a unit and less by a unit. 

(c) FmtEtCf NujijjtKi 

[IfamMirhiifc], Thfologtomim i Aritftntft ^ wL dc FaJm 
10-95.33: Usds Vort. J* lO&ft? U>i, II 

SpeusipptUj, the sdn oT Potone* sister of Plato, and 
his successor in the Academy before Xenncrates, wav 
always full of 2cal for the teachings of the Pyllw 
goreHns, and especially for the writings of Philoiaus 

both odd and cvfiir Pot tills question, h* well ns mum 
others arising in Greek arithmetic* the student may protif- 
obljj amsaU of G*rtmifnirodwtimt to .frith- 

r**tk% translated hi- Martin Luther DXkfft with Ulrcfics in 
Grrtk arithmi Ik’ by l-rank Robhms and LouLi 

Qmrk^ KnrpmtikL 
** L*, botJi odd ur Ixith even. 

* i.*. an odd number van be divided only into an odd 
number and an even number* never into two add or two even 
numbers* 
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OtaAraAdou uifyy pdjLtp dTiu f T 8lfiXi&tt>V Tt 
yA a$vpQV iTreypa^c pcv avri Hrpt N r flay op* rtwv 
api&fiunt, ttir' upj^ Se ljfi [JOUf mpt twv eV 

aijTOtff ypappuKuw epp^AecraTci SicfeA&uF woAu- 
yiin'Uiiy r£ jml Tfat^fucLuJ.' rdjF cl.' diriTTfrScyM 

dpil KOt IJTtpttoV, ^Cpt T€ TWP 1T€IT€ CT%^pd«UF, tt 

tql? xoapumis d^oS/Sarat armx*ioi$r iS^dnjrd? 
{re) 1 aim^ itai tt/hW aAAqAa tfoti/arTyrof* (nepl)* 
fis i ttA&ytatf mi diTa^oAflu^uiSj 1 peri Tatra 

Agittof fldrfjwv [to 1 rov fiifSXiov r}fu<rv rrtpl Semrdtiij? 

UVTLKpVS TTOl^iTfli, & L 1 OtKlei Ttl T7} l r ttl/TTp CTTO^ltKUP 

Kol TfXtCTTIKWTaTT] p TWI J QPTUJI\ ofoF £lSfr? Tf TOl? 

woijp^ot^ ttirorfAt^mai r^vutav aft wamijs (dAA 1 

Ol/y TtfifTw WlAUJmTOn* *) t£J? €TO£f) ffcflWQP V17~ 
npy^ivaav kg! ■naptibciyp.a mivreAtWaToy tc?j tow 
T raiTo-F TTOiTjTij #ew irpofjwctprVqv. Aeyft Se tof 
TpofTOI" TO VTOV 77ipl £IVTTjr + 

M *Eort Se -rd Serfa ri^ioz {dptflpdf),* dpfltSs 
re *rat Kara fivaiv ft? tdi/tof KaTat^-rtSpfF TraFToitFr 
' EAA'pji^V t<= *fii ttFftjtUTTdt 

odSfv ttdroL fmT7jStdovT€ff p wcAAd ydp EScct e^ct, * 
rpocn-Jtfct toi> ofto* WA-ciop Ij^tFp iroAAa Bi ffiia piv 
edtt fr mv auTQV, S« Bf cj^ftF adra tcAcldf* 

" JfpGJTOF pel/ o£f dpTsoi' S<T dvat f Sttuk lorn 

Mjtv Qi TTfpiTTOt Tf *cu dpriot, Ktti pij €Ttpa- 

pfpdi?*" flTtfl ydp trpOTfpOS' act iurtv 6 TTtplTTdS - Toy 

| (f *5 add. Djt'hr 1 (vfjoi) ndtJ. dr FaSro. 

* I ang 1 - aiiute^itflisf Ail, Tannery. Diels. 

Mf*]«n. Dlek 

* Ailrl. iJltls. * fTFpO^pf'tS Diels, 

4 l or thi- tivt sV - iiiFL’ r>r ["InloniF fiffiinv*, Mr in/rn 4 iin. 
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*od he compiled a neat little l>oak which he entitled 
Ott the Pifthmomm Numbers* From the beginning up 
t o hn Ff wav lie deals moil elc gnntly wi I h 1 i i iea r w no 
polygonal numbers and with all the kinds of surface* 
and solids in numbers ; with the live figures which he 
Lit tribute to the cosmic dements,* bath in respect 
of their special properties and in respect of their 
similarity one to another t and with proportion and 
reciprocity.* After this he immediately devotes the 
other half of the book to the decad, showing it to 
be the most natural and most initiative of realities, 
inasmuch as it is in itself (and not because we havr 
made it so or by chance) an organising idea of cosm ic 
events* being ! foundation stone and lying before Gcal 
the Creator of I he universe as a pattern complete in 
oil respects. He speaks about it to the following 
effect. 

11 Ten is a perfect number, nod It is both right ami 
accord nig t a Nature that wc Greeks and all m mi 
arrive at this number in all kinds of w’nv* when we 
count, though we make no effort to do so : for It baa 
many special properties which a number tints perfect 
ought to have, while there arc many idiaracteriitlcs 
which, while not special to it, are necess&ry to its 
perfection. 

** fn the first place it must be even, in order that the 
odd* and evens in it may be equal and nut disparate. 
For since the odd is always prior to the even, unless 

1 If, with Ait, Tannery and Diris we rend 
for JiTaraA&rfj'av, I lie ffrltdering ti “ proportion continuous 
and disconluniou*/' but it L* not VJisy to Itrfcrprrt thin, lEiuu^h 
Tannery mnk*s a valiant effort to do w. Ills French tmna~ 
tut Ion. Dotes and comments should be sljdird (Poor HiiiUtir/ 
dr fa 4 eiw# hrlttnf ¥ 2nd ed*+ PP- 37I #*^. + LfcWf and 
Afi'mmrfM icUntifiyuf** vol. L pp< 


71 


GREEK MATHEMATICS 


caprio-v, ci p| «priD£ ctij 6 uvp.wcpalv&*v M ? rAeo- 

i c^mjaet d crcpof. 

ia Efra Sc itjav? c^cir Tads’ upturavy #f6ti dow- 

OiTOVS Kill TOUf &£U7k'pGVS tftti atXV0iTOV5* 6 Si 

.::',\a Ij^ci &&£??, if at odSciF 5^ aAAjoff cA{xttwf tojf 
S cVa rotrro Ingftfi 1 apiOfii trAcicew Se rd^a, {icol 
yup d ip ifci oSAot wcs), uAAd atrrun f d 

Sofa- teal updjr&s tqGtq tfai cAd^tgras 

C^aFTOtF TtAoff Ti €££t, Kai TTtLii’ a^TOV TOtTTO 

y/yoFcr to iv irpdiTcii adrdi Ictqvs imjy&itove re wt 
aifTOeVtt&f 

"‘'E^tuF T£ Tuvro CftCl TrdAiF ^'aaVS^ tfai TQV% 

tftiAAaTrAaerto us *rai tous (mow cAAa?7Aa alov$ f ok 
ciffi TToAAarrAaff toi h per yip ikToucdltawAaCTioas 

-f.nk ptvpl TTCITC^ TOWS St dud TtoF cf p&pi Tf^j' 

Stim. [atj* troAAojrAaainy^ adr^F' cues Sc rd f 

CfdScFdsV TeWp hdt Tti 0 dif TrfiAAcurAdattt 

rod 3 * wort ta’ou? drat itoAif Set ]. 1 

* 4M Etl irdrr^s at Adyot «■ to) ip a re toC i-oray 
*at rad pciforas «at rot? iMrrmtft kai tou cui- 

* Sroi* olid- T.jsckg. 

1 « am r DkJiL. 

1 oisir Dlfls, He points out thnL tho orapin.il rending 
may have been 4 d fc inducts tig the fourth property of the 

dn-L-iui. 


- One uf the most noh-worthy frttur^ of lids passage is 
Mic party use of (he trrtiu irpclj-rai uaX tiovL-flcroi [juWhm and 
imctmprnUt)* fcvTifHtn Mai {wttmdmy and 

for which are flip* p. tip n. c. The use is cMefciit fmru 
Lhnt uf Nkoiii ".l:5iiis jiairi lurnldichiis. It hc-cjils that vfimj 
it mi Tiumtwre are prime number*. in the imlimry 

^■■I *. tadlldlnff l h :is is the F. 1 H- with Euclid and .VrMutfc 
(Tofita 9 2, 157 a 3U). Steondurif and fompwiV# numbers 
78 
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ihe even were joined with it the other would pre¬ 
dominate. 

Next it is that the prime and mt'oui- 

pc^itq and the secondary mtd composite 1 slum 3d be 
equal } iidw they arc- equal in the ease of 10 P ami in 
the ease of no os her number which is less than 10 Ls 
this true, though numbers greater than 10 having 
lids property (such jlh Is; and certain other* con 
stHin be fating, but their base h 10* As She tir*t 
number with tills pro|x-rtv and the least <if those 
possessing ft JO hm a certain perfection* and it U a 
property pee till nr to itself that it is the first number 
in which the incom posit e and the composite are equal* 

Hl In addition to this property it has an equal number 
nf multiples ami submultipIcH of those multiple*? ; for 
ft has as submultiptes the numbers up to n. while 
those friJiii 6 to JO fire multiples of them : since 7 in 
a multiple of no number, it has to be omitted, but 
i moat also lx* dropped as a multiple of S, mid so this 
brings about equality once mare. 6 

" Furthermore ftll the ratios are In 10, fnr the equal 
and Ehe greater and I he less and the superparticular 

arc nil composite 1 numljeft, Ihe terra net bring limited lootJd 
number-- nx with Nicnmnclius. Tin to is no suggestion of a 
third hiked ela-s. jlh 1 iwu equal aCCOfditkg la 

SfKtutoptls nre I, fi, 7 and I, 8. 3, U> r According 
to the later itarimuology the priMi And i&romp<nits numbers 
weald be 3. T + while the only as^wfory and cu»ipr/j iin 
numln’f would be Eh 

1 Actually 10, Ji nml I I are liie only numbers pqfstwing 

this property* 

p In the Jarirs J* 2 h + * 10 the Itibmiiltjpki art- I, 2, 3, 5 
and the multiples arc & + ^ |0, It i* curious, that though I 

Is Counted OS a iubmultlpb, ul[ (hr other numbers arc nut 
ommfvd ItiuElipJca of it; to have admitted them clh such 
Would have rft-frl toyed the Schcmr, 
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poploti Hal rcLi AocircZir ttStSe tV kcu ol 

ypoftpiKCH oi eirtTTtScu tfal ot arcpeoE. to 

fiirv yap a rmypjJ, ra S*f ft ypap/itj, ra fit y Tpt- 
yojvoi\ ra Sc S mtpap.is* ravra Sc ttgUto fori 

TtphrTa Ka\ ripyai twM tia&' eKnarQV jpyciwi', 

*a£ amAoytujv Sc TTpwrrj aunj fortv tj tv avroi? 

o^tfcctra, t) To hav piv mep^XOWra, TtXo$ St 

cV mf Scftra, J 1 tc CTTiTreSoi? * a [ otc/jcdIs irpwrd 

icrri raurtl, tmyjpiJ, ypctp/nj, Tptyeotw* mipaph' 

c^et Sc ravra tov tcov Scko apiftpov xai riXos 

foycip T€Tpa$ pil' yap £v tti waut&QS ytUPUMf tJ 
pavtaiv, tga$ ae tv irMvpaL$ M twort btxa' TCrpa? oe 
naAur fo OTtyp^E *tal ypup^jJp StaoTrjpaoM *rai 
WpoCT i„ cfagr Si cy rptycomu TrAcLi/xiff tfat yoo-uu*, 
court TraAif ScW+ nai pTjv ™i iv rot? o^jpam 
*aT + lipiftpov criccnTopcT'UJ Ofup/JcitWi Sy wpeoTW yap 
tore Tp[ J yaH r Q|f TO iOOTrAcupO^j 0 lx u TTO-Jf 

1 imS culih Long. 

- <Tawrg> ffv^wxi I :irig(iii ntln.}+ (lc Fnloo* 


" Spetiftjppim HAserLn that inufeg thr niittiiM-t* ! + - J . * . SO 

-U J th<: different klndn cif ra.Ua i l jlii int ... . I ]h- tirpirr 

pari hitw if. the raliu of the whole + an aliquot fraction, 

I or n ja V typified by the mikn known ns iW^TWi Of v 

Tannerr M-r-n here an alNi>iun la the ten kinds, of proportion 
outlined by Nlcornnehui (*ce in/rw, |ip* H4-1 -J tb and ft proof 
Hjf thdr ancient origin - 

1 i.*n 1, :*, d, 1 firfui an aritUinriwul progression haring 
1 aft the common titfft-rainv and iff as fchr sum. 

9 a pyramid has 4 angles {or 4 facts) and 6 ftlds*, and 
SO ethibihs the number Kl. 

J The irasihoing not wty clear. Tnkmg first a Jlne and 
ft point outftkk Lt T Spcux^ppus flyte^ Unit Use line has J rX- 
t realities and between the point and tht:,>e J Oturmis art 

SO 
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anil the remaining variety nrr in it/ mtti so are the 
linear and plane and hulfr] dumber** Fnr t is u point, 
2 is a line, S es .1 triangle and ih a pyramid ; all these 
are elements and principles of the figures like tu them. 
\n these iiwnUrs is seen the first of the progression's, 
I hut in which the trmjs exceed by an equal amount, 
zniii they have JO fur their sum,* In surfaces and 
solids these are tin- * dements—-point, ?ine + triangle, 
pyramid. i"ht L number lu exhibits them and possesses 
perfection. For t i> to be found in the unites or 
fares of a pyramid, and ri in the sides, 0 SO making JO ; 
ugain 4 is to be found in the intervals and extremities 
of the point and line, while 0 is in the sides and angles 
of a triangle/ so jls ag^in to make JO. This also 
monies about in figures regarded from the point of 
view of number.* For the Unit triangle h the equi¬ 
lateral, which has one side and angle ; I sav one 

i intervals. ThLs gives the number t, A triangle hn.* 
3 shies and 3 angles, giving the number & Combining the 
point, the Une cmd the triangle w e (hu^ gel E0 r 

A very difficult po^tagr fallar*, but Tannery M^ene 1 
suMessfiOly to have unntvdfcd its meaning, There K*ms to 
hew, he nulrH* an ilMridoprd Pythagorean eortc^ptlou. 

J he point or mound is neiT^i riiy simple. The line a a dyad 
-rith two straight mul" curved. The trimigte U a 

friad With three kinds. The pyramid m & tetrad with four 
kinds. Clmrly the three s|wcie» uf triangle are the eqm- 
hteml, the i-n-LMlcs & 1 I 1 I Iht* scalene, where the number uf 
difftrtiilE darn cats are respectively U %\ 3- Spcnaappys ,hws 
ntit octfisidcT isosceles and bcalrnr truingks an general but 
takes ptirricnliir ntsc-s, and it is worthy of note that the three 
triangle lie Huskier* are v«d iti the /Vtauebu of J'lnto. 

By HUlogy* the pyramid! CWl be dividend into four kinds, 
U) all solid angles equal t (tf) Ulret *ol|d ajigk^ ^riuaJ ; 
W) two solid angle* equal s (4i all ^vM angle* UIVm|u*L 
Hereognin Spteudpiy^ fcakr.% ajaxTal efiou-s, hut negne-. colrty 
hy giving die second ck=* a Square bo^., and hub to force Uze 
analogy. 
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ypapp^v kgI Atytu 8^ fitav^ Stori taaj 

doporor yap Get Kill cr-wiScs to law* Ssvrtpov *e 
TO ^UTTTjK iywYQv ptdr yap ^ Ipy wpaiAayrfv 
yp&pjJLU ir Kal y0Ji'tJjl r £v St’ilSt opaTtlt' TplTOV Of to 
row iWAcvpou $uav to *a! Wyaiw vaw 
y^p ay too** finuprO^ J to Sc Tram? 1 diwu rpta 

^rr* + Kai firt Twr cmp*wi> cvptaNW &V %H wp 
TCirapwv flpoioy to TotoorOj wore StRfafros wao 
^arci- ycvcTU yap mus ^ pei p Trpcir^ TTt^papI^ 
piatr T-Ciif yjixtjLi/J>}i tc Ktii cm^arettiv tv iQ&ryn 
lvottcra p iflrl roiJ iVoTrAtupou fcrrajieVrj- t) St Sctn-Vpa 
Suo p eVI 1 TtTpay^rou tV^tpptWj, #«■** TTapaMttyir> 

TTfipa rfj? eVi rrj? fyiotutt yunW t um* 

rpcwv cnmcSaFV trcjotc^d^tj, rqr fcopy^p 

£irS TCTrapaiir crvyKA f copt^T| h wm ck ™fmu Sug& 

cWtmr 1§ S* TpiTTJ T/udSi, cm ^lT4T/MyWVGtl 

^frnKVIO. KOI CW TJJ o^"E?loT7j pti£ ti? CF s iTOTtSoi 
T|j l-JpiTCTpaycjoSr^J CTl KOt ClAA^V e^OUCFil Sto^opor 
7^' ttJs Kepu^ataf ytiii'/ay^ o^trrt TpiaSt at' op-OioiTD,, 
Trpof opfla? Tij^ ywi-tQT t^ouffa ttj Ttjs' ^aacoj^ 
pio-g irAcupa' TerpdSi fie t} TcrapTTj Kara Tftw^ 
£ 7 Ti jSdatt CW^tffT^xATJp t'dTt rcAcw eV 

Toh ScVa Xa/jjHfvciv ra Ac^ei-ro. th wto St #fai 

tV rfj yet^Gtf irpwTij p<h' yap ipxp fUydh? 
aTiy^u Swrcpa ypafijxTjp Tjpxnj Jm^dvct*, T^raprw 
OTCp€GV* M 

J tmvttj E ftn^r. do Fated? jto* |n] 1-ring wonjil Like 

to re?ul ra &t Tnims- 

1 *Vi * *. *xtiunu Only one tnnnij^ri|)t lm\ Llit Sc urml^t 

inaisv cmeridnilon'i be«n ofrtftd, 

1 The inuiHi^s-ipti have 
la required, 45 Tannery rettCgliixedt 
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because they are equal f for the equal \$ always 
iudiiiaible and uniferm. The frond irinngle is the 
half^qusire ; for with one difference in the sides and 
angles It corresponds to the dyad. He third h the 
half-triangle, which is half of the equilateral triangle ; 
for being completely unequal in erery respect, its 
elements number three. In the ease of solids-, you 
would find this property also. but going up to four, so 
th^iE the dread is reached in this way also, for the* 
tirst pyramid, which b built upon an equilateral 
triangle, is in some sense unity, since by reason of its 
equality It has one side and one face ; the second 
pyramid, which is raised upon a square, has Mat angles 
at the (use enclosed by three planes and that it tlie 
verte x by hi nr, so that from Mns difference it re¬ 
sembles the dyad. The i hard resembles a triad, for it 
L* set upon a half-square \ together with the one 
difference that we have seen in the half-square as a 
plane figure it present* another corresponding to the 
angle at the vertex ; there is therefore n resemblance 
between the triad and this pyramid, whose vertex lies 
oit Mu- perpendicular to the middle of the hypotenuse^ 
of the IjELse. In the some wav Ihc fourth, rising upon 
a half-triangle m base* resembles a tetrad, so that the 
ttforcsuhl figures find completion m the number 10* 
The sail if result is seen in their gen cm Mom For the 
hot principle of Magnitude is point, the second h linCj 
the third is surface* the fourth is solid," 

* Lit. “side/' 

* The abrupt end that the passage went on in tills 

Strum fur sonic time ; but the hUturian of maE bi-mu ties need 
not feel tmicli dls^ppointmeut. 
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lli^m Smyr., rtL Hiller 15. 8H 

*Eti re TtLhi r of jLi«rv p tu'iv TtfAcioi Acyoir<u + 

ot S' un^r^ftui, ut 6* fAAtrret'f- kql rtAeiot M** 1 
elan 1 &i TPiff afro}? pcptou' foot* o f* fttpV 
yap a&Tou lftumt y t rpirov ft, ttcrm* a t driva <nw- 
T&lpwa Ttmtl rov iT, y&wwvmt Se of tS*™ 
to^tcjv rov rpArmv* cap Aefleijuflo rms ^ 

postiSoff Sf.ffAaotouy Kill mnn'vB&pMF uvtqus, pitfpte 
of Sp y€Vf}Tiit TTputros Kfil oowfleroff apiflpog* kcu 

to i- tV T-^b- ffuvfltffftws ciri TOP ^cr^rup TOjr uwri- 
TroAAfi7iAiHJiQfft()fi€i , # o airoycPlqjfletff terror 
tcAc-iq?, u[oi 7 iKKeta^wtfus' StTFAritfiOE d /? S *-“■ 
trwflofptv offp a Kflt ytytTcu y m Kai top y im top- 
^OTtfpop tq t r *k rijs crur0etf*tuff wo AA a irAamif jjui ptv, 
TOirreWiP Ari Tor &■ ylytral r # off eOrt Tipwrog 
TtAetoff. av ttoAep rp€t$ ram c^cf% SsirAaaWff 
otn-'ftopfVp a kcu fi *rai £, €trra< £- teal r qOtqv im 

TOP" tO^O-TOW TW1‘ TTJ-f HOP^cVcWF 7TOAAtlTTAaO r iOOOJ/i( P* 
TOP I Art rat" 3” €OTQA 6 KTf, or €OTI S^PTfpOff 

rcAftor* trvyK€irai £* too ij^foeos to? i3 p rtraprov 
rov C« ifi&ip&v rov £ p T£CToupajieuSfK<tToo too ,3 p 
ceWootoo oySoou too d. 

"YTTepriAtiot hi fiW COM Ttt piprf m/vreBivni 

ran TUW oAcov, otov q tup t/3* roorov yap 
ij/junf itrm* r f TptTOP £* rAnprov 7 ; *ktw p, 
SouSAtarov i, artra crtppntftWa yiWrui £?j off iWi 

JittfrwV TOO tf GpXTJ¥| TOLrTiOTi TW lfl m 

'KAAtJitftff Sc ci^fiP cop 7a fiipj} mn r r*Gf-iTa cAut- 

T&va. TOV dptOpdv waiel t aV dp^S TTpQ7t&€VTQS 

* In other wortk if -S. 3 + * + if 1 I-. . . ■# aiwl £ m is 

piirntp ihtri S* * sr jl Is a perftot iiuiiibcf. Thk is proved la 

84 



PYTHAGOREAN ARITHMETIC 

TWti of Smyrna. ed, I lillir t i, w. 10 

Fartheniaorc certain number* ore o.alli.-tl per pant ^ 
fitrr-perfi>rt T others drfincnL Perfect numbers 
are thngc that are equal to their own parts* such as 6 ; 
for its parts ait the half 3, the thin! £ ami the sixth 1 T 
whieh added together make <3, Perfect number? are 
produced En this manner. If we take successive 
double numbers starting From the unit nml add them 
until a prime and inrfimposile number is found, anil 
tiien multiply the sum by the last of tin: added terms, 
the resulting number ml! be perfect. 11 For example, 
let tile doubles be l T sS. 4 t ft T I & We therefore add 
together I and £ ; the result is 3 j and we multiply 
?i by the last of the added terms* that is by 2 ; Mo¬ 
re suit is 6, w hich Is the first perfect number. Again, 
it we add together three doubles in order. 1 and £ 
acid b the result will be 7 : and we multiply ihfs by 
the Inst of the added terms, that w r e multiply 
7 by \ : the result will be $8, which is the second 
perfect number. it is composed nut uf its huff I i, 
* L * fourth part 7 t its seventh part k its fourteenth 
part 2 «ud its twenty-eighth part 1. 

Over-perfect numbers are those whose parts added 
together are greater than the w holes, such a* U>; for 
Ihc hiilf of this number is ti f the third is t T the fourth 
is S f the sixth Is a nnd the twelfth 1, which added 
together pnsKhice 1G P and this Is greater than the 
original number, I £ T 

Deficient numbers am those whose parts added 
together make r number less than the one originally 

Kuc|Jd is. Even Ihie nJtftihraSc proof is too Irmfr for re- 
ppodutikm hrrr* but for such a proof thr raider may tw 
teferraf In Heath, fA, Thirty Bttk* of E^litTi EUm*ntw t 
vol T ii, pp. 


8 $ 


GREEK MATHEMATICS 


mpt&tiav, qIqp <5 rww tjf ro&rov yap ?£?dp- 

toy /?, Syfrow* eV J ro a-Crru Sc k<u raj i 

Sir **£?' trfjDot' Aoyov ncAeuw c^wav 01 tli^oyo- 

ppco[ J F Trcpt ou mira nji - 1 oUzlm ytupav 
Acytrat Si koi d y T&ttos, dwt&q tt pwra? 

mrat pc an *(U rrcprts* d S' adrdf ^ai yptt^pij 

t'/rri #fai tViTTcSor, Tptyartw ynp iVorrAerpoi' 
ctfaffn^' irA/CT/pul- 1 Sufty poeaStu l-' €#W. rrptSros 1 

fctTtiOS p™i frrCproO Sifi/apir <\< yap Tpwi Bi*- 
urdneac to orcp^o^ iwtb&u* 


(d/) Fiodud Kima^w 

* 

(L) CirfTJTO-Ujf 

Nienm r P |nVft. tntr&L iL 7. l-X rtf. Hnrfn- iW. !P S7 r s 

F E™ auv flnjpeToi 1 ap^ SfacmjpafDi-, eu Sut- 
onjpa tp S 1 ol-to Kci djflpJ ypftppTSp ypapp>/ 


a Thrrt! wnr in use Among the * ireek* two wnTS of repre- 
M nlirifr numbers gcomctrfclAlly, Our, used by Fuidld nml 
implied in Plato, TOrtwArti* HT P —1 iH a (sec uj/f-tf, p. '{* 301 , i* 
to repre&eht numbers by straight lines proportional ill length 
In The nuuliken they reprint. If h^o buck Utie* are nuuk 
iwijjkCtnt aides of H wUngic. then the rretimgle tt?pro*ntft 
their product t if three .such lines at*e mmie of A 

rectangular punlldcfllH then the p*rAlk-le|dped h the 
prmSurL The other W*y of tv pf fcBen 111 ijC numbers was by 
doLs or nJptiofl for the units disputed along straight llms 
h? ei* to form gromdrical p*tlcm% A method greatly ito-' 
vcloped by ihr Pythngoroms. Any number mold lie re- 
ptTM fe ntied as a straight line. and prime numbers only ha 

AS 
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put forth, such as 8 ; far the half of Ehis number Ls h 
the fourth 2 W tlit? eighth I. 'Hie same property is 
shown by 10 t which the Pythagorean called perfect 
r'nr .l different rt-Ftsort, and r hiis we shrill dc-cu^ in tin: 
proper place. The number 8 3 s also railed perfect, 
since it is the first mini her w hich has a beginning and 
middle and end ft is moreover both a tine and ml 
surface, for it 3^ an equilateral triangle in which rath 
side is two units, and it is the first bond and power 
of tlir- Hdlld : for in three dime ns intis is the solid 
conceived. 


(d) ITquked Nuubehs 3 
(L) Gruert ff 

KkoiiMthuj* t» JriffriatfiHL 7. 1-3. 

nL lloche F6. Sf-fl7. i? 

Point i.s therefore flu- principle of dimension, but is 
not dimension, while it Ls also the principle of line, 

straight lines, whence I'liyniaridas spoke of them oh '* raetF 
ISm-a? par tx&Ufirtw" (Plato would luiV r repnrsrnird a prime 
number such as 7 fry 7 * 3. an oblong). The unit, bring the 
*i*u nee of all number, can be taken as a triangle, n pentagon,, 
a bfceisren. and m on + The lifst nnmbrr after i which ran 
be repre-r-nted as a triangle is 3# and (lie 
Sum of the first ft nulum.l number* can always 
be irpr^mM an a triangle i tlir Adjoining a fl 

figure* n fh hums PyihijjpuTfcn sy inlud + shows n " " 

liow this is dear for I 4 * * ^ i - 10. a a * a 

hq tiiirr iiiimlm crtti be represented In din liar fkshldn. a ltd 
ihr square of side a 4 3 mu lie obtained from III*: Square of 
side n by adding n gnotflcn of Shi r [ dubl round tile -Me Hie- 
temn 11 gnomon “ or^imtl; signified an upright slick which 
east BliadoWh- on n plane or HnnlsphErbil surface, and so 
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E4‘ /cat ypnjifiT} ^-PX^I r o uk 

Be, tfai &PX71 Smtoto^p ov Be Bta- 

tTrarSv, Kai effcorii^s 1 ^ ^m^df'cira dpM P €r 
|i(i7E)i', dij tftjjfJtii Btfp #rat tj aiJnp £pX*l M^ r ro ^ Tpijm 
SiafjTaroVp ou rpt^T? SwtOTOTOF. ovnas Srj ivat 
fi F TO tf -ff piv fu>va$ &PX*1 , W VT °* api&fioD 

*4* tv Sidcrrrp/ia KttTHT pprdSct npo/J tBaloj < cVou p a 

Bf ypajtfttJfB* a ptSpis cap#*) imTri&Ov Api&^B t.i' 
tTfpai 1 -Sidtmjpa tWtBws irAa.TU i i , opew>u l o Be 
emwS hm ap*0po£ dp^ij ortpcaji d/H0pou t-t rpfrtH 1 



iT^triirncfit fur drawing rtfht nnglrs}. 

The firs* number nfler l which (-an hr represented as a 
Ix-tiiagtm to 5. If St be r*prwnkd iw ABCDE, then we cun 
fd rm (mother Jh: Fttft■ >n ABV D r K, (rquh-idelit to 10, by Lidd¬ 
ing the L ' gnomon of the pentagon*' 1 a iw of an eitra T dot* 
ncraned round three of the ffdffi uf the originnl pentagon. 
The pniDffllfi tP he added to form I he »ittwrs*iw pentagonal 
mu ruber* 1. 0 . 12, iit , . , an- irsprefckrly -1. 7, 10 . . ., Or 
the sutfet'sfiive trnn* h if an arithmetical prognessjon having 
3 a* the common difference* Iti I lie e^«e of the hetagun the 
Mit'L^wive gn OEcionie nunikn differ by 4, imtl m gL’IiiTnE, if 
n h the number of skjra In the polygon, the successive 
gnoji ionic numbers differ by « - 2. 

3S 
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but is not lino : And line h the principle of surface, 
but U nut surfiu-r* find is the principle of the twn- 
dimfii^irmriU but h not tivcnjlmcoAtrimL Naturally 
nlso surface is the principle of body, bur is not My, 
while it is I he principle of the three-dimensional, but 
is not thrce-dimcTiHEonaL Similarly among numbers 
the unii is the principle of every number *ct out by 
units in one dir tension* while linear number is the 
principle of plane number broadened out in another 
dimension in the manner of a surfucu, and plane 
number b the principle of solid number, which 
Acquires a cert Ain depth in 11 third dimension [at 


A 



.So milcJi fi^r pi mr nmnbchs. Tbcrv urn -.liuilar Viriftirs 
of SH-iUrl tiumWrs (cube*, pyramids* truncated pyramids, 

etC.). The curiom rend *'t Will find list vbok subject trrftlcd 
exhaustively by Niccmachna ( A nVA. In/tW, kid 7 - 3 QJ, Thcun 
of Smyrna (nJ. Milk-r i-ti-lj) and lamblictlli* (in iVi^hii, 
Aritk Intrude rd. Pi-slelil AA, 7 ft It is of importum-c 

for the itndrnt of Cini'k cnyh.tkSun* but little Interest; 
fur the modem mathrMtkkm 
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SuitmrJjCtd irp&s ri ff ^PX*T> fidftas re TrpmjArcn- 

p^VOV* ofoi/ KaO' UTTQ&mipcaiY yfKL^Lth J o\ |*fV flUlV 
fXjtTL^oL eJttAwf awatTt? ol ano £y«8o? ap^o/ievoi 
«nx Kfirn. pava&os TTprtoOe&tv ?Vi £v kq+ to e ivtq 
&idtrnjpa t emVeSot H at □ ??□ Tpidbo? 
dpx&jitvo*. apx^^Tarrjs jmfrjff Kal rwv igrjs 
trm^xv*V afiiftfiwv TTpmavT€$, Xap.fldwvTts ko 1 ri f v 

ilttUVljp.Lav x-qro TT^I" TOE^pr- irpftrrtOTCk, 

rpLyuivQi r dra ptr avrouf rirpdyonoi^ <pm f*T' 
avTQ&s TTf%*rdymvot t tiro girt roi/rotf Ijfaymim ko! 
imdywvQi teal (V' ri77£ ipoy t 

(iL) Triangular Number* 

I line. Vit. aiicti 4 

UTOATOPAi. 1 ‘Jt (VI TotnrooJtt* npi0pi€tv M 

ArOPASTEf3. QI$* KCU VUV dpiftpriv. 

11X0. llujf r^K^Rtf; 

Are?. 'Ev, Syu, t^wi, 7 M 11 , 

flTfl. Opjj? ; a &v T^o^Kij Taura 

ScVa eWi xal Tpiytiimv tW^gy kcu ^j^rcpDp 
OjcwauT'. 

Prod, in E«?I P L* rd. Frtedlrifl 4 *Et. T-ta&. g 

FI a^SfSoiYCU 3* K5i fldfto&Ql HKf 7"l}s £Vp£fI€Qj% 
tcSv TOiQVTtev rptywroiVt tLv tt )r ph> d$ UM-tova 
* This qctehrftkil Pjilutgureui my [ri I Mi] was known t& [} K 
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right angles] to the dimension of the surface. Fur 
example, by subcHvtetaa linear numbers are all 
numbers without exception beginning from two ami 
proceeding by the addition of a unit in one and the 
Mine dimension, while plnne numbers begin from 
three us their fundamental root and advance through 
an orderly series of numbers, taking their designation 
armrrling to their order. For first mmn triangles, 
then after them are squares, then after those are 
pentagons* then succeeding these arc lie wagons and 
heptagons and so on to infinity. 

(ih) TfiUjaguiar .Yifftiff# 

Ludjui* Auction of Soul* i 

Pythagoras. After this you must count. 

AGOKASTtH, Ohi I know now to do that already 
Pvtii. Hmv do yu n count ? 

Ado, OnC p two, three, four, 

PVtii- Do you sec ? What you think is four is ten, 
a perfect triangle and our oath, 4 

FmetuS »ja FkWkJ !, t cd. Fnedlein •!•>&. ?—129, fl 

There have been handed down certain methods for 
the discovery of such triangles^ of which one is 

T<Tpnjrrur, It wm alternatively called the „ 

H+ principle or health " (Llielnh, Ds lMp*n 

in Utofuiando 5}, The sum of any munber * • 

of successive terms (NtMii vffli the first J 

of the series of natural numbers I 4$ + 3 + * » * 

... + n k therefore r triangular fjumbfT, 

and [hr general formula for a triangutar p * 

number is Inin +■ I). 

* Lf. + triangir^ having tlx tt|lliare on one equal to the 
sum of |he squares on the other two. Froclii-; k commenting 
on Euclid u 4™, for which sec it*jfira w |ip. E7^-L?5. 
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dwnrifnrGuvij ttjp Se II v&aydpav. *ai ^ ph 
fl uffatyopiKTi d^ro t&p ir*p*mSp Arw dpttf/itiip. 

TC@TjtfS yip T*W Sq 0&™ TTfjDiTTOV C&F cAaCT(7(M^t TtZl' 

TT€pl ttjv &pfrqv t rfai XaBov&a tof dir 1 gujtou t*- 
rpdyiovov wai tovtov pot-iSa n^Aoucrn tow XqlttqQ 
tq Tjpicrv Tifhjm row irept rrjrr opfJ^F tom p€i H £oFa 
TTpvnBftnu- 3f #cai tu Jral jUGl'iSm TTp 1 A otiri^v ttol^I 
Wfi- wr&rfdnouiHit" <jfor tof rpca Aa/Sotfoa ko! rc- 
Tji^aytjjnirLurcL #cac il^Xovau roll *tWa pcnaSa tow 
7 } Xupkfidmt to Tjji-ttcn/ tou S„ *rai rounp« irpaori^crt 
jteiAlf povu&tt kqI TOf€r top i t ifat *£piyrai TpiyWVQV 
ip&ayutvi&v *x QV Tpt-wv, -rqi' 6e TtaodpafVj 

_% 11 i 

TTJV Q£ TTfl'Tf, 

r H 5e llAaTwrtioj d™ tiSf apri&iF eVt^fipeu 

AaJ?o{)crcL yip tov SdfleWct ripTiOl' -TlVqeni* OutqF 
JtiaP rrAtupaF twv rrcpl t»jf op&t^ t«u toStw 

* i\*.* If « ii tti 1 . - pivcn udd aurnluT. tin of Ih-r triangle 

ttfr 

n 1 - I M 3 -*■ i 

"* IT ' a “ 

iind thr: formula 3* Jifl a*scrtbri I hat 
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referred to Plato and erne to P\ Urngoras. The Pytha¬ 
gorean method starts from the odd numbers. for it 
sets the given odd number as the leaser of the 
about the right angle, takes its square and subtracts 
a unit therefrom, and sets half the result h 4 the 
greater of the [aides about the right angle. Adding 
n unit to this it makes the resulting number the 
hypotenuse.' 1 For example, starting from 5 and 
squaring, the method obtains 9 i a unit is subtracted* 
making &, and the half of 8 is takers making 4 ; to 
this a mtit Is added* giving 5, and in thi^ way there 
is found u right-angled triangle having as its re¬ 
spective sides S t 4 and 5. 

The Platonic method starts from the even 
numbers. For taking the given even number it sets 
it as one of the skies about the right angle* divide-. 

Heath {!L0 r AS, i. 60) shows 
him Pythagoru probably arrival * ^ * 

nt (his formula In' a system of dots 
to ruling a square. Starting with ^ 

a square of side m r tlw *quan? 
of nde ra +1 can b* formed bv # ( 

adding a poman4lk« nr my of 
Sins- | dot* round two sides. To 

obtain his formula* Pvthagoml _ ' * 

wnuEd only hive lo assume that 
Am 4-1 ^nreessarity nil odd number? 

Eft a square. 


2m- l-l =■* 


then 



m 


m+1 - 

and the army of dots shows that 



9 * 
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ii^Xotkm &i%a Kal t c rpayutv i oaa a to 
KiSa jiiv t<u T€Tpa.yaiY£ti Trpocrflettra itoicl T7p 
tWroT^tVouemr* powaSa Si enjkAovaa too TieTpayfvVOtf 
7TOt€t T^V fVipcy TLOr IT^i TljY oW TOM 

riaunpa AajSowm teal tqvtqv to muon toy jl 
TtTpaywviaaxFOr wrat TroiijaTjgrd: airriv S T ifaXovaa 
f£*v jAQvv&a. Trcnti rov y, npoadtZ era Sf ttoicl tom i, 
imi cj^£4 to anno ytiwfUVOM rplytovOYi S xral *k ttJf 
iripa.’s aTT^reXdra p 40 a&au. to yu/> dito ruisrov 
i(70 v toj a?ro tow y kcu tco drro row S oiH-rriJeiaty. 

(Lii.) Oblong and Square Number* 

ArihtuL Ph$3, r k JtU a 1^-15 

IT^mfle^cyw^ yap ™t r yvoipAYcuv mpt to (V tf'ii 
ore fiiv oAAo iid yiyYtafkti rS <5ri 

Si cv~ 

(iv.) Po ttfgQnixi Nu mbert 

Mcnm. Arith. Mr<hf, ii. IS. S-4 T fd. Hod^r @6. ll-HT. 17 
Avo StJ, oui’ aw rpty^Mou? cA- 


■ i.p., if 3n ia tin* pvta ti-rn number* thr mUi-i of the 
tnnuiKle (le* Sn. n* #■ I F »■ - 1. him] the formula usatl that 

(**£+(«»- IJM* 1 * If. 

Hrtlh ( IIJ?. }f. L fill >llcwi havr ihls formula, like that of 
rythlgorHR, could bin t*^rU aMnim'd from grirmldiis erf 
dots. Both Formulae can br dduml from L-'lk j )i< 1 il. 5. a 

Pythagorean i^pmitloa |!iee infra, p. LJH n_ a), \ more 

ur urn] formula, including both the Pythagorean uml 
rifltonk- method*, i* grivan in the- lemma to Eurfid x. B8 f 
wliich is. cquiTaknt to the RwurrtjrjQ 


•»■»*** * {**?-'**?}' _ 
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Qm In two and squares the half, adds n unit to the 
square so as to make tll-e hfpoteou.se and subtracts u 
Unit from the square so as to mnke the other side 
about the right angle.'* For example, taking 4 Enid 
sqimring the half* It makes 4 again. Subtracting 
a unLt it obtains 3, and adding one ft makes 5, and 
yields the same triangle that furnished by the 
other method. For the triangle constructed by Uik 
method b» equal to that from 3 and from 4. 

(jib) Ohimg and Stjunfe A cwiifri 
A riituLle, Phftic* V 4. ^ a 13-1* 

For whnt gnomons are placed round 1 the resulting 
figures are in one case always different, in the other 
they preserve one FormA 

(iv+) PslifgtTfltil Xtunhrrt 

Nlcnmnclms h Inimtiurii'txti Ut .Irithmsfis is. Jfl. 2A 
cd, HocheOG. ]I-9T. 17 

By taking any two successive triangular numbers 

* As was Indicated on p* n. a* 
when gnomons consisting of an ndd 
nuabff of dots nne pEaced round I 
(hr result U ahrays CL squire. When 
gnomon* consisting of an erra num- 
tar uf dote are placed round * tlrc 
result i* cm ohlotig k a nd the auccrarive 
oblong* are- alwuy .h di 0rrent in Form. 

ThEs in probably whnt Alistoik rrfrrs 
to, but he d m-3 nut indicate that the 
starting-point Ih in nutcase ( and in 
the other J; arid I be interpretation \* 
modem, Ibcrtllslius and ^inipllciiL* 
laavtng other (and Ee.^ attractive) LS- 
planalinftv The subject is Fully dis- 
cussed hy VY+ 1>. Hqm En hb note* ad 
tee. pp. a-iJ-o H). 
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AtJAotf TrdvTt&s Ttrpdytmw irmTjaets kqI 

aprunQVP TZTpdywpov dp*L St (lAufFti y SuiTjtnji SJo urr 
avruiV rptyiltirQVS Troi^-TTCt*" KH.J ttoXw na%*ri re- 
Tpayitivni erj^jjiaxt Tpiyeiit-fiV ltpO^^€Vj^8iy dtfemjj?' 
frevrayaiHM' 7TOut t otov Ttp o rVTpaytuvti} t> d 
TplyiuvQs irpoff^ev^Sti 1 ? to*-' £ im™ywniv Troift irat 
rtL 8 Tip efqs- 6 -TTpoaT£8el$ f SgAowbri o y M 

ir^yrdytovav rov t/J iroict, Tip fie ls" m-ft qaqAoiJ&p 
o r aieaWftay cTru3wr€0c2s > tov ^ okoAoi^om 
airoSi&-rjJ i, 7tv T<p iff a i rov Ac tfai tie l o£ra*r. 
Kom Se xi ami *;5i# rmy TmrrayiuKHf ol rpiymvQ i 
^rpcuTTitfouTO rjJ aurjJ Tafft p toi^ fyrafcTo^ ycy- 
iTjflotwn' ^ywroifj Kai iriiJiii 1 ul at/Toi 

TrpOErrAtfKopfi-'Oi Tor)s <V raftt eVrayaWuj Trqt?J- 

aovGi itai ptr 9 €K€tt{im toliv DffTuytii'aL'v ifai roirro 
eV* atreipos^. irpoy Of yTTa^in^fftF (KK(t*j$or &cw ^ui J 
SToAuyiivtvv ITT^'OC- TaptiAAiJAidy yfypa^/ieVot Ol&€ , 
6 rrptaTaf TpiyuiKu^ o jpcr 1 atrrai 1 rerpayairaitv 
ji*tu Sc dpupoTdpovs 1 7reiTayoSvw* efra efaycii*a#M* 
ffra eirraycuvaiFj ffra > «; £B£, Aoa rty, ifai ran- 1 ef^s 
imAi/yojmjp' 



■ 1 I n othrr weirds |(* — I )m +- 

|«(« -I-1) =.n\ ils may rally be ihwii 

* from an array of dot^ r Hw th* 
^uare t of side’ n, is split sip inlo- 

* |wu trian^ulu numbers of sieSt* 
n - I, n w hobr values art- therefore 

* i(-n - I )ii f ln(n + I J t Thwn uf 
Smyrna (hI, Ihllitr It. ^ 3 ) give* 

* tfcif ‘-JUILL* UlHirvm. 

1 Hit jz* oenii 1 ■ i-n 11 ■ i - ■ ft>r aii a ^unal number of sj.de ti U 

» + *4rt~iX«-Sh 


sa 
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you ptcnsi: hue] adding lln.'JiL one to another you w[]f 

make the whole min n and whatsoever square 

you split up you ill he able to n]?ikc two triangle* 
from it* Again* a t riu ngle j oined to any sqimr c figti re 
makes a pentagon \ for example, w hen the triangle 1 
Is added to the square 4 it makes the pentagon 5 k and 
when the next triangle in order, which D- pin inly 3* Is 
joined to 0 T the next square* it makes IS:, while G r the 
next success ire triangle, added to 16, the next sue* 
Mssive square p will yield 22 , the next successive 
pentagon, and I Q added to 25 will make 35, and so on 
without limit. In the same way if lEie triangles art 
added to the earaespuuding pentagons they will 
produce the hexagons in an orderly scrie?,, rind the 
trianglem linked with them in tarn give the 
heptagons in order, and after them the octagons, and 
so on to Infinity- b To help the memory let the 
various polygonal numbers be wTitten out in parallel 
rows* the first consisting of triangles, the next of 
squares, the next after these of pentagons, then of 
hexagons, then of heptagon*, then, if it (3 so desired, 
of the other polygonal aumhers in Order. 

os h proved foefow, p. Si. a, ami NiauinichiLs's Li-.-t-rlbn 
is equivalent 10 raying 

a -i- i*i{n - l)(n - 2} = n + |rj{« - Ijfa- S) + inf*- 1). 
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wAdprOf 


rpiymvQt 
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r 
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„ 
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Tfrpayikjjw 

a. 
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ff 

dr 

JK 

Af 


fi 

17ft 

P 

(NkraytaWi 

ft 

c ( 

7 

*$ 

At 

i-a 

O' I 

ftj 

P*t 

PP* 

(£ap4yro4 

a 
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*: 

I- 

1^ 


PM 
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i 
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" 

Tft 

p*0 

W 

prrfl 
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<v.) Gwfliwywjr nj Polygonal S'timbers 
Iambi, in Nice wl. Arith. Infrod. w ed. Plfiteltl 6?* LO-18 

Kat iv Tvj ^rjparoypa^ia Se twm iTKAuytil'ttfi' 
Boo fiiv €771 iravrtw ai adral rrAeupat 

pTjKUVOllEl'tU KoB* iKdfTTQVf &£ Bi TTOpO. TOVTO.^ 

CVtf770Air) fiO rjCTOITflI TJJ T<In,' yVCUjtuW^ TT^pl&€0€t 0.11 \ 

dAAaaad^tevcu, fiia. piv iv Tpiydnai, Sdo Si iv 
TZTpa.y</iVo> Ural TptiS iv jTfi-raywvtp dpocW 

in* aTretpav j Kara. SuaSos 1 jfdrra.ttfu Bta^apav rjjy 
ffAiJcrcws Ti Sr iroAuyiiEvw^ tt pas rrjv TroaonjTa rail* 

dA homapivtvv ytmjtivqs- 

* »J‘ T the prin riplc will be nuufc dr*r fmra the figim* for 
the gnomon* of thf squint and pentagon givtn on p|% 86 -*D 
n„o. Thr prnn-id funnuh La. thal; i n a polygon of a *kles b the 
number of aide* !o form the nnct highest polygon 

9$ 





























PYTHAGOREAN ARITHMETIC 

Rir.vrvTii avp Levoth 


Triangles 

i 

3 

G 

* JO 

15 


JS 

\i\i 

! U 

55 

Squares 

I 

4 

9 

J0 

Sd 

*0 

48 

M 

SI 

190 

Prnliipans 

1 

& 

tt 

j>j 

S3 

51 

70 

&*' 

117 

HA 

Hexagons 

1 

a 

15 

*8 

45 

£4 

91 

m 

153: 

I90 

Heptagons 

J 

T ^ 

IS 


55 

81 

3 1 3 

148 

1 WJ 

*33 


(f.) GnOfnfm* nf Pa fit go a til Numbers 

Iamb] Jehus. On Nkvmurhw'* Imiroduetum to Ariihmttfc* 

«L PisteRi f$ T P 18 

Now in the representation of the polygons two nnf 
the ddes always remain tfl<r same blit lire produced* 
while the ndes intercepted between them are con¬ 
tinually changed when the gnomons are placed 
round, otic being changed! in the triangle, two in the 
square, three in the pentagon and io on to infinity, 
the difference between the designation of the poly* 
goiis and the number of sides rhnnged being tw o* fl# 

fa (This leads UmbLfchlii to introduce irntneiliately 

Thymajidiii’i rule for solving simultaneous equations, as 
tin- factor <i ~ s? occur* in tfcfa nbo. b’or this ruSf sec n/ru, 
pp. ItJS-Ml). 

Front lauibLicliLL^ account it ffjJto‘* r s that the successive 
gnomes (o a polygon of a sides arc 

I* l + fa - *)> I + *fa 2 },, , , t +{r- 1 K«- 3 ). 
and the d-gcmal ttiitnher of side n fa tire sum of rt ter™ 
this series, or 


n -H|a(a- Itfa-Sh 


99 


























GREEK MATHEMATICS 

(?) SOttF. P ROP E RTS OF Ntni«EB3 

(1.) Tf r “ Sine iB of Entknikftm 
Nteoin, Arith. IkfrmL L 13, i-4* * *3- Hocbe 17-32- tfi 

1 H Si Tiunov yivms otto ’EparopflAros *a- 
As mu KoaKtvQv, iirtSif ava^fhvpp^vg rov< trt- 
pvjuovs AojBdi^r€ff *tcu dSiajfptTous if nurojp rfj rrj? 
ycvrotwf p^ffdSoj Tcti/Tij' Sio^itfpifspnfj SC 

upydvou i) KCHjHriroLi Tivos fccii i$iq. ptF tqv? Ttpw- 

toos jtat affy^SeTflu?! tSwa ^ rois Sttfr/psu? kai 

WvQ4toV$ 3 0£ 7W? piUTTOtj* ^trpiPJA'OjliO-'- EffTt 

Si O T|WITO? TQ|j KWKUW TOHJUTfiJ F 

roils dird rpai So? 7rdn-cif e^tfirjs Tr^ptcrcnoiJ^ cLs 
Swurdr pdAiErra tm pTjirurTOr tmdpfdp^VCtf 
diro toO TrpwToit tjritrtfDjrto* nVas old?' ri eort 
perpeiv* Kai cupt-uKOj Sum-rd^ ovra tov$ Sdo pioov? 
TTOpcXtimrms perp«v, p*xP*s vv dr Trpo^peiV 
efliAwpev, odx (is 'rp^? Si wnt eucq jwrf»vm, 
dAAd tof per wpcyrtiij' £ tpfi-ovj Toi^art rov Sda 

uitiov* mrtp^fuvoiTOr Hflttfi ttjf tou TrpumWou dr 
T£p efrt^cp h^cpii'oy TreKTOTTpra perpTjj^ tj rouroiri 
Kara t^v taLrrou 1 rpls ydp' rdr S’ d 1 ^’ &0C&DU Sdo 

1 KkHMiiinolkUJ has hern di^u^l[t|? the different specif of 
odd numbers, miiLcti arc ■•-^ikinnJ aljove oh p. dy n. A. 

* THilt ss. Rratovlhcm-i, for whim p> 156 n, Ot ^ul 
thi* HMidi numiu-r^ t*rfrinnm^ with 3 hi n column. For cfsn- 
ymiencr wc will ^ C them out ho riton Lilly Ai fsfffowsj 
X 5, 7, « t U. 13, IS, IT, IU, *1, 24 23, 27, 20, 31* 34 3*. 
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(e) Some Properties or NY si hers 

(J.) Thf A * Sim " of Erat&sthtnet 

NicOJflfldiujS, it* tn*d action to .4rithm flic l 13. ?-l» 

ed. HtXlhc 17-33* 1| 

The mctliod of obtaining these d is called hy 
Eratosthenes a sieve* since we take the tsdd numbers 
mixed together and indi*crimiruLto, and out of them 
by this method, as though by some Instrument or 
sieve* we separate the prime and incomposite by 
themselves, and the secondary and composite by 
themselves* and ajjj<i hud those that are mixed. The 
nature of the sieve is w follows; s het forth in as long 
a column jlh possible all the odd numbers, beginning 
with three, and starling with the first, I examine 
which numbers in the series it will measure t and J find 
it will measure the number* obtained by passing over 
two intermediate numbers, so far as we care to pro¬ 
ceed, not measuring them at random and by hap¬ 
hazard* but It wij] measure the number first found hy 
this process, that is, the one obtained W passing over 
two intermediate numbers, according to the magni¬ 
tude of the number lying at the bead of the column* 
that is, according to the magnitude *if itself \ for it 
will measure it thrice.* It will measure the number 

Wc paw strike out from this List the imtlLiplra of 3, because 
they will not be prime- numbers, *nd thin w done by pacing 
fiver two number^ at a tlm end striking Out Ehe next. That 
l\ we puss over 5 and 7 and strike out tJ, we jKt 1 ^ over 11 nnd 
t3 nnd strike out 15, and w on without limit, As Nmn- 
at&clius notes in a rather cumbrous way, the lltillibefiH Alrucb 
tmU 3, S, 15,81,27 . . ., when divided by HpdvtA US In order 
the munk^ in the original column S» h* : r U . * . . There 
is hffr thr foundation for t lop-leal theory of the Infinite, lull; 
it was left Tor Russell and Whitehead io develop it. 
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SiaAeiVovra Kara ri'ji - 1 tov &€tn^pOV Ttrayp&'QV 
yap* tov Se Trcpui-rtpuJ TrAAtV ^UO 8^- 
AtiV&(Ta Kara Tip tov rptrov T^ToyfiivoV* Ittroxts 
ydp r tqv Se rn Tifpatr^cu lAt^p Suo kc^cvw k^tA 
t^v roO TempTau Tc-my^ciw” meets' yap 1 ™J 
&mpOP riS riu-fili -rpoir^i. clra pertk tmdptc^ 1 hit' 
mAAijs ap^jjr t"77i tAi 1 Bevrepor eAfhjji. 1 ejAraTruj, riwif 
□Id? Tt tffti ^i*Tp*ii% tf&i tL'plaKtti Ttiwas tqu$ 

rerpdSa ScaAmrarnt^j dAArc tov piv wfltarov Ifftra 

T7)i- TOO tV Tth OlTt^OJ TTpiitTUU TiTiLypivOV —OTTOT!] T£I' 

rph yAp r tof S-e OEi/TcpOT ttaTa t^i h tow Bfvrcpau* 
E4i*TiiKis yap" roe 5£ Tp/yav jfarA ttjv tov rptrotr 
c7^Ta#l a ^^ yap 1 jcal ropra t$c£r jy act. 

(iu) DiriithiEty of Sqvartt 
Theon Smyr.* ed. Miller 3.5. 17-36. 2 

^SiW Sc TGI? TfT/HiytJ>TOIF GVpfl01jK€V TfTQt Tpi - 
TOV l^£:r ij pOi-a^o? rptVo^ f^fiv 

^Al*T<iJT a jj 1RUU' Tillraprot* C^Ctt' ij Cli^HltpC- 

TCTaprDV cj^iv ^riitiur Kai tov ph r piovaBoy 
A^atpf^cE J fTT^y rptrov c^ows *X €iy rtrapTuv 

* The nu mbfr% obtained by posting onef four numbers orr 
I3 t & 5 , 35 * * * 

a ml CArt &U be dmdd by 5* leaviiu? 

X* 5< 7 . , . 

ftlilcli is Hie un^iiia] Ae-riei of odd numlnn* 

^iramnehiu proceeds (n over kia number* at pi time, 
lie^lfuilniF frnm 7. but wi- need suit fulbw him. Clearly in 
I hi way hr w{\\ fiverkluilly be able Id remove from the scrim 
of odd numbers ifc-M (hit cm- not pH me. The general formula 
U that we obtain all miflUpies of a prime number n by .ikip- 

m 
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obtained by passing over two from that one according 
to iht: magnitude of the second number in order ; for 
\t will measure it live times. The number obiulned 
by pushing over two numbers yet Again it will measure 
according to the magnitude of the third number itt 
order ; for it will measure it seven times. The 
number that lies yet two places beyond it will m ensure 
according to the magnit ude of the fourth number in 
order ; for it will mousurc it nine times ; and wo mny 
prpceird without limit in thfc manner* After this [ 
J oake a fresh hturt with the second number in the 
series and examine which numbers it will measure* 
and J 1 1 mi it will measure all the number? obtained 
by passing over fhur* anti will measure the lirst 
number so obtained according to the magnitude of 
the first number in the column ; for it will measure it 
l Is rice. It will measure the second according to the 
magnitude of the second* that five times ; the 
third according to the magnitude of the thiidp that h t 
seven times ; mid so on in order for ever. 


(if) DitimbiHiy of Square* 

Therm of Smyrna* ed. Miller HA, !7-JW. 3 

It is a property of squares to be divisible by three* 
or to become so divisible after subtraction of a unit: 
likewise they are divisible by four, or become su 
divisible nAcr subtraction of a unit ; even squares 
that after subtraction of a unit are divisible by three 

pirpg pi - I trtlitt Fit a l ime. Uut to moke mjtr lhat any hkI-L 
number '?a i 3 left in I la- vtIc* is prime we should have hi 
Irv tO divide if by ull !lie prime numbers up fa \ Jji* Y T , and 
die method h net a practicable way of asrpT talningr whether 
nay large number h prime., 
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wamoff, q 5, t&v Se p'Ot'fihos mfrtuptBeiaijs 

Ttraprov l^ovra egtitP T p&QV ™vt ws t (is 6 & m ij 
tgv nvtiv iraXiv pchl rpirov l^ efV rirafrav^ 

O A" T| pTf$£T€pVV ToJroir c^tfl-TS TGtfTOy ^iOf lS&jT 
a^ciipetfeiCTTjiir Tp/rov 7rayr£o£ / £J /i^T£ rpirov 

pt^T€ rerapTW l^afra poya$Q¥ a^aipePeftT^F tf<u 
rpiVov r^fiv *cat Tiraprov, ds 6 *?■ 

(1IL) A Theorem about Cube Number* 

Nloom. MNkL IL SO. A cd* Hndtt 110+ ISIS 

P Eat e iT^jJi 1 yap tuna poydSoj hr Awnpor 

nuv€X&v ireptfftrtSy it?i&h'o7I£i amof* o jT/hStoj roy 
SuT'auii jH-JjSo^ TTOictp of 3f Suo pter 1 turttWy ow- 
tc^Vtcs 1 t6v Betrrepoy, of Si hri tq&tql? 7p«& top 
rpiroy, of Se ainr^-eis Touratj TiWnpcy Toy Tf- 

TOpToi' F oi B* Totfrotr ircVre roy utptmiy 

1 ij * , , inurTtjrf Gfri. BulLmldn^ 11 i LLt-r. 

* Any number may br wfittro n> 8 ** t I nr 3m ±3 f and 
it* square take* the form 

9n* or Qn* ± Gn 4 | or tin* ± Un - 4, 

In lb** firnt aLH^ thi- Mtmirr h dlvl-dMr bj llirw; In the 

second and tlitrd ['fl-HC* itbeenirtf# 50 diviMblr After subtraction 
■ if ji unit. 
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can he divided by four, such aa A Itself; those lh:it 
after subtraction of a unit arc divisible by four can be 
divided by three, such as * * hile there nrc yet again 
squares divisible both by three and by four, such as 
36 ; and others that are divisible neither by three nor 
by four but can he divided* after subtraction of a 
unit, by both three and four* such as 25° 


fin.) A Theorem about Cubt Numbers 

Nkofttuchu^ Jnffodlrrffoti to AriiStniHt ii. §0. & n 
rd, Hochc l Hi. I^ik 

When the odd numbers Ik -ginning with one are set 
out in succession nd infinitum this property can be 
noticed p that the lirsi snakes a eubc+ the stun of the 
next t’KTh after It makes the second cube* the next 
three following them make the third cubci the next 
four succeeding these make the fourth cube, the 
next five in order liter these makes the fifth cube* 

As for division by four, the square of an even number 9!» is 
necessarily divisible by i. The AqimFe of mi odd number 
-tt x 1 r my hd written 4a t ±*« -i- 1 and become* divisible by 
four after subtraction of a unit. KarplnskL observes (AVo- 
biuret* a/f.Vru#u, by M_ L, JJ’Ougr* p. 53J t 14 Appureatij 
Thmn desired to d tnde ail squaw mi rnhers into four classy 
vis., those divisible by three and not by four; by four anil nut 
Hy three i by three and four ; and hy neither tons- nor four. 
In modem ninEhematk 1 *] phraseology all Sqidirt Ittimbrm arc 
termed congmenl to 0 ipr l* mnsdufus % and congruent Eo 
0 or 1. modulus 4. This Is written * 

*■= I (mod, % 
b® = 0 {mod. ti) m 
a* ■ 0 or I (mod. 4), 

v " This 1? the first appearance * if any work cm congruence 
which ih fundamental in the rm idi-rii theory of numbers* 11 
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Kal oi T&y wtot koI tqvtq 

aUL 

(iv.) J Property of ikt Pythmm 
I'nmliL fn JYiVont. frith, /nfrod*, ed, Fidelia 103, 10-104, [3 

+ Si «|ilSo? flTTOTiAifflwf ^tJTU 1 ij TTpiliTll 

™p P ouSer A.ttq pgreiSpv otifuy&i, irj rrpoj-n} a ^ y 
tiSojranfa** raf efijs 1 pjjSciviy Spot/ tfmvuu 

Aap^ifc-opemu pTjiSf pTjr irapcAXcLiTO/raWj dAAd 
per d d /J y AapJ^ii'opeiTpf rij? S t f ( eira 

f tJ $ aKoXmiftujs. imatu yap n.5rat 

f^-iSfr yonjfforr<« p^raAap^Sdi^tfoijj ror powxSpf 
roTT&ir tl^c tt^ tifKa^os’, rowreWu' *cV poraSa tii- 
ayopAnjy- ot™s ydp ailb-^v *<u ScuripwSoupmiF 
p aiddtL tfaAeIcn^at eAfyopii 1 7rpo£ rail-' I I u^ayoptitui^ 


* Tli:.t w to Mi Vi 1 = 1 *, 3 + 6 - J\ 7 t 0 + JJ = 3 * 

13- IS4 it + iv t j , j i - n - 2A - >r ■ 29 i 1 , gi + 33 f:u 

+ Li? r3U-+ 41 - rj\ rid on to infinity", Sftr general formula 
hiring 

{n(t\ - l)+I}+{»l*l- lj + S) + , ** + -{*(*- ij + am- l)= 4 * i 

Ey Eutliw « - U 3, 3 * *.. r in thu formula and adding the 
result* it Lh easily slinwn tluifc 

l B + »»+3f+ + *»{M*+ 1)Pt 

n formula which known lo She Rcininn ^rrmfluonj and 
probably lo Nicomaebu-s Hr-nth ( ILQ , _l/ r L 100-1 ID) 
now ^ Tin 1 - prom] hy the Arabian nigthmist AlknrkhJ Ln a 
lnHik Jt-FaHri written in tin- (onlli >-: ckv«otli Century. 
'Hu? BtCN>f (Irpcflib on S icumnrjms '5 thrufrni» 

51 famNidiui Jijl-t bran enmirierinjc Virions groups of 
throe number* which can Ire formed from Elm scrie*of naluraj 
number*, by wafoe over ** >pccificd numlier of terms -m ili 
Eii h«0i£re polygnnai number*. Tint* 1 + 0 + a (I rouble), 
I+3 + J5-U (*qoare), 3^4+ 5=12 (pent ago ft), 1 + 4 + 7 = 12 
(pentagon), 1+5+0 = 15 {hrvuron j. 
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the neit six in order make the sixth cube* and eJo 
an For ever. 11 


(iv.) /f P™peril} of fkt Pifihmm 

IimblfdLQSi On fiimnnTchut r M Irttrodnriion io AritAmttte* 
«L Fbldll UttL 10 101. ia 

Since the first group* 1 ' starting from the uni I and 
omitting no term, is productive of the he sad, the fir^t 
group, L 3, will be a model of those that succeed it, 
the groups having nn common term nud leaving none 
on pile side, hut 1, L®, 3 being followed by t, 5, I hen 
by 7, 8, 9* R nd so on in order/ For elII thrw will 
become hexad# when the unit takes the place of the 
deend in all does* sn reducing It to a unit. For after 
this manner we said 10 was called the unit of tlse 
second course d among the Pythagoreans* while MK) 

* In other words liunhhchiiB asks us to consider any 
pro up of three oamcutlvc n timbers, thr greatest of which i-. 
divisible by 3, We may represent such a group generally 
a% %p e I, 

* As Inruhlirhus had previously explained fin Xietm i F » 

cd, Platelh la, — 77, 4), the Pythfi^renns looked upon a 
square number « a ns a race Course (ofaidof) ffaeiurd of suc¬ 
cessive numbers from 1 (ns the rUtrh Up Ui u (the 

intruinp point, rfd^intrrsjfp) and hack again through (h - F 
(ji - ?}, nnd so on to 1 i n* Ihc OOdJ* in this way s 

1+2+8+ . * * « +(«- l* 

+ 

n 

+ 

1+2+3+ .... (a- 1) 

Aa*h etauiple we have 

I + 2+3 * * . 10+ 0+8+ , . - 3 + 2 + i = 10 s 

and thence 
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hvu tt?v wfflTWraSo* * TETjocuSou- 

jufroy Tip ^lAid-fri. TJ ph* y*P ** ? *™« npiflpk 
roi' tf ayapjnevijs qc Tip fi^KaSos tcV jua^Sa, d 
^we irpPtfAa/Jdiy aWJv e£aj -aAiv ij 

f t} 9 ovilium iroift T<?v t€& ApiBfi&r w QV ra * 
fir Sdo jUoroSa? dvayaydiY irpwTdfyp -nfr S f #fcit 
n-aAiv E^dSa. -irdXtv * IS tjS mrvBcls irpidj 
Ay* wy ra A rptdr Jimr, t)v irpapflels rats Tpimv 
iyai Sp&tais efaSa, teal tovtQ d>xotfiif tarm St’ 

dAoU. KQl // TTpiUTTf tfflLff QVK tfifL ^ET(i^lTLE' 

Sc*dSo£ €t? jUOFClSti. Sv CtSoTTPld* *al 0T0iX*i4H h 
Ttoy ficT 1 a£rip dirap^OtHTU 1 V Sf Sfi/rfjEML par 
/I€ToflcflTV tftij -Jr) Sf TplTTj SuflV KOI tf 
t iTapnj Tptajv tf&i ij Tr^jUtmj Ttcrtjdptpr Kai e£?p 

aKaXavutiis. Q€tat S' ay Jitm- al j.Ltram&tptvai 

Sf*faSe?p TaaaOrat atcii a* tmoSfj a^upf^juaiTfu 
in rov aA ou mrarfiiMLTQS, tvor tp httfov Scorns *fi* 
tJ j rat? yAp u pttlf ScwdSoj eyorros utTti&^mvt £*h r 
pay tWeaSa, Att^fr^ertu *|d? . rou St 

■Sdu tyoJ-'Tnj S^dSaj ras p. * rffifftt r q t p p £ 1 r ci 7 t ?| i: 

fid^Atij Sdo Or'wtdSaf^ Ati^ftjircTtu m£Aiy gfdj h wal 

rtPUTO Si* dAou aup^forrai, 

10+ £0 + SO + * - ■ 100 - W> i W + T t * SO + SO + 10 = 10* 
100 - SflO + 3004 , ,* 10004 two 4 800 4 ..+ 300+300 + LOO 
= 10 * 

and M3 «L It wju in virtue of thl^ jvLa tinn- thnt the Pytliii- 
mir^l spoke of 10 lift the trtllf c/ Al iitfond! cm*rje (Scirrrpg- 
£gv^#n| ptafc), 100 05 Hit uihJ t>/ iA* lAj>d nttfi! 
mMntH and to un. 

* 1 ’lw tmill of propo^itiuii Ift proved ffrJirrJillv 

by Lorlii {L* Ki#hia ftattr af?r un tira Gr*c i<f* li41-S4J) 

in the follow Log 1 maxuicr- 

L^et N = n,+ lOn^ + 10*1,4 * - f 
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was called the unit of the third course and 1000 the 
unit of the fourtli course. Now 4, 5 S (3 make the 
number 15, Reducing the IQ to a unit, and adding 
ii to the 5 we get 6, Again, 7 t ft y when added 
together make the number 24, In which I reduce the 
20 to two add Lhcm to the i and so again 

hare ft Once more* adding 10,11, 1ft I make 3ft in 
which the 30 yields 3, and adding this to the 3 units 
1 like wise have 0, with a similar result in all eases* 
The first 6 dues wt suffer a change of the 10 into a 
numnd, being ti kind of ima ge and element of those 
that succeed it- The second has a change of one 
monad, the tliird of two, the fourth qf three, the fifth 
of four and su qti in order. The number of 10 s that 
have to be changed is also the number of 9 s that 
have to be taken away from the whole sum fn order 
that the result may likewise he ft In the case of 15, 
where there is one 10 to be changed h if I take away 
one 9 the remainder will he ft In the ease of 
where there are two IQs to be changed, if I take 
away two 9 s the remainder w ill ngoin he ft and 
this will happen in all coses. 41 

bfc a number written in the decimal system, Let S(N) be 
the sum of its digits-, S'^N + ) the Sinn of the digib of SjNj. and 
w on. 

Now N - 5{N| =&(«! + IIn 4 + Ilia** * * ,) 
whence N = S(N} [mod . &). 

Similarly S( N) ^ S a 'N( mud. 9) 
ami so on. 

Let ^'(N)=S*N(niod.^ 

be the la-st pi^ihte relalkm of this kind j 5'* ! N will be a 
number N'^9* 

i\ dding all the congruences we get 

N^N 11 (mod. 9), where 
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(f) ] R RATION ALITV &i' Till: SQUARE RusjT OV 2 

ArhUA. AnaL / J r. L * *3. 41 a 5^27 
ritivT** yap ol &A tqu o&ltotpU 7rapamjpr« to 

fiiv ififQ&os or 1 AA oy {foprai, to S' 

LnTU&ttriLH £ 0 *lKYVQV<m r r ora V &$W'Qt 6 v Tl (JltytjSaUTJ 
Tfjs aj -'TwfuittitiS Tcdtt<H}S t 0*01* uTt dQVfifitTpQS t) 
BA tq yawftw rd Ttpirra iaa 
dpTibij oir^t^trpou t tStimfs. tq jijeu oJi r rcra yf- 

L'trji^ut tq TT^iTTa Tots dprtot? m/AAoytfrroi* to 3* 
dauVfteTpvv ilvai ri}v Strip* ^-por uttodtatoiT £ti- 
nfWtf, fVei ^freiSos avppatuti Sii ttjj- 1 dvri^aw^ 

(g) Tut Theory or Proportion \ s u Means 
(L) Arithmetic, Geoiratfit and Harmonic Means 
JanibL in jViWu ArMk. Intrude cd. Piltdtf 100 . 

M™ St to TraAatdu rp^T^ ^oru- 1 p^odnyr^ ed 
1 1 o^aydpon teal nAv Kmr aifrdi* pajfhQfmrtKtIii\ tiptO- 

Siiw, if N H ihr ■Htm nf (liri-i- iim^oulive miHiber* of which 
Ihi- proib>t [-, divisible by X w<* call write 

N=(3p*l)4 i^+*>t (Sjs-r 3^ 
tinJ the nbove mngnjeiice becomes 

O/Ji-6 0) 

so that N'*iG(iiiocL Ob with the eaudLtlDn S'±$ r Bui the 
only number which Is divLiible hy £ Lb iL* : Jf r 
Tiii^fflrf N v kO. 

" ^ is generally bdkmJ that the Pythagoreans were 
ftta-mre or the irraltonutity of v - (Theodomi, fftr cxKingifc, 

*Hvn p roving the LrrnMonnfcjly of numbers began withy':*'. 

ami that ArLstotle lut> indicated tha- method hy which thi-y 
pwed Lh The proofs interpolated in the teat of EiicEkJ rts 
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(f) iRRATlftNAl.m DK THE SQUARE HoOT OV* % 
ArbMlc, F’rfor Anaf»fti*M L 1'X II n 3ti-37 

For alI who argue prr tmpatribile Infer by sjilogki*! 
n fake conclusion, and prove ilie original conclusion 
hypothetically when something impossible follow* 
from it contradictory Assumption, as, for example, 
thut the cliugnun] [of a square] is. incommemur^bSc 
J"w r i[Js the side] because m\d numbers are equal to 
even if it is assumed to be eoitimciuuntc. Tt h 
Inferred by fiyUogi^m that odd number* are equal to 
even, and proved hypothetically that the diagonal is 
incNimnieiisumNj* since a fa lie conclusion follows From 
tile contradictory assumption.* 1 

(g) The Theory Q¥ PnorunTiox am* Means 

(h) Arithmetic, G*om&ic arid Ifarmoidc Maafti 

Iambi kihus* On yframarhiu'M IntrwiuHitm fa Anthmtiir, 
«L Pktelll I GO. ID-25 

Jn ancient days in the time of Pyihagoras one! the 
mathrmaticiniLs of hb school there were only three 

x, 117 (Eud. + cd. IMfon^Mc&gc idL 40&-LEQ)* [b rouprhly fw 
ful fours, Siijipcw AC* I he dtrumnni ^i f n M|iiniv + to be cam* 
niciiiiinible with it- stdr Yli, nud let tia-Lr ratio iri its smaite^t 
lerfiiB lie d : t- 

Now AC* t AH 1 =o*; *■ 

end AC 1 -SAB** **=*&*, 

Hence u\ and therefore a* U even. 

Since fl t b b in it?, lowHit terms it follows ihnt t k odd. 

Let ei = ?c. Then 4 c 1 . ?A a , or so that b\ and 

til* rr“fore It is CTtQ. 

but fi wms -tioViii to ite arid„ jusij i.i then-fore odd niad even, 

whii-h in tiiipoj^iiblr. Therefore AC cannot bf comn letlsttr- 

obte with AW, 
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*X tl rp v Tftirov fitpit. yivemi §i tv Tdiuya ra 
(ivaAoyi'u to TtZv fj.<i^ovu>v optuv St dtmffttx fittf/jv, 
to & rtZv psiortav fitiav" 


(ii-) &WW Other Men rut 

Xu-Min. AritK Intrv*i m Lf. jftj. 3*11, cd> Hodic 141. *-| tl. IEP 
I trapTTj fitv 7j »ol UTrtrarT^a iVfyo^^T.^ Sli TO 

uvTiK€ia§ai Kal Avnwtit&vBivai ttJ tippopiio'} imip- 
X u m &mv £v Tpialv upot? tus o peytcTOff ?rpa$ tom 

Otl^UJTWj OOTOJf ?J TMV eAcittOM ffo Sltl^cpd TTpA? 
TtJm TWP" fi^J^Oi-OJl * 1 frfbl' 

y> «* ^ 


* A i.n, tjte ImrirkOEkiif niun between <3 iChI e if 
fl— 4 ft- e 

n _ C 1 * * * 

L 1 _ 1 J 

a' 

I I 1 

form ari arilhm rLiceil pro^ra*. itm + reie! .\rvhvtoii foca on to 
assist that 


1 it a ftppn how itir Prtha^orouw would Kavo 

observed the th™ ni etuis in their muMcitj *i tidier (s^r \. E+ 
Taylor* ^ f vmtn<nl**ru v* Tinum™, p. ys) r 7 \wy 

iM3_uld Ur* h*vc noticed that when they took ihm vibrating 

frtnn^, Of'Which thvlirt gave out n note an octave below the 
J"™*™* Lh & second pwmit a note an octave below the 

■ hint 1 Ihc Vnarfcti*. of the string* woukl be proporfrtetinE tu 
■i, -, I. Mere the Sci-rnn.im i. m each v^e ah ortavr. The 
1 ytliaj/crtJtna would then have noticed tlmt Efthcv took I hive 
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third by the some part of tlie thirds In this pro¬ 
portion the interval between the greater terms is 
the greater! that between the lesser terms is the 
lesser/ 1 * 


(iL) &t£0 Other Neiins 


Nloomaehu?, /ritroduefitfn fo Arithm*tie it. Sfl, 31J, 
ed. Iloche l it, MH. is 

The fourth mean, which is also called subcon I rary 
by reason of its beingr reciprocal and antithetical to 
I lie harmonic, comes about when of three terms the 
greatest bear* (he same ratio to the least as the 
difference of the lesser terms bears to the difference 
of the greater/ as in the case of 

3 P 5, 0, 


strings sounding a given note, iU mnjor fourth and its upper 

OCtnvei thi? lengths uf the >Irir>tr- would be pnijHii-tLihiiai to 
12 , ^ ^ which nrc in hnrujunif pnjgrtASidm f imilJy they 
V. uij]d have uIj^ithI that if they took three Jilrln^ -oLmdln^ 
a note* its major fifth and its upper octave, llic tongth* of the 
brings Hould tie propuiiiuimJ tu J_% y, (I, it-hJeh ere term* in 
nrillimrfckaa jih^n.^iun. But tK m fket that Hit: means are 
e^msistcntly civen in the andrr aiitbmi-tic, geometric* har- 
moitic, and th-aE tb* name M harmcmiu " p was *u|j*llluted by 
Arvhytiu for the older Finnic 11 nilieontrary ,+ 1 hut 

Ibrse means had ol ready been urtthmetlcfiLly denned before 
Ihn y were s-rn to Im «^mpti(]iiJ in the fundaEne'jita] intervals 
of the octave. 

1 A will he Lhc MjkHTnntrnrv mean 1o tf, d, if 


^ _ ft- a 


a e- 6' 

fti thii and the succeeding cxmnplcj, ful towing the practice 
of Nkomachns it is n^uirnsd that u, £ + c an- Ln ascend log 
order of niiignltudc. 
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eV yap SnrXtimw rd mtyMpL0ivra opdrat^ far spot* * 
Se^ ira# 1 a ^vtirruirrat Tjj fapCMJqj* run* yap avraiv 
dkputv dufartpais iWap^rfprteii* teal tv EnrXamtp yw 
Xoytp, €!■ ph> ri} irpo ^ rwv ptcforan* 

UTTZpOfiTl 77pQ$ T7}V TWV f'AaTTcW TOV O.VT&V CfJOf^C 
Aoyoi^ tV Ttlu-rfl St air&iraAlV >J rwv tXaTTOl'w L F 77po? 

T* 2 v jUftforan 1 - tAtav St rtiorTji- iu~rioy itctlvOj to 
IkTiAd&uov atoTeAiLijtftti to V770 roil ;i£i{oror wai 
ptWv Trpdy to utto too (tit'ooo wi fAa^toTOLr, too 
yap twriKltf y BijrAdmov to tftua? i* 

Al Sf SJo ^tffdnjTff vfa 7 m) «:ai fficnj irapi ttow 

yfduptrpi«r7|i- H eVAaon^Tjcrar dp^JrcpcUj Sfcu^Fpoum S‘ 

aAAl3*l>#* OOTOJJ- ^ /xil> TrfaTTTT} fOTiVj Ora*' ffV 

Tpum* oppi? tip <J jxfaa? 7Tprj s ' rdv tk&)A£rrw otrtuj 
aal tJ aimar Tedraiv Etafapa ^rpos rfa too fityurrav 
iTpOf Tgi r pi<FOY r otov 

fiy s. <' 

BirrXdaiag ydp 6 |iiv S too peaoy opo? tqu 
[{oral?, a St j 5 toQ tl r iXa-^itmav Eiafapd rrpo^ 
Biafapdv ptyifjTwv- 6 & fiirtVaVri qv aj/nji- rij 

* An elaborate deification of ratios b given by ftkcmrti 

hitftiri. L I i-^UL They arr given in a CQJnTs£kttt form 
fur reference by Heath, If JJ M. u 101-104. with the Latin 
™nw* by HoelliitiS In lib /fl^Vv^-iNri ^friVAuMfiOiu 
whfcdi Is virtually a (iiSf^Jfltilin of NlComiuchtttV wprk, 

* iL#., in tin* hkrEtiuhic mean 

- a 

rtiitfi in the Hubewntrary rnriin 

e A - -j 
u c- iV’ 

■ This property happens to be true of the particular 
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for the ratios formed are both seen to be the doubled 
It is clear in what way this mean is contrary to the 
harmonic ; for whereas they both have the -:mic it 
tremcstwtimiliiig in the double ratio, in the ease of the 
former mean this was also the rat to of the difference 
of the greater terms towards that of the leaser, w hile 
in the ease of the present tile an it i^ the ratio of the 
difference of the Jesaer terms to (hut of the greater A 
This property peculiar to the present mean deserves 
to be known, that the product of the greater arid 
middle terms, Is double the product of the middle 
and least terms, for si\ times five is double five times 
three. c 

The nest two means* the fifth and sixth, were 
both fashioned after the geometric, and differ from 
each other in this way. Use fifrh exists when of 
three terms the middle hears ta the least the same 
ratio as their difference bears to the difference be¬ 
tween the greatest and the middle terms/ as in the 
case of 

£p 4 1 5 ; 

for 4 is double S, that Ls 9 the middle term U double 
the lensl H and U double 1* that is, the difference of 
the least terms is double the difference of the greatest* 

miLnbcO Xlcomad^ux hui chosen* but Es not ill general true 
of the ^ubDontr&ry mean. What b universally true h> that if 


then a bt ^ab x-^bc r 

a 

* Lf„ b is the fifth mean of u, e, if 

b fr-a 
~ ^ ' r_ * 

a fl-6 
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yt<ufi€YpiX§ tfD4£t, cK€tvi I on cm pA- ArfuTjj 

OJ5T O ^CCW TTpOJ TOP eAclttOMj Otmutf lj Tt>U pW" 
TpOi" TGI' jH£CTOV VITtfpO^ Trpoj T7JP Toy ^€<FOU= 

tqv iXaTTOva^ eVt 31 radn^ vvawaXtv ^ tqv 

iMT70l*Q$ Ttpas TTjP TQV /i£[£orQ£- t&oi* 5* QfMdf 

k<u -mur^s cart to StnAcuFim* yu-cer^ai to vttq 
tov jU^y/orpy rtai p.taau tqv vttq tqv U*yimk} 
teal thfixtarov, TO yap wevTOKts S SnrXdmai' tv 9 

TTCFTOJCtS p. 

n Si £KT7} yivtraii orav eV rpin'ii 5pot^ tJ <£* *J 
pdyforo? ‘tfw peW*, ovrwf j} rot? pcWu 
top iXiix iOTOV &ft*paX7t n P&S T^ir t&ij peyiffroy 
TTOpa TOl F pdcraF, ofov 

a. $, f, 

rv yiw&Jttp ydp fWrep&i Ady^r rourutb; S' atVta 

Tat/rp^ rfe TTpas Tfjp yfu^itTpiK-r^r frm-ui'TMmjT-cf, 
awOTj^ct yap KQ^Tav&a jJ rah* Anywr 
*v? £7Ft TTjr IT^pimjy. 

Xai at' po> ?rapa rui£ trpwjfleF #pyAAoL^ci/at ef 
fKOWTjrcs atO£ ftert, Tpets /iiv aZ irpa/TDTvmn pdyp* 

* tJ., If & In tht- jttiifl let ric Ent'iin betvwii c| fljul r p 
A_s e- A 
o^& = A-a + 

while If A in the fifth nn-im briweai □ nail * 

A n A-rt 
# d fl-fr* 

T he property which Nioonwchu-i note* :ibaut this me*ti needs 
g>'Ebhrn(LEin;r ** Ln the case of hl\ fllitulir retnark about the 
fourth menu, if 

A i-ff 
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Wtiat makes it 'itihooiitruf i" to the geometric mean is 
fids property , that in lhr ease of the geometric mean 
the middle term bean, to the lesser the same ratio as 
rhe excess of the greater term titer the middle lirara 
to tlNit of the middle term over the lesser, while in 
the cilhc of this mean a contrary relation holds > It 
is a peculiar property of thi^ mean that the product 
of the greatest and middle terms is double the pro¬ 
duct of the greatest and least i For five times four la 
double of five times iwu* 

The sixth mean comes about when of three terms 
the greatest bears th&samc ratio to the middle term 
as the excess of the middle term over the least hears 
to the excess of the greatest term over the middled 
as in the case of 

Ip 4, 6, 

for in each case the ratio is the Hcsquialtcr (3: £), 
Nn doubt, it is Called snbcontrmy to the geometric 
mean because the ratios are re versed + as in the eaxc 
of the fifth mean.' 

These are then what are commonly called the six 
means, three prototypes which came down to Pluto 

* Lt* m b ts the sixth moan between <i and b if 

e 

b 

r r |( f., If is the geometric rnenn lictwccn a Bind «r, 
r e- 6 

while if 6 to the sixth mean between « and c + 

<r b-u 
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'Aptfrror/Aoi-s «tu MAu-riuiD? avm*)tv i-ni Tlufta- 
yopov Bia/ica-mmi, rpcts S' irepm bteUmi? fcrevmr- 
Tint to i? fie?' i/cf{yaw vtrofi^fiaToypd^atf re *ni 
nipmtmus ev Xpyafi ytvofuvai’ rtaoapas $c ?u>as 
rVcpos fitTaKtraijiTtz row? tal'-twv vpous re *«* 
Sia^opi? ijrdfatpdv rires oi itdnt qi^avrajjqp/jing 
TiHf 7tav TTaXw'ir enryypdjift affnv dAA T <3$ Trcpj- 
fpyircpw AcAcTTToAoyijpeiaj, 5 f gfuas upij to ^ 
Scweii 1 ilyyaetv t~i rpoydOTfW TfjSt tttj. 

I Jpimj filr yip airirt', Of o,> Tg ttcuf&j' 

m iTa'Ifi (WIF, araif $ (is o ptyiaTbjr jtpos rip 

cXd X t(jTor, ooTij,- jfd jj Tiii- ai>r<ov Sm^opi 
rijc TtoJ* eAoTToVatv, olw 

?» 


y^p d Adyos &fttr/pou (rvyirpiVct oupirat, 

’QySoq Si fieiTOTifti ijnr rod™- Scorcpa eon', 
y^Tfu, fm»p ti s <J pdytaros wpos toi dAd^wm»> J 
oI'twt tj &a£opi tw dirpwfj vpos rijv ria- paldrzvi' 
Sia^opair. ploif 

r, £ * 

*f(ii aimj yip ^proAt'au? ^ei roils iSio Adyouj, 

If Sc d'dlnj ftiv ev rfj run- wtuj&t' auiTd£ti t 

rplrrj Si cv Tv> T«I- tfavpTjfitvtur apiftfup VTTapyei, 
orm- Tptw I* opttit- oitojiv, Sv AtSyoi s'^cj d f Uemt rrpds 


" )4<nbthhu» ,nv« f,> -Vtctw^ „i. HstelJi |0|. l«S) thu 
Hit- -j !i >ijl of Kudfrauj, iJiMXHvml Ihtic nimiiK, but in other 

* h * ^ lB *"* 
I2U 
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and Arts tot l* From Pythagoras, and three others sub- 
contrary to these which came into use with later 
writers and partisans. 11 By playing About with the 
terms and their differences certain men discovered 
fmir other means which da net find n place in the 
writing of the ancients* but which must ficvertbc- 
l'»5 h.- treated briefly In some fashion, although they 
are 8Uprrffnous refinements, in order not to appear 
ignorant. 

The hr*t of tliese, or ilie seventh in the complete 
list, exists when the greatest term bears the same 
relation to the least as their difference bears to the 
difference of the lesser terms^ ns in the ease of 

6 * 8+ 9 f 

for the ratio of each is seen by compounding the 
te rms to be the scsquialter. 

The eighth mean, or the second of these p corned 
about when the greatest term bears to the least the 
same ratio ns the difference of the extremes bear- to 
the difference of the greater terms,® m in the case of 

7, 9 - t 

for here the two ratios arc the sesquialtcr. 

The ninth mean in the complete scries* and the 
third Jit the number of those more recently discovered, 
comes about when there are three terms and the 

1 Mu A is the seventh mean httw«n a and v if 
c c-rt 
d S-u" 

f im$m r it is die eighth mean between u and e if 
t _t- & 

HJ _ C- (f 
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Tor £Xd](ltJTQV, TQVTQV ical TJ Tyr fltfpojF UJTf/Wjflj 
wpos 1 TTfi- T& v fAaj^EHcrrujt" cyn* * tuff 

S f r, 4 . 

P H Sc cm rracrtiif S**emji p*F auM ijjSSfjjF, Tcrapriij 
Sc «V rf} rmv rGWTtput&p £k&€U€i opdrat, oral* it* 

T pin Li' opQiK jJ trV 6 lieua? Tf^S Tnc cAa^tffTW, 

oth-tuf Kai ^ Sta^opa t<Ef atepwv irpos r^n Sia^GpaF 
tiSf ptL^avtui', Q hv 

f* ** T 


rViSipcp^tf yap a cf cKarfpn <ru£iryfa AoyO£, 

*Etrl Kf^aAatiou toIvuv 01 tujf ScVa rivrxApyujJv 
opot. iKKfLcrQw-Gar v4>* If irctpaSfiyjia TTjio* to 
€ fiavvoirro y t 


wpwTijs a, 3, y, 

Setmfpa? a M 8, 

rpirj}^ f M l r # 

-r^rapT^s y, l p r p 

rn^imgs p, S, c, 

a, S, r, 


* +'.* r , A h th-r ninth mrnti between n and e If 

t c-*m 

1 Ld.» fr ii the tenth meani between a and <f if 
b _ e- n 
f t v-h* 

* Pappus (111. IS*eri. Hultsch M. i-t-tol \ v\ fives a similar 
M« hut in a different order After Ihr idsth mean. Nw. rf* 
ft, 10 In NiramndiUfiV U^t are respectively No* w 9. 10. 7 
in that nf pappus* Morrow Pappus omits *Jn r 7 in the 
lift nf Nicnmarhiif him| fives m So* ft nn additional mean 

equivalent tp Ihr formula *, The two lists thus five 

five means additional to the first 

!£2 
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middle bears to the least the same ratio as the differ¬ 
ence between the extremes bears to the dttFereiKm 
between the least terms,® as 

h 6, 7. 

Fin fitly, the tenth in the complete sertei^ and the 
fourth in the list set out by the modems* Eg seen when 
in three terms the middle term hears to the least the 
same ratio as the difference between the extremes 
bears to the difference of the greater terms , fr as in 
the cue of 

3 t 5, B; 

fur the ratio in each couple h the superbipartient 
(5 :3) + 

To Bum up P then, let the terms of the ten propor¬ 
tions be set out in one figure as to be taken in at 
a glance/ 


First 1 1 

Second | * 

Hurd 3* 

Fourth 3 P 

Fifth 

Sixth 1, 

m 


$ 

4 

4* a 

5* Q 

4. 5 

4 P li 


ff < b <c 
a h c 


; arithmetic 


ft - a 

r - i a 4 3 €' 
fi — n & ft 

i geometric 

£dr^; ^raianic 

** “ ^ £; subcootnuy 

e - i ~d to harmonic 

6 - cr ^ 

subeontrnry 
1 to 
geometric 


r - b 
h~a 
c-~6 
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f/SSojUTjs f, ij, B, 

dySdijj r, f, tf, 

ivd-njf S, r, f, 

fwtfdnj* y, 4, 


(itt.) Pap/jjur'j Equatfant beiirtei i 
I*app* t 1 ^/, Ui, ia + 48, «L I i ul L-di 6ft, £-LS 

Tptij ai^oAoyc^ /crr^ai' Spot of A> B, f teal 
mjvOjixfxsr£p<p f±iv t& A* F |££ri £ rujt« B ictos 
tKirccaflaa o _i r &! ra» B* F a E, 

rw Se T o ^ in rat oi A, E, Z apoi riya- 

hoyov f.laiv* 

yap to s* a A irpn? rov B, ovtajf £ B n-poy 
rov r # terra* *ai ow9?m t»? aura^cTtpo? o A fc B 
TT/WF Toy Bj, $£r*cisr crwu/J^repa? o Bj F wp&s tAv 

F xal Marts' apa oi tJ^ol^vch npar Trett-Td? tbJ? 
im,tpivovs- tlalv tv Aoyaj ea? orfva/i^drtpos 1 

(J A. B (Ntni fj^yajLic^rcpou tou B, F n pdr ffui-a/i^a- 
Ttjy B> F p oyrai^r cnivapioTtpos i B, T irpo? 
tov r. kc tl font- wya^^HTrepai juiv raj A J B ptru 

awo^^m/wu T&t; B, F Effo^ J A p rejutr Se 
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Seventh 

«. s, 

9 

c- a c 

b-a « 

Eighth 

«. i. 

9 

C - a c 

C - 6 « 

N’inth 

+■ Or 

7 

1 e - a b 

Tenth 

3* B t 

a 

e-a b . 

- , =* urc-d + 6 

C — o o 

(i»i 

i.) Pappus's Equations bet treen Means 


Pappus, Coiltfii&n liL IS, 48 +ed. Hultecfi S-lS 


Let A t B f I” he three terms in [geometric] propor¬ 
tion tt and let A = A + V + SB N K = B + V t £ = V ; t say 
that A, E p Ji Are terms in [geometric] proportion. 

For since A : B - B : F T it follows that A + B : B 
■J) + r : r ; and therefore all the antecedents bear 
to all the consequents * the same ratio* m that 
A + It + l.i 4 V : U i- F = ii *+ r : V. Sow A-A+B + 

* According to Theon {ed. Hiller 10 & 1 ^- 20 )+ Adratm 
said the geometric mean w» cnl|t*d hl both proportion par 
«e<Wfrtuv nod primary*" though the other means were nlw 
CfihiinfPnJy caiJid proportion hr H-ociic writers ftni^uw ^ 

(5 piar njv yftiqunpufj* MipiW AiT^iT^ai Jtfli ci rainyia* 

TrptJnjr , , . •ioiwrtpot Sr xai rif uAtas 

V iwhmr tfaArsffPtu aratayuEf), 

* T bt: repressions + - antecedents’’ llteroHy ,+ leading 
( terms), ami 14 consequents,™ or 4+ following Jtcrnrsb 11 ore 
those used In Euclid 7, Def. 1 1 It t#g+ 
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Tip B, F tcroff o E, a:q1 to" j F <3 Z* ™i oi X E M Z 

dpa ai'iaAoy Jc imy. 


IiL £3. AT. cd. Kulbidi 109 



ABF 

Ol fllf 

TjXt? 

VAis^LitTw fyuJpDf 

df^pjnrf 

$ i * 

* ? i 
a & 

s* l j} 


* $ 4 

4 d 

A 

S 0 a 

O/J'.LMH'Hflj 

^ f » 

£ « 

A £E 

r f t 

VffO^iKTiii 

g f 4 • 

£ /f * 

a d 

? i $ 


■ K llibi Ih one- of a juries of pztipttiUnns jtfLvirft by Pup pun tn 
thr l^lbwlrkK cficch If A. E„ Pure tlirr?' u-rtti* i'n gmmrfcrfe 
proportion. Ji Is pjKfc- -ihJi: Ur form fron] ihi rn thrw other terms 
X E b K, tH-inp lnu-nr function* of A. LL* L\ which tftt&fv the 
different proportions In this A, I!, E jiw also inpiet^ 
rr^lric proportion* Imt tn the other examples X K. Z are 
“4* to satisfy the harmonir, the lubcontrory. und the fifth, 
tilth, eighth, ninth and fcpth mean* of Fn pirns 1 * list. The 
problems bit. of rtrarce. problem* in Indeterminate amth-sb 
of Use wtotul decree, T'a ppUH does not include jhjIu tion/for 
the arlthlilrtk and Seventh proportion** Twiner y {ATJmmr** 
tnenhrryut$ 3,,pp. 0T-#hJ suggests IMS thermion that in lhta« 
the equation* of the proportkfru, A+Z=Sfi and. 
A - E + Z, are tlrtttdy lintur. there L± no need to assume Usai 
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H + l\ E=B+T and Z=V; and therefore A t B* Z 
are in [geometric] proportion.® 


ibid. 3 ii . AS. 57* cdr HuJtech ioi 


Menns 

Silulian in terms of 

a, b. r 

Thr Hirer IrcLst 
numbers cxbiNtinp 
Llir niaioi 

Arithmetic 

A = JA+3B+ T 

R= A+SB + r 
B+ r 

«* 4. 2 

GcorrietrLe 

j! = A4SH+ r 

E= B+ F 

Z= F 

4| £ h l 

Harmonic 

A=3A + 3B+ F 

E= 20 4 r 

Z= B+ r 

6. S. i 

Suhoinimry 

A=-2A + dU+ F 
E=2A4 2D+ r 

Z = Lt + F 

G. 3 


Ar — B fc > and copsfppntly ihrfr is one Lmletnnninfstir too 
Hinny. Hut the compldp results are shown in the tiihh- 
reproduced nn th E -se pages tnm Pappus [td. Hullsdi* p. 
IU3. with e\ pliinatjun + pp 4 JW-JKHh Tin- first Column f in Ihr 
iiterk table jrives ilti- means which A, E, £ art to satisfy. 
The second column gives Ihe nuujt>rr of tLns A* B, r have 
to Ih^ Inkctl ti> fonri A, E, Z rrft|>rctive]j\ In the of She 
geometric progression Already cfinshlJrcd, Life table vhows 
that tn form A wo have to tnkr A once, 0 twice and. F nt>re ; 
in fonn H wi! have to take B one* and P once ; and to foctn 
Z inf lake V once. The third column give* the least Intend 
tallies of A, K, Z satisfying the respective proportions (§^ p 
tilt Tdm-s of At E, Z w Mipyo^lnp A, B> F lo be each unity): In 
she case Of tile geometric proportion the valuta are l F 3 m I. 

J£7 
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Mniinpr 

a o r 

U± re -r'cij 
JJ4CT^rr^rtt5 Tperf 

fAaj^w™ djjtfyu&t 


f a 

A ft d 

A d 

# S | 

F* 

* i 1 
i 0 S 

4 ft d 


r 

add 
a d 
d 

? 3 i 

j - 

f* t a 

did 
| a 

i " i ? 

r 

fi jl d 
Add 
d 1 

a f * 

t p 

dad 
d d 
d 

7 £ * 


(Lv j PIftin Air A/rtm# hi'timn itto Squarrs or irro Cnhes 

PUL TiPt, 3] « 

AJo St iA&Pf# K-riAtliy try^«<7Tacrff(U TpttOU )(Wpi£ ov 
Smmw* Scupov yap iv peaty Bet riv* d fuftiiLV 
uwaywy&v ylyv€0$(U, * . - tt p£v auv lifincBov 
fM &os Be jLtTjS^ eBet ytyvroftu ™ tcju 
micros crtLfLa, pi* p*a&rl}s av ifrjpKu r* te ptO' 
12B 
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Cleans 

SulutJon in h-min of 

a* b. r 

The tlijrr leasi 
number* exhibiting 
Ihe llll'ftliap 

Fifth 

i= A+3B+ r 
8 = A+ 2 B + r 

z = b+ r 

fl, +. 2 

Sixth 

A = A + 3D+iF 

e= A + iB-h r 
z = a + ft- r 

e + 4 , i 

S^ynilh 

a = a + ii+ r 
e^ b+ r 

z ~ r 

3, 0. 1 

Klgtith 

a . 2A+;tn+ r 
e- a + “k+ r 
z- AB+ r 

«* 4. 3 

, Ninth 

A = A -i-^B + r 
E= At Lt+ r 

e- ft+ r 

4. ^ ^ 

Ten* 

A = At B + r 

e= b+ r 

Z = F 

S, 2, 1 


X.IJ .—For Mir differences betvivn this list uf menns ami 
tluil given by Nicomachus, sec p. 1J2 n. r. 


(iv. ) Plato on Mean* behretn two Sqnmrs or irro Cubes 
Plato, TmaPNi LSI h ^ u 

But it is not possible thjit two things alone be 
joined without A tliird; fbr in between there must 
nerds bt: some bond joining the two. . . ( Now if the 
ljody of the All had had to come into being m a 
plane surface, having i to depth, on* mean would have 
*ol. i k isg 
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uifTTfS cn3A^£il r tint e6c4iT7jVj ruv St errepcactS^ yap 
aurov wpoafjKtv tiiat* * ra Sc <mp*i pic fiiv oS- 
Sun Sc del pftTorijTfs tn/j.'tippompy^ii'i 


(t.) A Thtortw qfArcfyitts 

Archyta* ap. Boetb. D* Inti. Mum, liL 11. 

Friedleio 

Demonat ratio Artrhytat sruperpartipuJartm inaeqiui 
divjrLl nun [ hussh 

Saperparticulnris proportlo scindi in ocqtia media 
proportiorwUltcr interp^ito urnm-m non patent. Id 
vuro posterin'* firmiler dcmoiudrabKtttr. Qujahi 
enim demons tmtScmrni point Arehytas, niiuluni tJuxa 
est. Haec vem rut hidusmodJ. Sit, inquit r super- 
piLTtlculiiris proportlo sumo in radtm propor¬ 

tions mini mots -C-DE\ Qu ordain igUnr snnt mi nimi 
in -radem proportions -C-DE* rt sunt supsrpartjcii- 
lares p -DE* numcrus *C+ numermn parte [inn sua 
eiusquS tniiLsauidit, Sit foacc -IK Dice, quoniuju 
¥ U P non erit nuiueriis, fid unit*.^ Si cairn ost rui- 

- tn other wordm one mean is suffideot to cuunedt in 
continuous proportion Hm> *i|unre number-. hut 1 we* m 
required to cunnrct cuhe number*. Rato's reuuirk* are 
fffi u iv idmt to saying that 

n 1 : ctfr - ait i 

afttl u J ■ = £l 3 ^ ; flft* ; h 9 m 

* The ntperpurtirMiuri* mtio {Cm^pifx JW*n r ) Ls the 
ratio ill which une number cacrtuins the tuber and an jiJiqmnt 

part of it* Li^ is the ratio 

b 

# That b F a jnuniefrk mtaii, ArchyW* proof as pre~ 
«™d by Iket&tiiis U substantially identical with that givm 
by Eudkl in Uh Stciw CanojiM, prop* S (AWlR ed. Mr.tn qr- 
190 
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sullired to bind together both itself and its fp]lnw- 
tenn *; but now it is otherwise — for it be hoved it to 
be solid In shape, mid what brings solids into harmony 
is never one mean, but always two. 1 


(v*) A Tht'ftTf.m rtj' Archyfaw 

Arehytas da quoted by IkeEhlui, Dm J/Wic iit. 11 + 
Krirdlvin 

ArchytasY proof that a superpartlculat ratio can- 
aunt Lie divided ifitu equal parts. 

A siiptirpurticular ratio b cannot be divided into 
equal parts by a mean pmiportioiial r placed between. 
That will Inter be mcarcr conclusively proved. For 
t he proof which Arehvtns givey fo very loose. It Is 
lifter this manner. Let there be, he says T a auper- 
pftrtfcular ratio A : BA I take €* D+fc the least 
numbers in the same ratio.* Therefore,, slnee C, 
D + E. are the li'asl numb rs in the earner ratio and 
are .4uperparticulars, the number 1X4* E exceeds the 
number C by on aliquot part of itself and of t. 
Let the excess he D/ f say that B is not a number 
but a unit. For. if D is a number and an aliquot 

Nh-ngp vftl. 7-Sci|. It is sub-c£|u«itJy used by Euclid 
(prop, Ltd, to show that the JiuisicnJ tone* who*- nmaerb 
euS vcilqc is 0 t B, cannot be divided into two or more pqiiul 
jwrtm 

4 Aruhytnx wrth* the smaller number first tostauJ of 
axofld, rJ Euclid d««i- 

# T ii Archyta*’* proof U ■+ E lh reprinted by t>E . Fueliil+ 
following Ills usual practice, tnkm a straight line divided 
late Iwci parts. To iind (\ D + A\ | uviiippasrA EtKJJd vlL 

f E is support'd equal lo O* 

IS! 
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nicruA D et par* tsl eius, qui />£> inciitur -i> 
numeric -DE m nDmifrum; quoofrc* et *£■ numcrum 
iiu ticnir. qun liti ut 'C 1 qgoque medal ur. Utritnique 
Igitur O *:t *DE- numew mftictur -D* numcrci** 
ijuijiJ cst impft&ihile* Qui enim sunt minimi In 
eadem pr&porttone quibuslihct aliis mniicris p hi prinni 
jul jit invieem sunt* ft kmIelui different! nm retinent 
uni tat cm, Unjtas i^itur cst *2X Fg-itur -BE- nu- 
merus *0 numcriun imitate traa-scendit. Quocircn 
mil hi- inddit medium mimerus, qui cam propor tioned 
jipc^iiJilitcT scindat, Qua hl + ut me inter et*. qui eart- 
dem his proportbnqiu tenent, medius po'isil miinc- 
rus ctii1ocari t qui eandem proportionem aequiditer 
seindnt. 

(A) AijUf.d fiaic Equations 

(i.) Side- and Diameter-number* 

Tlieim .SmVL, d. Kilter 10 — Hr IT 

St TpiywFixovs *at T^rpayiaviicous tfflt 

]rtvraywvt>iav5 Nro.i NTHra fi XoLTTa A&you? 

1^0vert oi dpi0piQi t qvtojs tfai htvpttcau$ 

Sm^erptacvs' Xdyavx *vpaip.£V dv Kara tqv$ 
cr^rcp/itiTi^vvs" Aoyouy iyufravL^opev&Vs rm? dptOpoZ^, 
£k yap roi/TWP pittfyilfcTO* rd orjpjpiuru. JjO-mp offp 
jnfvroiv twp ajfflpdraiv Kara toy (ircoraTW kcu 
o m€pfumxiv koyov fiaa^ay ap^i, tSs 

fhapeVpau Kci ttJj TrAecpay Aayoy ev Tjj }iQvd&i 
evplunerai. otov iKTt&tvrm Bvq fufrd$c$ t eur 
phr 0wp.€v e&Cu. SiajutTpcfp 5* irkevpd» § ittn&ij 

d Thb. pmappOKi tiicild vil 

1 Thin L ati inference from Euclid viL JU- Heath [ HM-M. 
1 S& 
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part of D±E f the number D measures the number 
U + A'; therefore it measures the number E t that: 
is* the number D measures C nW + The number D 
therefore measures both C and D + E r which is im~ 
possible. For the least numbers which tire in the 
same ratin as my other numbers whatsoever are 
prime to one another,■ ami the only difference they 
retain is unity. Therefore D is a unit. Therefore 
the number I3 + E exceeds the number C by a unit. 
Hence there is no number which is a mean between 
the two numbers. For this reason no mean can be 
placed between the numbers m the came proportion 
so a 1 ? to divide that proportion equally.* 


fA) Adgeliuk: Filiations 

(I.) Side- and DiametermumbcrM 

Thecn ntf Smyrna, nd # Hiller 43. 10-44. 17 

Even as numbers are invested with power to make 
triangles * squares, pentagons and the other figures* 
so also we find side and diameter c ratios appearing 
in numbers in accordance with the generative prin¬ 
ciples; for it is these which give harmony to the 
figures. Therefore since the unit* according to the 
supreme generative principle, I* the starting-point of 
all the figures, so also in the unit will be found the 
ratio of the diameter to the side. To make this clear, 
let two units bo taken* of which we ^et one to be a 
diameter and the other a side* since the unit* && the 

i, 9fl) considers HiftE this proposition implies the c*LxlenCe t at 
\pmX JL1 early na the (Me vf Ajtthjtii {about 4*Ml-ati5 b.c. ), of 
an Etrm*ntA o/arithmiiir In the form which we call Eildldfiu), 
* Or 11 diagonal." 
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rrdvTW of am 1 apjftfv* SeT &m*afi€t tml 
wmip&# Krii Sidfisrpov. Kai TpwmtfcTat tj} 

fi€¥ irXcvpa Std^tCT/MJ?, Tjj hi SidjU'rpip Bpo ttAfOpu, 

tVciSiJ ouov tJ 77 A« upa Bis Svvaraij vj diOrfitTpos 
airdf, lytvt to mV put tali’ fiht rj 5t nfitTpo?* ^Mr- 
t<ov Be 1} irAevpd* tfai M fitv rrj$ npinrris TrAtppo* 
Tf koI tiuifiiTpov f '77 av to 6.776 ttJ? povdSos 
BltlJliiTpOy TfTj&ay^l^y /IDIVlBl plO. iAciTTUlf Tj SlifAri- 
aton to u otto ttJj pjomr3f>ff rrAewpaj t crpayiitvov «V 

iffOn|Ti yap ai pm'rtflfv' to B' & 7f)u /lo^ jiui'ciBc 

KjAa-Toj- 7 } SfirAucftti-tr. irpov&vbpLtv Btj rij piv 77 A tvpd 
Sta^CTpOVf TOPTCOTI 77 J pcmS* jtiprqStl- com* Tf 
TrAfupq apo. SJo fiovd&tnv ■ tiJ 5 * biap^Tpip rrpoa- 
i)wfi£i' Slid nAevpis* numbm rrj povdSi Bfa pom- 
Bus- ccrrcii ^ B*ap£TpQS fiomSaiv TpuiiV' xal to 
§tiv ano ttjs BnaBo? jrAeypd? TfrpdyGinJOP S p to 
B* dmo -njff rptdSoj 3tap4rpov retpayu mtgv 0 " to ^ 




dpa jUoraSt jfci£oy ^ hvrrXatrvQV too arro rifs jS 
irAtPpoS* 

3 I rIAcI- $ TrXtVpd SldpLtTpOV 

TpcaSa- Iotol 7 } TrAcLrpd ( Tjjf 5* rp+dSi 81 aptTfHp $ 
n\€Uptt£ t TOUT€<TTl Bl? TO, j3‘ fOTat £' *OT«U TO jLttV 
0770 tt^ (tf) TrAeupdp T€Tpdy£PHDM iff, to OTTO TT^y 

l {Sifjt^tTpoy) p8 j poi'tiSt tAaaatH' ij SiirAdmav too 

Ktf Opo TO /iflr rrdAiv av Ttf {f) TrXrvpd TTptXT&fjs 

T 7 )v £ Sidperpot j, fiorat ijff. *r5t r ttJ f &ttptfVpw 

1*4 






PYTHAGOREAN ARITHMETIC 


Ix^jfrmtng of all things must have it in Its capacity 
to be both side and diameter. Now let there be 
uddcd to the side a diameter and to the diameter 
two sides, for as often a* the square on ilu* diameter 
is taken tsnee, so oftrn Is the square cn the side taken 
twice. The diameter will therefore become the 
greater and the side will become the less, Now in 
the case of the first side and diameter the square on 
the unit diameter will hr less by a unit than twice 
the square on the unit side ; for units are equal, 
and I is less by a unit than twice l T Let na mid to 
the side a diameter, that is, to the unit let us odd a 
unit; therefore the [second] side will he two units* 
To the diameter let us now’ add two sides, that is, to 
the unit, let us add two units ; the [second] diameter 
will therefore he three units. Now the square m 
the side of two units will be 4 t while ihe square on 
the diameter of three units will be 9 * and 9 is 
greater by a unit than twice the square on the .side 2, 
A^ain r let us ndd to the side £ the dlamctcrS ; the 
[third] sido wifcl be 5. To the diameter S let us add 
two sides* that is, twice £; the third diameter wit] 
he 7. Now the square from the side 5 will be £5* 
while that from the diameter 7 will be IQ; uml if) fo 
Jess by a unit than twice £5, Again, add to the side 
5 the diameter 7 : the result will be 12; And to ihe 

1S5 


GREEK MATHEMATICS 


nywcrtfijv St? T-rjT £ TfAfUpaFj e<rr«n if- tfdt rot? dTTn 
T^f t/3 Tcrpaycii'oy to a^o Ttj? if ^oraSt irA^W fj 
SirrAdacor, »at ica™ to ffi}■> rijff ir/wd?irftf^£ 
JpmdK ytyi'o^eVijs* tordt to mriAoyor AiflAAaf 1 
ttqtc fiiv povdSt IXarrov, ttot€ St fiovd&i ttXcgv 1} 
SlirAd mav to diro rify SidpcTpou T^rpaytiuPOV too 
dmi t*js jrAeopas" *ai p?jTtu at roia£rai ml ffAeupar 
mi St d}i£?poi. 


Prod, in Flat. Mfmp^ td. Kroll ti. £T- 11-22 
llpofrtffffl Oi riirflayopciot tootoli toigpSc 


■ hi ritpelmnWi] liutfitloFI, it pair of iuU- m rid diametrr- 
flumbvpi. dH. dm are Mich Hint 

<**■-W==fcl. 

and the lav, for the formation. of any pair of sudi numbers 

from the preceding j^lr Is 

d m + J».| 

fl #= a i-i+d*.u 

Hie gtCend proof of the property of the*C numbers b not 
given by Theon (doubt] cm, ab being well known). It can be 
exhibited afgubnucally an fcllowai 

J. 1 - + d-lj 1 

= 3rt*4*~<v,* 



bv similar miMtlijlnff, nnd 50 OH. Sorting with a 3 = 1, df, ±= I 
as the first (mlr of side and diameter number*. Vre have 

1 


jituJ therefore by the above rqimi ion we have 
rV-^**=+ U 

ti t *-2a* = - [ w 


and so m m the positive anil negative sign? alternating. The 
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diameter 7 add twice the side 5 ; the insult will Lie 
I". Ami the square of 17 is greater by a a nit than 
twice the square of IS. Proceeding in this way in 
order, there will hr the aiunti alternating proportion; 
the square on the dinmeter will be now greater by ft 
uniti- now lew by a unlt> Ulan twice the square on 
the side ; and sueli sides and diameter* are botJi 
rational,' 0 

Proclus, Ovmjn**teiry dji Plato 1 9 R^pmUk v cd, Kroli 
iL \ i-?i 

Tile Pythagoreans proposed this elegant theorem 

values of the first few pairs hi the icneai are, as Thetib correctly 
tddimte^ 

(U !),(* 3 M& «.(!», IT). 

the last for csnmplr, lilt equation 

I7 1 -9.13* +1. 

II t* clear that the successive side- and dlamcter-tmmbeTfl 
arerulkmiil ftppmxii nations to I he skies md hypotenuses of 
increasing Isoseeks right-angled trtangfr? (hence the name), 
and therefore that the BucccssiTe pairs gtre closer apprnsinia- 
tidns to v% namely 

ip It f> H* rif, 

and IhU suggests our rea^n why Hie early G reek mat he 
nalldans wrie so Interested In tllrm. 

The writs was dearly known before Pluto's lime, for in i he 
famous fwiisi^r about the gecjmctrkrd number {RtpnbMc 
5 Mi c) lie distinguished between the ralftmaf end the imi- 
tfomil" diameter of five.™ In a squara of 3klc 5 h the diagonal 
nr diameter i* V^* *nd Hus t* the hi irrational din meter of 
five n : thr " rational diumrter " was the Enti-arral approxi¬ 
mation y^50- I —7, which we have seen above to he the third 
diameter number. 

In fact, si net 1 thr publtcallnri of K Full's edit ton of Proclaims 
commentary* the Iwm-f tlmi llir*4? approximations are Pytha¬ 
gorean has been fully cun fir moth as the nral passage will 

thaw. 
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yXa(f]lip&l r T7€pt T&P $tfLfi.£fptaMP Kttl 7*fAt U - 
pu*v t OTL rj fiir &tdp.£Tpos TTpofikaffovaa rf}v irkcvpav* 
ij? ioriV SiapcrpQ^ J ylvtT-ai nAe vpa f tJ dt TrAeopd 
tavrj J mnrrcffccm teal irpoakaflavaa Tip Sia/terpov 
ttjv davr^? ytverui Std^erpa^ rrni ru&TO Set- 
wwui Bta t(Li* iv TiL Sturtpoj Xroijfitwv yptwjLuctjhs 
dn eVc ivov „ ear evdeca t,U7jI?tj St#«, ^■poo r Ao^3^ Se 
iuBtlav, to am r^f dAip odt* TrpoiTJcexpef^ fcal 
to dm ra^njf Terpdyai<iaj SmAaota rou t« 

and rip njp l ut.ta■> Kat too otto vvyKiUfhb^v Af 

i^iUJtea? 1 KCU TTJS npOCrA^^^fiOTJi'. 


(LL) 7 'Ai* '* Bhmm 11 o/‘ T hijifwndtt4 
Vtirihl. OJ xVpVoifj* Aritk, /nfrmh, ruL fistcLIi S£ r IS- «3. 5 
T EiT£d^£^ JH'ai jJ cqSoios- too feh'/ia^xSttoy eV 


* Tills b Eudid it I0> which averts that Sf AF b bbedtd 
*t P 

A_B r A 

and |irmlut i-d to A* then 

Ai*+ AH -3AH* t 2 HA 1 ,, 

If AU=j % FA - y, this pifs 

5 /* 4 f J 1 4 V* = ?«* 4 3(x * y) a 

or |*r + f JP- 9f*+ JtP = *** " ^ 

Therefore* if (j. y | are a pair of satisfy log one of the 

equal ion* 7r«y ^ ± I p 

thro 4 y) + (£jt i y} are another pair of n i ■ mbrra KatSiQrlng 
thn- oWwr equation. 

I'rtvtu-I u mil fjUtitiW the FijetaEivm enuriditiaii, 

for which sn- KutfUi ed. Heibc^Mcsgc I. lfr-20, 

* ThvumrUlfls was apimrchtiy an enrb Pi^ha^trati, Hoi 

13S 
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about the diameter* and sides, that when the dia¬ 
meter receives the *4dc of which it is diameter it 
become u side, while the side, added to itself and 
receiving its iKamrter T becomes a diameter* And 
this is proved graphically in the second book of the 
FJctRenfs hy htoft [*c. EuclidJ. If a straight lirn L hr 
bisected and el straight tine be added to it, the square 
on tlie whole line including the added straight line 
and the square on the latter by itself are together 
double of the square on the half ansi nf the square on 
the .straight line made up of the half and the added 
straight line.* 


(in) Thr ** Bhwm " tif Tkymaridoj * 

lamhEidiiLS, On JifEwiofAuff Introduction fa AirftAmrtte, 
ed, T 'istcl h fi- IHm£S. ? 

The me tin ul of the " bloom p * of Thyinaridas was 

later llinii the iimr cf Plato, who lived at Pnpos. Tfir mi cam 
dWawPima (jffoH’-ffr or Md^ni) driven to hb method, fthowiv Bilal it 
nuj^t have been widely know u in antiquil y 4 though thr terra 
is not Con ri in.,tl to tills particular jmipO^UkQ. It is p^im- 
ably llmmI to give a sen-ne of distinction, much M wr shy 
b ' riowvr of thr- army. 1 ' The Greek 3s tmfortiinnlrly most 
obscure* but the meaning was successfulfy ertrteted by 
Xesse J man jlhV d#r tJrMt*** pp* who 

Lf followed by Gow (Itiit&ry n/ fjtwi p r a?), 

Cantor ( VorU-ranvta I 1 . 15 S- 1 5[>\„ Lori a f Le trUnz* rjuffc 
n*I{ a (ffl/p'ra Grwela^ pp. sOT-SOl>L nnd Heath L 

04-95, [tfrtphiittfii* of J f^,o?pi4Wrt, Jnd nJ pp. IIH16)+ 
r JTie IH bloom ir h ZL rule fur solving n EimultllHfflll equations 

ETinrLL’L-tinji: » unknown qi .iitUvv md stiles in effiett: 

(I) if 

while X + *, y + r, = *** 

thru *—*1+*!- Si 
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tXfy&T} r iLpiapJviin* yap Tj aapterrwr 
jpepicra/ieYtup tip Lap ^<3 1 ' rt *™ mis 1 omiAQacut 1 rot* 
Aoiffotr wa^ 1 iJtaarov ffuiT^fiTos^ to in mfrr&ur 
ti£poim0er aAijflo* eVJ per rpsewr perd r^r npxtfx 
&p(CJ^[ffaif rreoan^ra oAor toj avy#fpi0em 77poa~ 

j'-epei r d(f* qS to Aefrror ko&* tVfacrror tm* Aot- 
TrtSr afcuptSto<Kmt t ini Sc recraapwr to i]u.itni ^a\ 

2 <* t h P 17 1 i * h -h i 

CTTt 7TCYT€ TO TfitTW tfClL €77l tf 7D TSTOpTOV KOI UEt 

jfra*W£Wj Sua5ds icdpra o#a Sva^opas ^Trtgiac- 
ITpD? Te TTJI' TT(jrJOnr|Ta TWU p £ptfopiVtcJ lr 
*at npos rrjv too popiou kAtjolv. 


(fj If I + 3-p* 

white X + !Z| n J|Ll I4r,= Ip bTt X, 
thtn 

a 

($) while generally, if 4+tt k +%-j- * . +*kj=S> 

white * . , at+dp^jafp^, 

then » = <l4<l+ ■ ’ ‘ 

H-» 

tc lublifhus Roes on U» show how other equation* can be 
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thence tak^m 11 When rmv determined or undefined 
quantities nmount to a given Mini, and Hie sum of 
one of them pfur every other [in pairs] is given* the 
sum of these pairs minus [he first given sum \s r if 
there Ik; three quantities! equal to the quantity which 
was .u! 1 3 1 .-<I to nlf [he rest [in the pains] ; if [here Ik:- 
four quailHtie^, otsc -half is so equal ; if there be five 
quantities, otic- third ; If there be sir quantities one- 
fourth, and so on continually* there being always a 
difference of £ between the number of quantities to 
be divided and the denomination of the part. 

reduced to this form, 5a that tin. 1 rule 11 idors not leave ns in 
the lurch 11 (□& impdAxtil in tht-j>e cases. 

One of the most lnttirstici| fcaluns in ttlii passage is the 
lil^tLiidion between Hie mptaptr -*>p, or known qiL&blily, and 
the ai Ipumv, or unknown. IliL^ anlidpales Hie phmse 
wAsgff&f ^uhS» vopimv, 11 an undefined number of units, 11 
hy which Dfrrofaantus wm kief lo describe hfr unknown 
quantity. Incited, Thynwrldiw was already bordering >oi 
that indeterminate nnulysl-s which Dtophantiw was so briil 
jantly to tlftebp i he has parsed hryond the realm of Strict 
arithmetic, 

■ This futsiajrc smelledklely follows, the motion describi ru? 
hovgnomcmsGt polysmnal numbers are formed: sw pp. 6&-S9 
n. a+ where it I* shown that Lf ft l> Hie number of slides In 
the poly pan* the successive gnomon ic numbers differ by n -2* 
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IV. PROCLUS’S SUMMARY 

ProcL in L* edn Friedlein €-L Ill 

1 Era 4 XF*I to? dpx^ Ka & r-wi' revviSi/ wot twm 

77pof impowtrar rapu>Sor rj^pTreti^ 

AeyOjttfVj on jrnp 1 AiywruH? pt' zvpnja&ai ff^rjrov 
tJ ywfAtTplii TTapr't rwv TToAAtL^ iWJjpTjratj nj? 
rwt f ^tuptbm awt/jtrptjofoii' 1 AdjSoyuct nyr ^WmM. 
druyKtua yap tJv cjtcitoi? nJnf Stol rijv opmov rati 

NtfiAoU TOUf ITpMTrjhrat^fllff UpOUf < + tfa<rrO(LS Ct^CIl^- 

■ Ttic eouree of 1 *rrek geometry from the curllnrf flip to 
tile Umc of Euclid b reviewed in the few ywgrs from Produ^'s 
CVuJiiMKfA^ on ^udi^ Book ] M which are here reproduced* 
Thb li Summary " of I s mctdS ha* often been caJInsi the 
ht Eudcliiiansummary," on the nisumfiliLin that at Is extracts! 
fmm the Inst l/Ufory of ^(jw^ry by Kiidi.'inus the pupil of 
Arii^uUcp Bui tile 1 Jitter part dealing with Euclid canned 
have been written by Eudeitiiirs whu preceded End id. nor k 
there any stylistic reason for ittribufing the mrller and Mrf 
Pprlidlu* tn different hands, Heath ( fit* ThirlHm Book* of 
£Wrd j £7ruifnfj* L + pm ST, 38* And ,lf, i. IIP* !-<■» 
glTH n rgumcntii fur believing flint the author cannot haw 
tfceai Prociiu himself, nod Eugwe&tft ttuif thr hotly of the 
summary VM taken by PfocIiis fmna a coin pend a Lina by some 
writer later than Endi'tima, tkfigb the curlier portion was 
based, directly or indirectly* on Kudemn^i /If* fury. The 
summary was written primarily for on understanding of the 
way in which the dement* Of geometry had come into being* 
The tnnrc advanced discnveHe* are therefore omlEEnd or 
mentioned only m passing, Prodllfl himself lived from * + d. 
410 to ‘V*5. On Eht: death of Syria HU A he Iw^ame bend of tbe 
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PfOL'Ju*. On End id i„ ed. Fricdlrln til. 1(3-70. IB 

Sist'E ll bi-lmves ns to cttnniinc [he bcginniiigs both 
o( the arts and of the srientcs with reference to the 
present, cycle [of the universe], we sstv that according 
toiiK.^t accounts geonietri- wn_s Hrst discovered among 
the Kgrptiiin*;,* taking its origin from the mensurt- 
of areas, b»r titty fotind it necessArv by 
reason of the rising of the Nile, which wiped out 


N^PIntooic sdioo! ttl Athcn. 1 , and hk CWnowiqry m 
f u *»• H«rms to be n reviwd dition nf hi^ kl ur-i to 

Iwpin^rs in umIIm matte (Heath, Th* mrt„u Book* of 
Luff ill ( Ltimrulr, L, j>. ft!). 'ITits canifl Lenta rs b luic of Ilie 
two ntnin sonretri for the history pf Urtek K .;nmi;trt\ the 
other being the Colhetio* at Pappus. 

>i *.™ ,c wijfin uf(tWim-(ry k taught lwlferodotus 

IJ - V’V'-^T If bonded that Serins (ftnmsei ri. r. 1300 

Brf v ■liiidecl the land Among the Kfn r pliuu in Km a I rntf- 
angular pint*, on which 4U Jinmtal tarted; when 

lhft rivjr swept away a portion of a plot* the ownrr 
ApjiJml for a reduction of tax, nnd snrftyoft hud io It? ^nt 
dwn iw report* In this hr *nv ihc origin gecjciiHrv, find 
<11- -tnn [Lilly hi- His- SihLLKV Hif JVkHlh's n^MiUSil, OS .i ! . of 
lllc stnalEnr aocxmnt* in Urfoii, Grvmtiri *j J, «L HtUhtr 
* I*-- <-J^ pknlnnu Sindim L 63. fll nniJ Slrii\n\ xrii. e, St 
Aristutle a&O find-, tin' origin pf mu the maths Unomr Ihtf 
Fmthins but in the nr^dn of it Eebured of rHi -ts 

nnt in a pfJirtk+nl nerd 4 A b £S), Thu 

11 fully dealt with in i, ui r j£j, , in d mm 

account uf Egyptian geometry Is given in suckling pages, 
vul. i l 145 
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fekroff, Kal Bavinanrav opScy diro tt}s 
apfacrtfai rifi* eupccrik tfoi Taonj? Kai run* a X\w 
Tfav TO €V yei^tffi ^CpO^lO'Oi' 
ana tou aTcAoiJs' ft rd tcA^eoi* frpdfiatv, dird 
maflrjtfccuff o3k cif Aoyitrjuan hoi dtrd toutov ini 

li r 01?P r Ifl y/l Q4fO Ctl‘ CiV&TWJt (.'JffTTtp 0l5k 

rrtj.pa rals tltotkifik fi^d iaj ipnoptlas wai id 
crui^nAAay^iaTQ ttjv ap^y tj rtyv fipijLitrjiy 

dtfptjfrrfs: oDr<u Kat Trap 1 AiyirirTiiHff ^ 

Sid ttji’ eip^p^jk atr/ak evp^rtu^ 
©aA^g Sd irpemik tif Atyum-ok cAfldjf /xenjyayo' 
eiV r^k *EAAa&a n'fk Bioiptav rnurrjv #cal jraAAd ptr 
adrds edptJr'j ?roAAtuv h fie ra$ dp^ds tqls far* adrdk 
rms plv Ka0aXtKihT€pQV tm^ffatAAojk, 

Tolff Sc ato^rjirtiK'ciPTtpov. jficTti Sc roOrok 1 A^ic- 
pioro? s d Hr^oi^dpoy rou nxHijrou dScA^dtf, off 
c^a^dpcvoff r^s* Trcpl yew^eTpdik asroufi^ff piTj- 

1 Mafu^nr Fried kin* following q aprrtdiDii in the 
oldest u». 


- Thfllfs (e, &4HHT w-c-i am of Ik# ,H St:vm Wise Men M 

of undent Greece* eh uniTrrnaily arknnK-ld^ed a# tW founder 
of Greek gtiPtaefry, asl runom/uitd |ilnloK>phy. H|ft palest 
fame in antiquity mtcil on ini-, preclietion af tin; tot*T«lEpw 
of the »un of Mny sfiS, 5&5 b.lv s vrhidt led to the raw* two of 
boalllttk -h wtmen Lite and Lydia n.H and a Ladling 

im 
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every body's proper boundaries. Nor is there any- 
tiling surprising in that the discovery botli oft his and 
of the other sciences should have its origin in n 
practical need, since everything which is in process of 
becoming p*tJgras*** from I lie imperfect to the per¬ 
fect, Thus the transition from perception to mi sail¬ 
ing and from reasoning to understanding is natural. 
Just as exact knowledge of numbers received its 
origin among the Phoenicians by reason of trade and 
contracts* oven so geometry was discovered among 
the Egyptians fur the aforesaid reason. 

TJmlrs d was the first to go to Kgvjit it mi bring back 
to Greece this study ; he himself discovered many 
propositions, and disclosed the underlying principles 
of many other* to his successor^ in some cases his 
method being more general, in others more empirical. 
After him Amerktus,* the brother of the poet 
StcsfrhoruSp is mentioned as having touched the study 

P«ce (Hcrodotui L 74) * wliut Thiiles probably dTd was lu 
predict the ymr in which I he eclipse would take place, an 
adderement by an nu-im-> h^-yiPiiEi Ihe iMkhdM powers 
of thr. Jige, ■] lisle- welk not ml for fib polities] sense, Me 
uriped the separate state* of [pnia* threatened by the <:n- 
CroikL 1 hrnent of the ]_> diniLS to form n federation ivklll a 
capital at Ti'os t and Kb successful dUsuftsiura of his fVlluw- 
MiJesinns from accepting the overture tpf ChK^, king of 
I he Lydlan^p may have ,hn<E an influence on flic favourahle 
termft latcf granted to MHrttls hy Cyrus* king of the FcraL/iru* 

I hough the main reason for this preferential treatment wos 
probably cotniurnduiJ. In philosophy Thaht* taught that like 
all Is w'utar. For his mathematical dJjicuvcriea, see infra, 
Pfti 

1 The name is uncertain* Fried Icin, Ln *uggtt=iiing 
Muiictrus b observes that Smdu* given a brother of Sttrsi- 
chDren m Mairu rtirins, which CouEd rasjly nrise out of 
hlogLKCtlS. Another reading Js Mninertsufu L Nothing more 
b known about him. Stoiiiwjim the lyric poet, nourished 
^dll incv 
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ftOPevera t, 'httflag o «otoo>jo<v u, t gVf 

y£<ufit?pl<f B6§av atJroy Aa/foi-roy. ini Bi eWroij 
□ vOnyopas TTji? ir f pl a.M}v tfu^aoo^tav et f 
flutSetas- fAei(f?tpDu ^«TfffTT)ffev, avwOtv ray dpjpiy 
nvr^S eVdT^tKTOufifi'os' *ai aoAaiy Kai rorptiy T a 
Betaptfflora Btepeinii^gns^ oy &ij *at nj* nuv dm 
Aoyoi^ 1 Trpoy^arcutv r^i- raj*- o^- 

fiarmv maraavr dvcuptv. ptr* Bi roOrov \\r U £- 
ayopas o JUa£o/i£aoy ttoAAiZm- t^ijiaro xt3r Kara 
ytmjifTpiav teal Q&wr$ijy d Xtoy, dAty^i »fwrt- 
poy rSy 'A^ayopao, tSy *d <J IIAaTww <V xoFy 
° iTf^oaTalf f>vij/id/i«wei- e * ff i xoty uaOnuasjt 
Softtf iu/SoPHilk, 

1 Toi- d-d Actjul- coni. Ditl, ,><]>* dJWyiuy Frii-iUfin. 


‘ 1|1 ' weB-knawn Sophist, torn nl«jut ICO ■ f w W 
•m-Wtl^hments ore dewritod in Plato's Him,;,,* 
Vmor. He claimed lo hove prone mite to the Olympic 
mmc, With everjiMnr thut he wore made by hbnwir.a, 
« di aa oll kind, of work, in pro*r ori<l versJl of hT/'iwn 
wmLjkjMtmpn, Htv *7rfem of mnemonic* maMtd Mm to 
nmember w tirmv of fifty nnm« whfcfe he had h^rd on^T 
1 he uninaliiernatk‘aI Spartans, towenre, amid not appreciate 
In, tennis Jind from them lie ™u id *t-i no fie . Ilk f],] ( -i‘ 
null Ih-u titles I dujttmay wu the curve known m, r|„- rtiJod ■ 
ro.nx, whkh could be U&ed fur trisecting nn angle nr snunrinif 
liW c£frJe tnfra, pp L ® 

V^f ]l J* m of fyfonQBlto is shrouded in m v^rrv. He Id, 
pnshaMy born m hamoH alums *SJ iut, and ah-ml; 

'*r? i,i r to CitPlOnn^ the Dorian Colony In southern llntv 
i'V'™ 1 * ^t^rhiKd sprang U p round him! 
nn if brLP ^ ker(llKl ^ «*s subjected to Btrtnm fur-coni km in tile 
fiflh century n,c +p and the PytlugOWtiu then took their 
J 4A 
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of geometry, hoe) Hippins of Elis' 1 spoke of him aa 
hilling acquired a reputation for geometry. After 
(iiese Pythagoras* transformed this study into the 
fnrm of a liberal education, examining its principle* 
from the beginning and tracking down the theorems 
immaterially and intellectually ; he it was who d^- 
eovered the theory of proportionals c and the construe- 
Hon fif the cosmic figures. After him Anaxagoras 
of Clnxomenartouched many questions affecting 
geometry* and .so did Oenopldes of Chios / being a 
little younger than Anaxagoras, both of whom Pluto 
mentioned in the Itirafe / a* having acquired a re put a* 
tion fbr mathematic*. 

doctrines into Greece pro|wr H Apart from important mutiny 
mu tie* 1 disMverl*3 t noticed in a separate chavter. the Firth*- 
purrann, djisaoMral the numerical ratio* of the nobs. in the 
(Hi a ye, and in astronomy cancelled of the earth as a globe 
moving with the other phncU about a Centra I luminary. 

* FrirdMnS rending is T £r iWytM* " imitlonAbi. but 

there is grn¥r difficulty in believing lhal Pylliofltirn* could 
Slave developed n theory of IrraLkanak ; in fuel, A Pytha¬ 
gorean is -awl to have hern druHtird at sru for hi* impiety in 
discluHirkg I he existence <4 imitlnnal*. There is am after- 
Mttft rending tmr diVldye*™, and the true rending could 
easily lie tdir h it twi 1 Aw lyar, ,a propartfoujit*.” 

* *. 500- n.c. Clvomfenac w. a$ u town near Smyrna, 
AS] w e know about the mathematic* of Anaxagoras is tint Sie 
w o>te on the squaring of the circle wh ite i n prison [mfiv, p. 
'W#) and may have written a book on perspective (V|Lruyiu\ 
f J r oreA/tatoni vii. prnef. 11). 

4 Oi rtupidrs watt primarily an astronomer^ and Eudtnm.sU 
Ijclievrd Jo have irredited tlim with the discovery nf the 
obliquity H>r the ecliptic and tike period nf the Glirtt Year 
(ThiMkn of Smyrna, id r Hi] for IHH. IMriL In niiUhefnalira 
FfOclu* attributed to him Uir dKcuvery of Et|d« 1 S i and i. £3 + 

f Flat Rmitv* 1:1} a, w r Socrates finds two lads In the 
*ehoo] of 33ionyjshi s disputing aitout AtiaxBgorfks or Oeno- 
pMe#; they sticmid to Ike drawing circles Und Elldiciktliig 
certain ineltnnt5on.H by placing their'hands at an angle. 
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1 [TTTrojrpaT^s d XiP 7 o t©( f rou [tTjvt&KQV 
T€TfMytiJVUip&V €Vpt&V ± Ktu BCfrStihpoJ <J Kirp^vaiOff 
f^o'QiTo iTFpi tVi^amr. “pd^ra* yap 

a T Imrafc r pi r iT 7 jiff rttjv £tpi|/iaug uop eVtut- *ai aroi^cTa: 

YDidrwi' S" Are TouTmff ysiopeirof 
jicyHrnyi* emaTjem. * 1 cir^W^ ra re aMn ^a^l^ara 
Mai r^F yearpcTpiap Xv-fUw Sid TIJV lT£pi £ifcjrd 
an-QL^F, oj iratr SfiAdf cart Mat -rd crvyypd/^para 
'T£3tr paflT/parcjhTDtsr Adyots MaTamwifajims 1 Mat nav- 
raxov to TT€pi aura &aop.a ^lAoct^lct? avreyo- 
ptiwv irrtyeipttiv* iv Sf tqvtw rtp ypoKp Mat 
Af<oBd/mj 6 0 da to ^ ijv Mai *Ap j j£*£ray o Tapamvos 

Mat 6 \\0Tjvattw, Trap" dtv to 

fteaipypira mgu Trpo^Aflttr ct\ a cVicn^jiaiatfampai; 
mJ&TEtmi\ 

A faiSdfcarros" Se F€tir¥pos 6 KioaX^lBri^ Mai & 

TVi/TOV t±aftf)Tr)$ A tour, m ttoAAA TTpOff€LHrdp3]E3ttV 

tdjV Trpd ovrai^j ware Tor Awmi Mat Ta arat^fta 
TtL re vrAirJ^i Mai rjj %pfin twv Scemfv- 
pevutv tmjifXfOTfpoVi Mas SiOpt apo evpeiv, ttoT£ 
Suvorov tart to ^ljrotfperaF Trpo^Xiqpa mu! Trdrt 
dSdi^aroir. EiESofar Se a KfiSw^ AtWroy pkv 
dAtyai wfpjjj iralpos 6e tw rrfpi dAd-napa 


* 11 tp|HMrrmlefl vim lci Athens frflffl About 450 to ISO h.t 1 . 
Far HS.-s nufrcmstirttl arhkvemonto, ■*«.' ifl/r<r h pp, ftU-gSS. 

< 1 ur chief Ig»w3«]pr of TtawloruV derntn Train thr* 
7'hfiU fAtiiM tpf ["into* whow inuth^iKuilLi^l te^’hrf ht L i : - -nUl 
tii I, n r Ikvn | Itinp. I -:li:tL ii. LO'A ) s ^-r iji/Wt, pp, 3604S2I, 

1 Pnx?liiH [in AWf. L, nL FrirtEkm TJ +f Ins tlsni 

I hr tlrrnrnlt in geometry nre trndin.it threrems Imvila^r la 
(hose which follow the rthUEtfll of nn nfl-jH-rvineJLtsjr principles 
hr compares tkm with the lirtteni of I lie ilphul^t in rcl&iian 
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After them Uippwrates of Chios*" who slipcovered 
t he q u ml rntnre of the lune T hih! TbcoddfP of Cyrenc * 
been me distinguished i n grumetry. For Hi ppocrate* 
is the first nf those mentioned as having compiled 
etaumttJ Fhitcj, 4 who came after them* made the 
other branches nf mathematics well as geometry 
take a very great step forward by his zeal tor them; 
tmA it te obvious how he filled hfc writings with 
nmiheniaHcnl arguments and everywhere stirred up 
admiration for mathematics in those who took up 
philosophy. At tliis time also lived L^odamas of 
Thasos 1 and A rehytas of Taras * and Theaetetus of 
Athens,* by whom the theorem* were increased and 
an advance was made towards a more scientific 
grouping. 

Younger than Leodanta^ were Neodides and his 
pupil Leon, whn added many things to those known 
before them* so that Leon wa# able to make a colEec- 
tion of the Aments in which he was more careful in 
respect both of Hie numlicr and of the utility <sf the 
things proved ; he aka discovered dittrismi. showing 
when the problem investigated can he solved and 
when not. 1 Eudoxus of Cnidus* a li ttle younger than 
IrCUM ,Lrid Jilt as'iixiJitc of Plato's school was the first 

lo lunmtaraj nod they have, Icidivd, the same name b 
Seek* J Sw bj/r.T. pp. 

■ All wc know *ibnut him is that FEato k said U* have 
rspkmed or communicated to him the method of dimly pis 
(I Hug. LatrL iiu £4, Prod. m Jfmrf. J.. «L Fried tern 21L 

iwai. 

/ For Arehytas. §w tup** p. 4 n* a. 

B See infra* pp. 

1 \Vr have tvs further knowledge of NeocJkius and l^on. 
\ ^Hhl 'Sample of e ctforijritfo* i- given irt F 3 ftb F iff no 
str Y —%J II {itt/m* PP- 394-397). which lndklviilally shows thnt 
U on vra* riot’ the first in tlib held. 
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Y*v£jp€VOS w npojTav ruin ■k'ttfttiAoy hra.\o tfii ei-lur fleoi- 

pjipdrwv to Tji^Tjv+rt' teal rais rpiulv 

fivdXoylatt a'U-JT Tprf? TTpoa&h)K€v Kal m T*pt 
rdjUTfi' rlp^t' \a$ni Tfx nap a flXfiTtwo? efe 
jtAtJ#os TTpoTjyayer wol ratf ai'dAufrcmi' ^V 1 airnLv 
XP*l**jMvos 'ApiwAa* Si <J 'HpdKActirTjj, cfc T&* 
UAarwraj iraiptuv nal MlwuffiLbs fin poorer tSy 
EA£q£di/ teal riAanm Se wyyeyorco? o uStA^o; 
«vnoD AcWorparOf cti T^AewTcp^ ^m^crap njp 
oA^v y£*ii^iCTpta^. 0et*$(of Si d Alay^y tt* ^ rot? 

iSof** fk Sta^ipur teal Kara -n)v 
aXAijv ^lWo^ukf- Kill yap rd qrot^tla koA&s 
mn r *Tu.£etr xal rroAka Ttos- pepimZv* Ka&aXtteatTzpa 
iirai^aty. Kiii f it not K al 6 Ku£wnflvor *A&rjmuw 
Kara rob? fflijTouf yeyoi'ciif ^porouf Kal eV 
lAAoty jLiii" pdAurru Si Kara ytwpfTptnv 

ijn^avri? iyacro. htfjyov qvp onrat ptr oAAijAoJr 

jv *A Ka&*fflirt Hands Ttotovp€t<at Tnr 

'Epp6rifAo? Si a KoAo^cii-Edj ri tV EtjSJfotp 
rrpojjLurop^ci'a wal ©eamjfroy TTpotfy&yw cVi ttA/ou 


bVIci'UrJa. 


- I *>r Eudoxus, one nf Hie (Treftt uiJithecjlnilrian* of .ill 
time*«« m/fti, fjp. 4 O 0 -tJ& He Ifred r B IDB -355 m s r + WJ»t 
™ SjWMfled ^ tln?f»n i riB " m&y Is* H Uncertain] s 

r v. I. !fc?2|l mneftia theorem* *h\rh are 11 Inu- of 

falling ilfldw W CMEcjrtiun of magnitude. w% an* 
fin; iLi-ntiilioiu and theorems forming part of Eudotuk’s on n 
Ihpnry nf protortjnii " The three irtnns whSi:h Eudoxra Ls 
<-?iirJ to him added lo those iifn-ady known art; 13»- tiirra &Ltl»- 
€ *;!} trB P: f««“ PP- 114-191). ImhHchdi (in V,>r^„, 

IPI. I-4) dw attribute* them to EuctafctLs. bn| itn other 
HH*% MG. l-ij he a^i^as thnri to Arvliytas 
and itijjpa^us. It h disputed whether the “ section Lo 
wlm-U hutioxm derated hi*, altentjon meat 14 actions of &oilda 
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t* increase the number of the so-called general 
theorems ; to the three proportions h* kidded another 
three* and increased the number of theorems about 
l he section,, which had ilieir origin with Pluto, apply¬ 
ing the method of analysis to them.* Amy das of 
lleraelca** one of the mends of Pinto, niid Meu- 
aechtmis p c a pupil of Eudoxus who hud associated 
with Plato, and his I if other Binostratu.^ made the 
whole of geometry still more perfect. Theudius" of 
Marae^a seemed to excel both in mat lirma tire arid 
in I lie rest of philosophy ; for he made an admirable 
arrangement of tltmcnfs and made many particular 
proposition* more general. Again, Athcnneus' of 
Cyrjeus, who lived about those times, became famous 
in other branches of mathematics bui mostly in 
geometry. They spent their time together in the 
Academy#conducting their investigations in comnunu 
Hcrmniimus ■ nf Colophon advanced farther the in- 
vesLigations begun by Eudoxus and Thcactctus ; ho 

by pEtiiJies, which wets, I he older view and that favoured by 
Tsnnefy (/>i ffftMYttrit s, p. tti), or the “ gnlilrfl 

tiou bH {dU'Uion uf a line in extreme ana mean raito. End. ii. 
II), a view put forward by Bndscbneider En t£7t> (/*> Go/- 
i Tittrb umt tiU <9#enriW#r r or EvkUidt** pp- IfiT-lt^h b’f 
tluwusaiuiTs of this interesting question sw Ixpria. tn>n^# 
unit* #tU r vntk*i pp- MUM Id 1 , Menlti, /!.</.. St. L 

* The correct spelling ii|an.-rtr* to be Arnyntw* though 
Diogenes I jwrtiLL^ { iii. Iltt speak'i <hf Auiydiis of llrmcii h .l- 
o pupil of Plato and in Anattu-r phi-e {iv. U>\ says ch:ii a 
Cert a in Pytliiigurenii AmyoUs diLsuakd Plato from burning 
the Works isf 3 XrlfttlCfftus. HcnicJra was in Ponta*. 

r Mr discovered the coble sections* sw infra, p. 28R n. n. 

J He applied the quudmErix (nmbfltily dlwncrcd by 
Hip piat) to the sminri ng of tlle circle. 

1 Xq more is known of " , l T heuifius H Athenaeus or Hej> 
taoli 1 1 li is. 
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teal roil* * ™AA<a awvpt teal riLv raittiiv 

Tiva mnttypoAfifv, *J>Arrnr^ &e 6 MeS/uuor/ 

n cZ l r teal UTT " CK £ iVd Lr 17 pflTp 77 ftF 

€iV toL paJPvjrpaTct, wrai tq? eVoteiro tf£tTa 

tuf nAfiTtui-o^ yf^Tj-/Tjsr€i^ Knl ravra vpvvfkiWep 
cd vT<i} t oera totro rfj NAtiTtfWOf ^(AocrtH^ia pvi J - 
-reA(u f . 

LK f\lv afiv tqs urroptaf avaypiiftavres P*XP l 
tol'tqv TrpoayQVm r^r iWtOTtJpliJf raimjff re- 

AeiWlI 1 . DU ™Al? Sf T01rTU>V rettfTfpqp (WtV EflS- 
utAc/St^ 6 ra trrot^Ta wpayayiuv teal ™AAri piv 
Tiuv llvSofou trtnrafns'i mAAiL Si rtlyv i : )tcu7T}TQV 
rrc Si ra fiaXatcampav S-euct't^ictvi 
toTk epnpoej&fv ti; iiv(!Aeyjfrous flrayci- 

K V« yry-oi-e fie fliroy o aVTJp £ffi TOW TTptircau 

roAepaimr kqi yap o T Apjpp-rffi^j impab&v tftti 
T<y Tfpt&rtoi pumuoYtvfi Tov Etta-A* tfiou* W(I C fjJvTDi 
Kai ffmviv cm rirotapcuaf ijprro ttqtc ayrar, c l ris 
terrtv ntpi ytmp^rpitL^ pSo? auvrafiurr^pa -H}? 
aroi^ciiucrcwff' f> Sc aTTfKplvaro^ p^ that fJaaL\tief}v 
aTptiTrov iTtl yetuptTpiav' VedjT€fH*jt pel" OW- eWt 
TTfpi HAantu^ TrptajlirT£pQ$ Se , EpciT<Kj$^P'®yr ^as 

1 Mn S LLOF FriwlIrllL 


* AtniHisl ccrluintv thv KBinc el* 3 J hiLippus, of Upuis who is 
kjhI to him fei r K£<l find published the Lmri of Plato End 
(wtmgiy) to ^ ie vriltai the tfpfiumij. -S-u bdjL.i nui^v w 
number <d nstronomiad nnd maihemrirk^iE works by him. 

* Not tnueh more is known ntwiiLl the life of Eudid than 
I* ueintotaed In this passage (s« Heath. Th* Thirteen liMdM qf 

JEwiid** KifiiTifntw. vfj-1, i. + pp. 1-13 and II+0.1 f r l. U54-SS7J* 
r |"he nummary of Ew)ld k » nehlctcmml in the kffmrntM is u 
Very fnir onr, araetojt with the tn ruddered judmncrtt of 
J left III (/f.Cr.Af. L SI7) i “There Is therefore protuiUy Little 
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discovered many propositiom In the r/rfnrrzfj and 
compiled some portion of the thcorr of loch Philippu* 
of Medina^ a disciple of Plato and by him diverted to 
mathematics not only in rule his investigations nceurd- 
ing to Plato's directions hut set himself to do such 
things ns he thought would fit in wills the philosophy 
of Plato. 

Those who have compiled histories carry the 
development of this science up to- ilii-v point Not 
much younger than th^o is Hueiid T who put together 
the rfrmeftts, arranging in order many of Eudoxus's 
theorems* perfecting many of Theaetetus \ and also 
bringing to irrefutable demonstration the things 
which had been only loosely proved by his predeces¬ 
sors. This man lived in the time of the first Ptolemy : 
for Archimedes* who came immediately after the first 
Ptolemy* makes mention of Euclid ; and further they 
say thul Ptolemy once asked him if there was in 
geometry a way shorter than that of the dements ; 
he replied that there wius no royal road to geometry. 6 
He Ls therefore younger than the pupils of Plato, hut 

In the wlioJe coNijwi^ of the Eirm* *f* of Eudkl, except 
(he mw theory of pmporlirm dtir to Jind Its cniwr- 

qnwces^ which not in substance iur fueled In the n*?ng- 
niinl content of gronii Erv ojicI arfthmetk: by Pluto's ttme, 
althuujrh tin: form and n rnifigenm o I <if the subject-maltcr 
mud Ihr inttiiud cmpluVcd in |wurtioujnr caaci won? different 
from what w«r find In Euclid" [<-f. L 857). As Piiilo 

dieil in 84 T *.(.%, ami Archimedes wra^ bora in i.L„ 
Euclid must have flourished about 800 Hue.: Ptokray t 
o-jgurd fri'm ftOti lo 383 h.Cu Had not the ctinFu^kin been 
common in the Middle il would »r*mly nrcessary 

to iMhiiii out thaE this Euclid is to bf distinguished from 
Euclid of Mrpart, I he ph IU Kppher T who Jived about 40u n,c + 
A -torv about there being no royal mad to geometry i- also 
told or M cun echinus ami Altwmkr (SlobMU*, Eel, SL 31, 
*L Wachsnjuth II 5> 
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Apx^M^ v S’- a&TOi yap tntryXpQVQl dAAlJAfliS-, a*$ 
ttqv ifrrjaiv r E*jXiTafitMvTj$ m N'u rfj ffpoaipcnri St 
rTAttreimirds: iuri if at rfj $ iXou^ia. Tfivrrf oyrafos^ 
qBev &7} mi rijj cry^Trdffijj ^roi^^wcrfwi t/Aog 

-p&sGTT)a-fi TQ rip* Ton- KtiAtiupArm* IIAaTXiiiiicidi' 
ffiNffrftcni', injAAa piu out* jfal (IAAq tuv 
di*Spdff tqvtqv paBr^miTLKa mr^ypdppara. £Wpa- 
trrijs axptfkiag mol im&tlfpQinKn$ ffewptas fu&tu* 
-rotetrra yap Hal ta ^Ojrrucd teal ra KaTOTrrptM, 
roiaDrat 5e if at at mrd pouffth^ir (rroi^icdcrtcs, m 
&£ to If tfjDt Si aiptaum* pi$Aiov m iwfepi WWis 1 S* air 

Tiff ainoi' ayaa&^tTj Kara rrp- Fiwpfrpt^ rrrai- 
XSIWCTLI' TT^S- T d£t03$ tlEKa Ml TTJf *VAffyj}ff TOJV 
TTpOff TCI OTOI^eta TT£7TOiTjp/ymV &£WpT}pdrU3l? T£ Mi 

-npafiXypd ny]- 1 . mi -/dp piJ^ ocra ci ife^cupc-i Aty^v 
riAA 1 off a oT^eiofr/ ^Smiaro e T i St 

rads twi* cn/AAojaffpIii# miv7&wy? rpmro^ p rods 


- Eratiisthrw*. Imuti alitsut J** i.c. His ntiiJLfcv in 
nmny branches of knowledge, hut futlurr to achieve" the 
lUjfhi-M place in any, von for him the nickn&mra w Bc^" and 
4 * Pent aUl Nj^. tr I ir train je ( ul or to PhiJnpntOr F son of Ptolemy 
(km tt/rti, pp. S 5 ^? 57 )nn.i librarian n ( Alexandria. 
lie wrote ii book Fint'wfcu* sod another Os J/«m* (both 
lost). For hi- jj#rr fbr tmding succcssive prims number;, see 
PP- 100“ 103 and for his solution of the prohJrm of 
doubling: tin c cube, 4Ji/ra b pp r ?90-£t?T t }I Is gmitest achieve¬ 
ment was hu measurement of the cireumlWiwe of the r=irth 
to a fturprfcrilir degree of certitude (sec Menthi L 

106- Jfl®, ftr^i' ^Wrnjtpmy, pp* 

* It tatrur th.it thi- final tmok of the fitasAkfe, as written 
hv Kudifl, dealt with the construction of (he Cosmic, or 
I "In ton if, ii*fnrs^ h but t\u- whole work was rcrtninly not 
designed with n view to their cmutmetinlu Ended* bovecer. 
may quite well have been a I'U (on tat* 

* End Id's Opt in surrtvea and Li available in the Tenbnrr 
test In two recension^ one probably Euclid'st own, the other 
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older than Eratosthenes and Archimedes. For these 
men were contemporaries, ns Eratmthene* 9 some- 
where says* In hh aim he was a Platonist, being in 
sympathy with this philosophy, whence it comes tbit 
He made the end of the whale Elements the construc¬ 
tion of the .so-called Platonic: figures, 6 There are 
runny other mathematical writing by this man, 
wonderful in their accuracy and replete with scientific 
Investigations. Such are the Optics and Catoptric 
and the EUmmff &f Muiic 9 and again the book Oh 
D it*irian*A He deserve* admiration pne-etnmentlv in 
the compilation of hi* EirmmU nf Gfopwefr^ on account 
of the order and of the selection both of ine theorems 
and of the problems made with a view to the elements. 
Tor he Included not everything which he could have 
said, but only such things as he euuEd set clown as 
elements. And he used all the various forms of 
syllogism;, some getting their pluu.-dbilUy froai the 

by Theon of Alexandria. It i» [Ki»ibta finsl IWlih \m^ 
attributed Eo Euclid a treatise on fSttoptrif* (.t/j>irirj>l which 
wo* realty Th»n + a; a treats hy Hud id on Us is subject i* 
not otherwise known* Two musical treitUcs attributed to 
I ’.udLd a re ext*ri,r. |hr ^Vrfiw fanunu (Kara-uf.i', inaui^)4hd 
the ZrUriir/uWe- ffa rtwmim i ^pp^nunjl ; I lie Inth'r* 

however, is dcCinihrii' by tlcDnidis, a pupil of AriKtoxeniJS 
:md Jt is not certain that the former is Eudld^ **wn. Tho 
book On Division* {vf jlias survived hi m Arabic 
text discovered by Wnepcke at rkjrfe and^ published in 1851 t 
see R* C. Archibald, Euclid V Ifoct &n i>irii^A o/Fipu ff» %rith 
n r«ffrro/^Ji bawd on 1) ofprfr'j Hat nnd ihf fittc/io? O*o- 
mflriat a/ Leonardo Pimnv (C^mbHdp 1UI5). A Latin 
translation {probably hy Ghirrani of Gremoitn, 111 4--11 ST ) 
from the Arabic was known in rhe Middle Ages, but the 
Arabic cannot have been a. direct tramlation from Euclid's 
(Treek. The genera E dwoeler of I hr trrafoe h End Ee* led by 
Prod. hi Ry o"I t i. T tiL friediein 1-tl. S'f-itf, jus the division at 
iiLTu ru> Into like and unEske iigun.-h. 
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otto rwv acTt'tur kapfidvQVTaT tjjp k vltrrtY^ Toy? 
til/Ta TtKllTjpLcav (rip/nj^Aoiff, ttuitci? dv*MyrtTGU% 
ifctl axpiBe ko! ttp&s 'imanjpijv 6ik(iOL^ > TTpa? 
Toi^roif rd? ^e^oSou? rd? BioAorrwu?, TW 

SfocjMTL^i 1 <V T£tt? typtWcri t&v cLiiL-i-'j rt) i 1 Bl 
6pLtTTtfcr}v eV toe’s 1 autnciSecrt hayois f rqv 6e dro- 
SiiurrtmV *V toT* arm- dp^tay £iy -a £jjroyji£m 

/i£TGjSdff«7i, TTjY Sf nsaAvrihTjv £F TGI? GTTO 

47jToxJ/ieVij^ dtT2tfrpo^<irs\ «rat 

KG* TO. T70iif<Act TWV aVTUTTpO^JAF t$7J TOil 1 T€ 

dttAoinst^uj^ wrai twk (nn'&t-nuTifHuv Ix&vtln iony 
iv rrj TTpnypaTulf}. THUTJ} SiT}Kpij3o>$UvtX &fil}fi€iv r Hal 
fiFtt fiiv cAa qXqi$ airritrrpfdhEcr SirHiTttt > riVa 3^ 
oAa pe/jfffi teal (iivJraAu’, TtFa 5t pL€pnfj fAtpeuiv* 
In S* Xiyoftcv Ttjr atrt^e&av tojp* evpAwaitn 
vIhqvqIuuv jfae TTjr Tf7>i H re Trpoijyot^ eVtui' mrru 

TfiitE' T7|I' Swa,Utt\ jUi-Eif?' tJj th-aerra Trapa- 

td Kai to ru^di* ■trpacF$£l<r Tj d^zXtuv qvk 
fJTtemjpiJ? AavOdvei# a-ron^UtLv «ai efe TO *i^ii'Tu5U 

f«t?5or irai rrjv Se 

ttqAAg ffm-vra^nut /nh' <£*■ r^f aAiffUa? dvr^o/i^va 
irai raw cVi(JT^^onKatf np^at? a *o Ay uflo Uvra t 
6*p*Tiit B* ft? awo twp 1 dp^uii' kill tqlp£ 


• UL *" C«Ij«s," but dkarlv mtaru thr iuune Here 

as afijri, often l>n ArfatolJe, i?/. jti>L £ l, ]CjIH h 16 * 

5J ™i rii lixVlii Mywtw.' snjiTHti W rs *Irm a^^ni, 

* 0«tfJMtric*i eonTmion U i ■ > In- dli^lmpbbcd from 
iiiKTM ill conTC3^an c 4L-. iif.scrlbetl by ArbitotU*, ujt sSL ni nncl 

Ad uhnlysis M thr convention of RtonidtriLTil 
propwrttfocu H fgfxen by PracEiu \m Mutt, L. ni! Frii-dkin, 
*32; & Iji tHr j- ijlilijC furrci of rtunVen-Lun (q upqr 

Y^rtP^o^ cii-furf^c^, a Ho c&iVd otEiViT^lon fj«r f 
f} ttvptoirt dsTWM'^K^hr) Lhc- oonvfrsiQil is Ehe l^ypcr 

15S 



FROCLUS'S SUMMARY 


first principles/ lame setting out from demonstrative 
proofs „ ;iJI being irrefutable and accurate and in 
harmony with science. In addition to these he used 
nil the dialectical methods, ihe iluisumat in the dis¬ 
covery of figures*, the rfrfimtive in the filial 

arguments, ilir tlrmomtlrniivc In the passages from 
first principles to the tilings sought, and the emafytii? 
in the converse 1 process fmin the thing* sought to the 
first principles. And the various species of conver¬ 
sions/ both of the simpler (prapositioiLs) and of the 
more com pit*, are in this treatise accurately set forth 
and skilfully investigated* what whole* can be con¬ 
verted with whole*, what wholes with parts and 
conversely p and what ns parts with parts. Again* 
mention must made of the continuity of the proofs, 
the disposition and arrangement of the things w hich 
precede and those which follow H Ami the power with 
which Jie treats each detail. Have you* adding or 
subtracting accidentally, fallen away unawares from 
sciences carried into the opposite error and into 
Ignorance f Since many things seem to conform 
with the truth and to follow from scientific principles, 
but lead away from the principles into error and 

thesis and conrju jugh of otic theorem becom Lng thr conclusion 
and hypothesis of the Cflmtlw tlleortf». The other fom l uf 
ttOnTersion is more complex* bciojt that where several hy 1 wt- 
thesefr are Combined Into a single enunciation as to lead to 
4 single Conclusion, Jn the converse prapu&hkm tin- t»n- 
elusion of Etii' original proposition U combined with the 
hypotheses h *F I he o rigi nal proposition, les* <me* so as to Ira il 
t«j the uJiLittnl hypothesis 4>. the new condition, An example 
of the first sejueirt of conversion L* Ivudid s. G t which is the 
Convert of f’ticlkl L. a. lien Hi'- notes thereon are most 

Valuable 1 Tht Final* */ Euclid' * Efonwxt*, vnl. L 

; 4a example of purlin] conversion is given by 
iicIIlI | + ti T which b a converse to L 4. 
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imTroX&wrtpQVs i^aTrard^ fifBolk/tfs -napah^&toKtv 
*at rijs raifrwr Stoparitfips $pmdfa£ti3$> us fjfflprcs 
yvpvditiv ptv Suy^aip^Oa ?ou$ ip^opivovs nj^ 
Bcuiptas rairry}$ trp^s tt)v ^vpsijtv rwr tra/MiAc^i- 
ttpmr M dvtgafrdnqrat. &a^cr r t^. ko. 1 roirra mj 
t<> irvyypa.ppa, tV nu ttjv TrapatiKtuijv r^pti- TtuVrp 
tvrffllQirt, S^^SrcpiiJjc' i7TtYpmff*v t TpOTrauz re ay rSn' 
T?aiKtAauT €v T«|fi SmpmfwpT&p& ttiff «rat icaf 
IrtraoTov yvpwia a? ig/jimv rjjr Smvo?ai- TrarroEot? 
dfurpt^aai ^Qe Tuj lptv&£l to aAqtfey irapafffjj ko! 

rjj -Treifxi Tor tAey^m tt Js (imttjj avmppAgpis * 
tovtq p£v mV to jfjijfiAior (Wi koI 

yvp vauriKQYf tj Be ETmx€M*J(W airnjs rrj? irrt- 

VT7)pOVixi}$ Bewplas TUJV' €V ytOJpiTplCL TTpaypaTtiJlr 

dviXtyKTov %x ft wal rckeiav v^rjyrjow. 
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deceive the more superficial, he htv* handed dawn 
methods for the clear-sighted understanding of these 
matters also, and with these methods in our posses¬ 
sion wc cut tmin beginners in the discovery «f para- 
lagtems and avoid being misled. The treatise in 
which he gave this machinery to us he entitled 
[the book] of Pmtdariaf enumerating in order their 
various kind^. exercising our intelligence in eaeh 
Case by theorems of nil softs, setting the true side 
by side with the f*be P and combining <he refutation 
of the eiTor with practical illustration* Hies book 
is therefore purgative and disciplinary* while the 
Etrmrnte contains an irrefutable and complete guide 
to the actual scientific investigation of geometrical 
matters. 

* This book U JobL It clearly belonged to elementary 
geometry* 
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V, THALES 

The circle it bi&cttd by its diameter 
l J Ffpd. in EtitL ] M d. Kridtein 137 , 10-13 
To /iev ovv tqv kiWAov tVrro rrjs 

&tn.pL£7pov TTpcSrov BaA^i t\'cbi' <tci aiv, 

uItvi &€ r^k Si^oroptW t) njf fi/flcia? atrafHyKXiros 

Sia row jcfprpou 

The ftHglei at ike base of an ixustelet triaqgk nr? equal 
md r S 30 . 3 

A eyerm yap htf tt/hStos iirurrijirtu rat 

€iTT€iv r tiff cpa rwroff iowkcAows- tu r TijChis’ rfj fkiaei 

ytuvlai icrat ap^atirtorepor Sf niff ic/Off Jpoiaff 

TrpotrttffTi K&tu * 

■ Thf word H drnian^mtf 1P (cirdilffli) must not Ik- 
ta k m too literacy. Etch Kuclid 
did not derm m -I ru li» itih property 
uf the eini£c p but httilrd it h.s tb*- 
1 till ddinition of hk fir>l tsook + 
Timka proWhly wan the iift± to 
point out lhi> proper! v> i 'utiEor 
W**& A. cf. AfofA. S» + pp + ItPJ, 140 ) 
and Keatll (/f.tf.iV. i. I L£ ] j 

E st that bh lUetitlun may have 
cm drawn to it by figures ofi-irdes 
divided Into equal tectur* by a 
ntimber Ilf d buneteTS, Such tigu res 
arc found on Egyptian monuments 
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Th? cirvir it bisected ft if Us ditimrter 

Prodm* INI Euclid U cd, Frkdlcln I £7. HM3 

TfflSV *ay that Thales was the hrst io (lc inon^trate* 
tEmt ihr circle Is bisected by the diameter* the cause 
of the bisection being the unimpeded parage of the 
straight line through the centre. 


The angles at the bust, of mi isosceles triangle are rqual 
flad. * 50 . £*- 251.2 

[TJtnkss] is said to haft been the first to have 
known and to have enunciated (the theorem] that the 
angles at the base of any isosceles triangle arc ciju&] p 
though in the more archaic manner he described the 
equal angle* as similar.* 

ami vessel* brought bv .Viatic tributary king* 111 the time 
of l he eighteenth dynasty* 

1 This Uturrm t* KueL i. 5. the fftmoui Jtfwii ifJtwnhrwm, 
Heath note* 1 IJJl.M. i. ISI}: " it has b«n va&p: *l*d that 
the iiM Of the word " similar " to describe the equal aright 
Of an isosceles Iriftngtr indicate* that 'flunk- ** did not vrt 
Conceive of atl angle as u magnitude but a* a jffyun bavin cr 
a certain whops* a view which would agree closely with 
the idea nf the Egyptian ' that which make* Ltn: 

nature* 1 In the sense of EietcrrrunLnjr a similar or the same 
LndLnallon in tbefner* nf pyramids* 1 * 
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The vertical ami opposite angles arr rqnal 
J&jef. 5!PD. 1-5 

To&m Totvuv to SitUvwnv, on Swo 

€v&€i,&v qAAtJAh? Ttpvautrasp at ward KOfwiqv 

Util tCTui tlaiv M fUpaipLCVOV fuV* t^ST EuSi^q;, 

UTTO GaXov -rptirotf, Sc cVtOTijjjuorttfigs aira- 
Setfewff iropa toj Xto^cwutt}. 


Hgvoifiy o/* TVwn^fk# 

3 S:?. 14-10 

EwSt^io^ Sc rats ytajfifrpuca?? urropuuf cfc 
HaAip rot?Ta cit'd yet to Otwpiuia. Tip yap TOjy 
cV flciAdTTij jrAottnv amSoraotr 'm oJ rpdirou ^aatv 
airroi r Bwtwmu toeJtoj jrpio^ipftcLe* pipnv dt\i- 
-/tfoToiv 

YVff (771^ m rf tftim'rtWt f> a rtfAi-Ofljgfc 
DUjR. Laerl, 1 . if ^5 

II apt re AtyvTTTcciiii yeoj^erp-fr pifldimi 

7rpAKTCH K tfaraypat^cu kukAou to rptyunw 


* It b Eud. L 15. 

1 lilt ri i cl hurl by whirh iiirtli^ u.^?d ttirf^ ihi'onmi refeird 
Es\ Kd. L £G, to find thr dhtiitreu of m s»hjp from tin- :>tiurr. 
hlj) gtren rise to nuiny ranjaliires. The mo-t attritctiTe b 
that of I Fculh (Tir* 7'hiriten Eltmrnl* of Undid'* EUmf-ni*^ 
L + p* fl.G. M* L 133). He suppose* thfct the t^werrer 
had u remprh m*t.mmrEil Midcofi -Ini^lit And n OW- 

plece ftak-ned to it so u« to be capable of turning iiboitl Hit 

m 
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The iiiTfiVq! and opposite angle* are equal 
Itfd. ftt* 15 

This theorem, that when two straight lines cut one 
.mother the vertical and opposite rttiLflos are equal K 
was first discovered h a<* Eudcmus says, by Thales, 
though tile scientific demonstration wai Improved 
by the writer of the Ebmenii * 

Equality of Triangles 
/hid. 353. 14—1B 

Epdetniis in hi* /littery qf Geometry attributes this 
theorem to Thales. For he -ays that the method 
by which Thales shoved how to find the distance of 
ships at sea necessarily involves this method,* 


The angle ix a setmarcle it a righHmgh 
Dfcigena T^tFfjna e. £4-25 

Fa m phi la says that, having learnt geometry from 
the Egyptians, he was the first to Inscribe in a circle 

fiufruing In such a maimer so that it could form may angle 
with the stick and would remain whew ttwaamit. TheoWr- 
vtr, standing on the lop of a tower or sonic oliwr HsIniBin on 
It hi- h Krtn- b would fix the stick in the upright jm-^i t Li rrt und dirrft 
t h e cn wts- piece town rtU thu- ship, Leavt ng thr craw-pjecr at 
ihi^ Angle, he would turn the Stick round* keeping it vniica] H 
until the CTOfis-pteeit tainted to -H>mr object on Ihr lurid, 
which would he notiil. The distance between the foot of the 
tower and this object would* by End- i- iftf, Iw equal to the 
dMujifr of the ship. Apparently thus method I*, found i n 
many practical geometries during the first century uf printinp. 
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6p9oyi^viov t urm flutKU pom 1 . of Sr Ouflayo^y 
$tui(v M a*r *W(v 'AiroWoStopej' q AoytpTyeor. 


* Pi m phi I a was a femnlr wrifL-e vlrn lived in the rei,irn nf 
Nefn ajiJ won much repute by her tkbioricaJ cumilNOnpIfW* 
l>CKik t&TQpwufr Adyg!*), Shi* may 

have Ivcen rltfllt In BUCTlbinj? lu Tholes. the rll^ovcry that E hr 
atnjfle in * semfelrdr l* ft H*fht fttigrlr, but the pas*npc bristles 
with liiSlculEies. The rriVrw u» to the McHfioe of An o* u 
H ispEdflusly like the Ijettcr-attesEed story that PfthlftDru 
wimficfd oxen when he diwovfml a certio This 

story Is told In ft dhtirh by Apollndnntt reproduced hrlo«. 1 
{p. iTtfJl In reproducing that cl I Mich Plutarch uip it b nu- 
certmn whether the theorem was t P«n r about the square cm 
Use hj |>otenu-ie of a ripht-angled Erin nub- Of that about the 
mpplhiu t loti of fcttlLA l he docs not mention the theorem abou t 
the ftnule in ft pemltitde. Dliupn-ncs Laertius probably made 
a mhinkr in bran^m^ In Apcllodortis ; the rffriv-ne* to the 
sJiCfLsiee Of An nit made him think of Apohodurijs'ii dixUdi 
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a right-angled triangle, whereupon he sacrifice*I nti 
on r Other* say it wa* Pvthflgoja»» among them 
being Apollodcinis calculator..* 

About Pythagoras, forgetting that they referred to a different 
proposition. 

Thurt art diffictLll irs on the n ay of believing that 

Thali* foLtld discovered Use theorem tbt [he angle in 

a srniieLreie i=- a right ongle. Kuclid (ill. 31) prove* tJii* 
theorem by means of I. Hi, that the aum of the angles of any 
triangle is two rigid-angle*. Now Eudemuih a* will be found 
below, pp r L7£l7f>, attributed to the I'ythagorran* Hie dis- 
swrrv of the theorem that in any triangle the mm of Hip 
angira i 5 eoiiaJ to two right-angle*, The Authority of 
Eu dermis compels li* to believe ihnt Thalc* did not know 
t hvi theorem. Could hr have proved ihiH the angle In n 
seni&rirelr is a right angle without previously knowing llml 
the mm of [he angle* of any triangle h two right-angle*? 
Hi ath (/f<7. J/. I. 130-137 1 show* how hecoilld havedour mi 
and SO Pumphlta, for all her late date, may have preserved a 
rtifrtcl tradition. 
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VI. PYTHAGOREAN GEOMETRY 

* (fl) GK|tf£HAL 

ApoOoo, JfiTofc, DieL% I W. IV OB. 2^31 

n Lh^aytJpaj Mi^icrQpvoLi trlpy to p£v Trpunov 
SltTTWftTO TTfpA TU KOt TO iff 

VBTCpQi' S# 7TOTC Kal Tljf $t/ftKz!SoU T^TO^mW 

pvk djxccrrq,, 

ArMot. Met. A A, !!@5 b S 3 -S 6 
> Ei h s* To^TOty lf<i< vpo TOtfTCiiV oc KaXoviiCl^Ol 

TI uflayoptuu ™r d^d^trot it^Stoi 

rt&rd re ^pa^xyoy, K at tvTptubdvrts tVai Wat? rdr 
rrp^df TWV avrtiiv dp^df 4 £rtJftj<rav ilvai 

TTavr&jV* 


nja^-. LflprL vijj. 24-25 

■D^-cti 3 t D ’AAtfai-Spoj «V rats imp d-r^W^^W 
SuiSojfaif Kal mtha irup^A'di iv UvdayopiKQis 
vTiQfAinilpamv. pet* aTrtii-TOjv pjovtiBa,- «e Sf 

t^s jim-aSar aopiqTOv fivd&a iL? dir iTA jjp rjj pavdBt 
mrtujfiirn wooripai' eV St jicvtt&iF mo2 
anpforcw Bvd&oi t atr? dpi&pm^ cV 3e rdh- 
ni cn|jm£r ck Toi^TfitiP tA? ypa:firiia\ p ff Jd 1 T d 
ITS 
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(0) Gen eh a l. 

A|iul]oillll5 P»r«dw3«T>|fhuS4 f >J* -UnrrWf H 1 

i\ flfl, ->11-31 ■ 

pYTiUtmuAS, the son of Mnesurehus., first worked at 
ffiflthemntir^ and numbers, anti Inter at one time did 
not hold himself aloof from the wonderworking of 
Pherecydes, 

ArLvtotlr, MtftipAytic* A 5« 9@5 b 

In the time of these men [Leucippus and Demo¬ 
critus] and before them the so-called Pythagoreans 
applied to mathematics and were the first 

to advance that science : and because they had been 
brought up in it they thought that its principles must 
be the principles of all existing things. 

Pkip'ncs Laertius viii. J MS 

Alexander in The Su^rMsiont of Philosopher* says 
that he found In the Pythagorean memoirs these 
belief* also. The principle of all things is the monad; 
arising from the monad* the undetermined dyad acts 
as matter to the monad* which is cause ; from the 
monad and the undetermined dyad arise iiuflibew; 
from numbers* points ; from these P lines* out of which 

* Applbniia is quoting Aristotle*!* bciok Ok th* P$iiru- 
pvrtonf* now lost. 
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CTJiWS'l CTyTjpnTQ ’ Iti Se TOiU frrt77^S<i>r Tfl (TTfp^fi 

cr^Jpa-rfr ix 5t TouTfljv ra atVtflfni W^i-ara, clit 1 
«ai ra trrm^ta. fuat T-eVrapa* irup* oSaip, yijr? 
at pa- pTapaAAfLv &€ *a! rpeWotfa: £[' oA*^, #cal 
yiWaflai liijtwu tfdcrpov \ roepdi\ a^ai^ 

jOndccStJ, u/tfrjv ■jrcpi^j^imi -rijv yjp #c<u ayrr/u 1 
o^atpoftSr} irat 7 reptoucoypeVrjir + 

Dt^. I^iprl. TiiL 11-13 

Totrrm* Kat yEwpcrpiW ivl Trepas' dyaytTv^ 

MoL/JiSay TTpvWov c vpaiTUS rd* fipydf tl.hU OTOl- 

ayr^f > clay ‘AmtfAftB^y tv SeuTtpoj 

11 € pi “A AffduSppy, pciAiorti £4 tr^uAitacu iw IEt'- 

^cLyopciv ffepi to ap*fff£7prkov e?Soy adrigy Toy re 

Kavoim roy £*< puds ^opS^s tupzh'. Putf 5’ 

qw&* iVrptKiJf. ifr7}m S* ^ATToAAoSwpoff d Aay icrrihdy 
^KarJppijy tfuaai adroi^ cupon-a on tqv dp& o- 
yai^tou rptyfPUOLr tJ diroreimiwa —Aeopd ictw &uya^ 
-ai Ttuy irfp^DilfFOif, tfai IfTTt^ cWypappa outopj 

iJulW 11 trftay op^y to TrepiwAeey eup-fro ypdpjia, 
*ceiV* #* ffTtfi if Aeii"^>' ijj'iiyi ^otitftnjitji', 

Prud. in AW. L, ed. Frlcdidn 84. ISH3 

* 

^Qera St Trpay^aTffwSe^rrejpft^ Btuipi&v Kill 

awraAet irpdy tt^ oAtju ^tAaoo^iay, toiJtiuu rrpo- 
lyyoypeVijy irotrj&optdo rijy &mfWijtnv r f^Aowtr*? 
to dy Ilu^ayopeiVoy^ off rrpd^ipou Kai tQvtq 
trvp^oXoi' 41 g^ajia icai j^apa, dAiV od cr^a/ia wqi 
rpiOijEJaApy ” erS^L*rvvptVioi^ aiy apct S*t yccu- 
ptTpiatr e*«tVjjy jifTaSi4ijiC£tt% ?j Ka&' im&TOv 
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Arise plane figures ; from nkncs> solid figures ; from 
these, sensible bodies, whose dements are four— 
fire, wah r t earth, airl thcM elements interchange 
ami turn into one another completely, amt out of 
them iirm'H a world wUdl is animate, intelligent, 
Spherical, and having as ltd centre I hr earth * which 
also is spherical and is inhabited round about. 

jyiogmm Inertias vjjf. 11*12 

He [Fythfcgorasl it was who brought geometry to 
perfection, after Mauris had first discovered the be* 
gin mugs of the dements of that science# as Anti- 
rftides says in the second bsHik of his //ijr/ary of 
Alexander* He adds that Pythagoras specially applied 
himself to the arithmetical aspect of geometry and 
he discovered the musical intervals on the mono- 
chord ; nor did be neglect even medicine. Apnllo- 
dnrus the calculator says that he rsacrificed a hecatomb 
on finding that the square on the hypotenuse of the 
right-angled triangle Is equal to the squares on the 
shies containing the right angle. And there Ls an 
epigram aa follow : 

A 1 - when Pythagoras the fun our figure found, 

For v, huh a ■mtri.ftc* renolrm-d he brought. 

Froelus, un Euclid L* ed. Frbdkfrl 84, 13-23 

Whatsoever offers n more profitable field of research 
and contributes to the whole of philosophy» we shall 
umkc the starting-point of further inquiry* therein 
imitating I he Pyihagoreims, among whom there vras 
prevalent this motto , 11 A figure md u platform, no! a 
figure and sixpence/* by which they implied that the 
geometry deserving study is that which, at each 
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0€topTj}tfi TiftijaiP £t$ avohov Kid attatpmi ttJ* 

tlgr tN/rohf, oAA* cijJ*c tv tpi? tuaftTTW ksto- 
^aaetv a^tycrtv rtal aui'tujfav toTj A^tc^iT 

vpefftv aTTOTrA^pPt'v rcai raihrijs prp^afppeVigv rtjr 
^rriFfep TrtpiBpwyfr tfarapE Att v. 


Ftlit. Nen fmt* TOOT* rtei jpa, jEpaV H 11 , |Ofr 4 it 
Kcu Hv&ayopa'i ini r<S tiiaypdp^iaTi jSoifv eSiMJ^v, 

'A77oAAflSaipO?' 

ijvifca RtpPa-wfpaj ti rapwcAe^ 1 cupero ypappa 
otoj Aapirprjr ijyfro /fcrutfwnjv. 

£iT£ TTipi TTJff UTTtn-ttTOlJtn^ to? HJOV Sc/vartu rdls 
Trepan r^v optfijvj elrt irpi/SA^pa Trtpi top 

^ityptoy napajioXTfc. 

Hut, Qua*wK iwir H vuL L 4„ 7iU a 

"Egtl yrip tV rot? dccuptfpcuTt, 

prtAAciV jrpo^AiJpacft^ To StJCtv fi^tTjv So^tiTtnV 
dAAo rp pjw Trapa/JaAActv rtp pev ?<rov t*jj ti T Jpcnov 

<5 «T£tt ifrfUJW ifjzVptQivTi &UCTOJL TQV 0 vOfty dpfll- 1 . 

mAu yap apcAtt yAa^uppjTtpov rows wai potfm- 

KtfrrzpQv ixsivov tqv ^etupTjpaTos", « rqr t'lTP- 
T€tWlJ£FttV ClTT^5tl^£ T€L If TTtpi TtjV Qp&TfV LOOf 
& VVU-}iivT]V. 

(t) Sun ov tiie Angus or a Thunole 

FWL in EvrU U cd. Fried lelti im. 5-16 
EJSijpos Sg q 7T*pmaTi)TU<a¥ €i$ roiJf rTp^ciya- 
ptiavt rtp- touSe tou AatprJpL&Tpf eJ- 

pt<7iv, otl rplytjMy a?rfu' Sun* op&aZ$ icras c^ei 
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Hicorem+ sets up el platform for further ascent And 
Bfts the soul cm high + instead uf allowing it to descend 
among sensible objects end so fulfil the common needs 
of mortal men and in this lower aixn neglect con- 
version lo things abase, 

Hutuith, TA* ^HieuPKnl Lift LI* I0!)4 u 
Pythagoras sacrificed ail ox In Virtue uf his pru- 
|iosition, n* A poUodonis says — 

As wfieii PyUm^oRih Use lamouj Eif^ure found 

For which the noble sacrifice hr brought 

whether it wav the theorem that th*; square r>n the 
hypotenuse is equa- to the squares on the sides con¬ 
taining the right angle, or the problem about the 
application of the arc** 

Plutarch* Canrtrbai Qufttumi tIlL 2, i 720 a 
Among the most geometrical theorems or rather 
problems, is this - given two figures, to apply a third 
equal to the ore and similar to the other; it was 
in virtue uf Uii* discovery they say Pythagoras 
sacrificed. This is unquestionably more subtle and 
elegant than the theorem which he proved that the 
square on the hypotenuse is equal to the squares un 
the sides about the right angle, 

(b) Son or THK Avous or a Thianoug 

PrtdiLs tin Entrfid !.»til- Frit-dlEhi ^fTil. 

Eudemus the Peripatetic ascribes to the Pytha¬ 
goreans the discovery of this theorem, that any 
triangle has its taterna! angles equal to two right 

9 S« jiIjCtu, p. 163 a. a, and p. 174- 
H 
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rd? tWd? teat itiKvuvm avrovs 

ovtwt tq wpQKtipcvav* forw rpiyortW ri ABFp 
kox 7j%dtu Std to v A rij BF mi^aAAijAas AE. 
eWi oSv irapaAA^Aof ctaiy at BF a AE, a! 
AaAAdf iuat £*au% «nj spa ^ jUfv urro A AII ttJ uird 

ABT, tJ 5J mo EAF riy vttq APB, KQivrj jrpoa- 
Ktlv&w i) BAI . at dpa mo A AB ? BAI% FAJEj 
rovT^fTTiV al VITO AAB, BA Ep TOUTfiOTtV at Soo 

opOal Taai tlol Tat? tov ABF Tftiyan'av rptat yw- 

VEtU? ► di apd TOV TpjtyWVQU SuCTiV Qp&tlLS 

iioLP leTOI. 


(c) Hl Pvthagoraj'j Throb eh “ 

Eud+ Elm, I* V" 

P ps' Totf D^DytiinaEf TptyturocS TO iTTO "rijf TTjV 
op&Tfv ytMvtxw dtrsr^tnomrjj^ irAeupdr T€Tpdytiivov 
t&QV dp tI Tots W toiv rijfy op&^v ytoviau 77i=pi- 
T?Afup*Si* riTptiytpi’Ot£ + 

*Eanw Tplywwov opfloyamov to ABF Sp&r^v 
TTp yTM> BAF yaifial^' Adycu o?i To tiird rjjy 
JiF TETpayoi^civ ect-di** e'ctt! TPEf dtfd Tuis BA, A F 

TeTpEiytit'flif. 
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niiglei. He siiys they jwcil the thccttv in question 



after thb fashion. Let ABF be a triangle, and 
through A let AE be drawn parallel to BT. Now 
since BF t AE are parallel* and the attentate angles 
are equal, the angle AAH is equal to the angle AtU% 
and EAV is equal to APB. Let BA l be added to 
both* Then the angles AAB. BAT, FAE t that is, the 
angles AAB, BAE P that is, two right angles, are equal 
to the three angles of the triangle. There lb re the 
three angles of the triangle arc equal to two right 
angles. 

(c) " PVTHAOOaASS Tiieoou ,f 

fuLciid, EUmSAti i. W 

In right-angled triangles thr vpinrc on the side 
tending the right angle is equal to the squares on the sides 
eonlmning the right angle. 

Let ABF be a right-angled triangle having the 
angle BAP right i I say that the square an BP is 
equal to the squares on BA, AP. 


m 






GREER MATHEMATICS 

*Avay^yfulfill yip arri pty rift BF TcrpdycuFOV 

tq BAEI T J dmJ ftt twv BA, AT ra H R, BP* 

5td T&t> A OTTOT£f}'l TUiY BA, PE I74ipaAA^AoS- 
tj A A j K<ii tTr^tv^Bwav at AA P ZF, ieai 4tt€ i 
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Forint l he re he described <m BF the square BAEr, 
and an BA S AF the aqiura HB, BT [Enel. i. 4S\ and 
through A lei A A be drawn parallel to either BA or 
FE ± atid Set AX 551' be joined*" Then, since each of 


* III this famous ' 1 windmill" figure, the lines A A. BK. 
rz m rrt Lei a point. Fudk) lias no need to mentitwi this fact* 
but it was pmvd h> E (emu: W mfrt *. p T 1 $£ n* ^ 

If AA+ itii! perpcftdkufor from 
A* meet* BF in M, as in the de~ 
fashed portion of the figure here 
n*prcdttnd T I he triuinks MBA, 

MAT are Si null r fa the triangle 
ABF rtEwi tn tmr another. It 
follows from Fuel. El*m, rt h I 
and IT (which da not depend an 
l 17) thai 

BA*=BM . BF. 



and AH^FM.Br. 


TlicnffEPre 


BA 1 + AT 1 =BF (BM +■ I’M) 
= BI* 


The tltCflrv of proportion tkveEopfd in EjUcUfTs $Hth l*Xik 
therefore otters ;t -shnpie method of proving *' Pytiwgnnu*s 
Tbnxefo/ F This proof, nwretreer, h of m* same typo ns 
Eud. I. 47 iiiit^nnch as Lt is h&ifti an the equality of 

foe square on BF to the sum of two rectangles. This has 
MjgRStad that FythagOPH proved the theorem by mein* of 
hW inadequate Ibeory of proportion, which applied only to 
HirnmniMirnhlr magnitude*. SVhm the mcointiien&urnble 
wn-i discovered* it became UtCt*sary t» Imd a ll^W pNfcif 
independent of proportions. Euclid therefore recast Fytha- 
pir»*V invalidated proof in Use form here given so as to get 
II into the aret l™ls EH aficanbincr with lit* general plan of 
die Ef#fu*nt§. 

For other mettuwis bv which the theorem can be proved, 
thr complete evidence Iw-uriilg on its reputed discovery by 
Pythagoras and the history of the theorem in Egypt, 
Babylonia, and India, See fleathg Th* ThirUto t vf 

£Wid + t tiftmrrit*, i. pp, A A/unuoI a/ @v*tk 

for. pp. 1*0™ 100. 
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Opftrf i(JTlV eh'CLTt-pa twm V?rq BA F ? RAH 

ffpdf BjJ TiVi fiWcta Ttj BA icat to) 77 po$ avrfj 

iTT}fJ^UrJ Till A 6l*J Ol AT. AH {17} iTTl 7(1 

CUrfri fi.CpTj K«£jf L€Vm TOya>^a? Stiff EE> 

6p8a Is Eros TTOiouCfi^’ eV fijflgiay apa eWtv jj FA 
TtJ AIL Ota ra ami S*y m*ai tj BA ttJ A6 

in eu&Kt?* fftii eVet tcjTji eVnP tJ tWo ART ya;tVa 
rjj iJfro /lBA L opfli) yap ixaripa* KOivij irpomtiudw 
7J I'tto ABF- nXi) aptt ij yrrq ABA oAfl T fj OTTO ZRF 
COTtl* CHO-fJ- Kat tTTtfi ICH? €OTlV Y} pc V A Si 77} BI 9 

tj 6* ZB ttJ BA, Suo Sij a* A1J, BA Suo ™Tr 
ZB P BF fa at f Lff l i- imripa ixaripty tfai yai^ta tj 
L'T ra ABA ytiivia Tj} vtiq ZRF tcny $d<7i% ft pa r} A A 
j£td act ty} ZF [■forti- Icn^ sat to A IS A jptytiivov mi 
ZBF rpiyuivip l&rh' Taov- reed [fVn tov piv ARA 
Tpiytuvou BtTiAafxtor to BA jrapaA&r)Mtypa p.fwv 
fidmv Tt yap tt^v o.uttjv e^Qven TtfV BA KQt tV T&Jf 

ayrat? €(ff* irapaA.^njAai? TCu? BA. AA ‘ ToO fif ZRT 
rpiyatvov StirAritrtoiv to HB reTpdyujuoy" B4mv t* 
yap TfftAcr TTfi' atfTT^ L r rw ZB KOi *V Talp 

ai/rats ««rt irapaAAijAatff rat? ZB, HF. [ra Se 

Tiltv “fJtiif bLTiXdaLU. caa riAAyjAf>[^ cWlV] 1 fcffdi/ qpa 

eorl was to BA mjpaAAqAoypappQtf rip HB tc- 
t pay l/, d/ioutuf Orj ifji £e uymflivwv t£}\? \E t 
BK Kal to FA TrapaAA7jAoypHfi/ipo^ 

iffOi' TW 0F Ttrpn.yu}vip ■ oAom apa To BAEf* Tf“ 
TpiyEorai p Bufft roif liBp 0T rerpaycomts tow 
iirrII s . ffat cart to pei* BAEF T^Tpaywi/o*/ aiFo Trjs 
B.F avaypa$iv a t« Be IIB, 0F ami toj^ BA, Al\ 

TO f.iptL 0.7TO TYfi ]j | TT-Af Uptli; T* TpO'/ii) 1*01' FffO^ fETTi 

TOI? 0770 TttlV BA > AF ^Atyptwl 1 7tTpoyon'Ql$ r 
'Bi 1 apa Tot? op&aywvtmg xptyaln^ts 1 to ojto rij? 
I $2 
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the Angles BAT, BA 11 is right* it follows that with a 
straight line BA and at the point A on it, two straight 
lines AP# AH, not lying on the same side, make the 
adjacent angles equal to two right angles ; therefore 
FA is in a straight line with All [End, L i t], iV 
the same reasons BA is also in n straight line with At>. 
And since the angle ART is equal to the angle ZB A* 
for each is right* let the angle ABT he added to each j 
the whole angle ABA is therefore equal to the w hole 
angle ZHF. And since AH is equal bo RF h and ZB to 
BA* the two [sides] AB, BA are equal to the two 
[sides] BJ\ ZB respectively; and the angle ABA Ls 
equal to the angle ZBT. The base A A is therefore 
equal to the base ZF* and the triangle A BA is equal to 
the triangle ZBT [Enel, 3, i], N*w the parallelogram 
HA is double the triangle AHA, for they have the 
sunt base BA and art 1 in the wnlfl parallels BA* A A 
[Fateh L it]. And the square HB is double the tri¬ 
angle ZBF, for they have the same base ZB and are 
in the same parallels ZB, HF. 'Hlerefore the paral¬ 
lelogram B A is equal bo the square 11R. Similarly* if 
AJ£, BK are joined, it can also be proved that the 
parallelogram FA b equal to the square OF, 'Hicre- 
fmre the whole square BALI 1 is equal to the two 
squares HB+OF. And the square HALF & described 
on BF t while the squares HB t OF are described on 
BA* AF. Therefore the square on the sidy BT is 
equal to the squares on the sides BA, AF. 

ITierefore in right-angled triangles the square on 


1 chiu Heiberg. Ihe words arc Rjulvjikut lo Common 
Notion 5 b Which tuiasl also bean lnlrrpcfolion as it k* earmd 
liv CuiILIDUn Nn>tiofl Ail J&P u»lf i« flfKwrr^, TW ^ f-xriv 
iflu, * 1 if equals *re added to equals the wholes arc equal/ h 
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rifV Sp$r}V YtM'lav tWoTttvpycnjf irAci/pS* T€~rpriywim 4 
icrpi^ ior1 rot? citto rmv r^v op&rjp lywi'inv' irtpi- 

hXuvq^v TfAfUpOFV TtTpay Finns' mrtp fSet Sttftic, 

Pnfcd- in i. ft mL Frfcdlrtn 4ifl. $-14 

Tty* /1€V i'.araptiv ra ap^aui ^byAop^iw gkovqi- 
Tfi f TO t ovro ek Oyffeyopay iw 

ttoitw^ icrrly copfty h-cti Jjpytfyrijy A^yoir-rajt' aoroi" 

<V ttj ivptati. €yw Si Oaufii £Vu pey mra-i rouy 

trpcoToy^ fiTi£rratTas rij too &ftt)pjjp*TQ£ 

oA^flexa, Sf ayapui rov 06 

flavor on Si 1 &ro$tt£fu? fyapyecnrdirqf touto h m ar- 

fS^TOTOi tiA-V ort KfU TO Ka.8a\tKCuT€pQV tLUTQV 

rok avthzytCTOiZ XSyotg t*}* iiTnj-rrjp.^ en’fom A- 

rip ftfrw j9i/&tOJ. 

Wd* 429. M5 

Tlfc Si Toy Sroi^ctoiToy aTroSe^iy? oijcnjf 
^arepa? ooSiv ijyoupoi TrfKxr&7irtu nxprnw, 

ctAAa apKclaftu rotf yeypappfvo^j fVfl *ai £ooi 

Trpoae^fcriy rt ir\zm\ w? ot mpt ’H/xum *ai 
Unn-rrois iJmyKaffftjcray TTpoirAa/SeTy n tvjv £y rip 
tfcrw SfSeiypJww. ovSeros SvtKtt TTpayjmrt uLBqvs , 

* KutL v\, 8l. /n rirffit-ntijjfirft trhmfjiff th* jijfurr an th# 
*itt* Mubi**d*m# iht right an^fc it naW tf> tU timihtr owd 
ritttUnrij} iifarrihtit fipum mi thu wit fa* thr right 

O ntfl*. 

b to llanryr Produ* iloabllK moans, fa 

lUHT^dftiwft wrtli hm pratke tkewherr, I irron und Papm 

Fappun, in Orff. f*. 1, nt Hult^fa l7G-i7% 
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the sicir subtending the right angle h equnl to the 
squares on the sides containing the right angle! 
which was to fee proved* 

ProduK. on Eueiui L, cd, Fried]* in 456. 6-14 

if wc listen to those who wish to relate ancient 
history, we find some of them attributing this theorem 
to Pythagoras mid saying that he sacrificed jui 
upon the discovery. For my part, while I admire 
those who first been me acquainted with the truth of 
this theorem* I marvel more at the writer of th>- 
Elr merits t not only because 1 he established it by n 
most lucid demonstration, but because he insisted 
on the mure general theorem by rise irrefutable 
arguments- of science in the sixth l>ook. a 

im 429 . !M 5 

The proof bv the writer of the Elements being 
clear. J think that it is UTineccssary to add anything 
further* and that we may he eon tent with what has 
been written* since, m fact* those who liavc added 
Anything snore, swb a$ Heron and Pappus, were 
com [veiled to make use of what is proved in the 
sixth book, with no null object A 

gvncraJrxeti 11 Pytlmgfliws> Tlwm ni ** ivy prOtlur Hint if nay 
triiEiglt' b> lakrli (not iRPB^rily r%ht-nn(f!rsi^ and nuy 
muAlfojPfwnf nr? described on iwn of thy ikies, , t heir mm 
Li equal Do n Hblr d pnndlelugrnmi. ProdllivV Words Can, 
however, hardly refer to Ihl* elrgwnt theorem. Heron is 
known from thr Arabic commentary of wNmiTsl an IrluiclJri "i 
EUwi+uir |rd. Ik^thom-ricflN^rir I7S-1&5} to have proyed 
that in Euclid's hgure AA* bK, V?i meet in a point. Heren 
used Ihree feinmOA proved on tile prinelpb.s of \Wik |. atom*, 
hut they would in oft easily be proved from Eock vL It Is 
E| Elite Likdv tMt Proctus refers to this proof. 
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(<f Tme AppurATios of Asm 
One of the ^rent^t of Pythagoffaiit discoveries was 
die method known. a* the application of areas which 
(jt-efune a powerful ni^ne in the h&ntk of succe??ivt 
Greek geometers* The geometer is said to appty 
(vapafinkkitv ) an area to a given straight Knr when n 
rectangle or pnmltelugrnm equal to the area is con¬ 
structed on rJmt straight line exactly ; the area is said 
Iff fall short nr ft* drjiciml (cAAfiViett 1 ) when the rect¬ 
angle or parallelogram U eout-t ructed on a portion of 
the straight line ; acid to exceed (<V*p£faAAe<r) when 
the rectangle nr parallelogram l* constructed on The 
straight line prod need. The method is developed in 
the following propositions of Einclids Ekmcnit: 
L t+p 45 ; ii. 5, B t II ; vt. 57, 5S, 39. These pro^sl- 


ProcL In EwrL I., ctl, Friedteln 4 IU* 15 - 430 . 13 
*Ep-n apj^ata, ^aote ot mpl roy ™I 

TT9£ T&v UuBayQpttiuv fiouoTjs eypiJpcrtL nayra, 17 
t* mipajEJoArj- Tcok £UJp*W Jffl! ikrrxpjSbA^ Kflt t) 
£\A«i/^t* awii S* Toi/Ttue iral m vetortpot ra 
ipofitvra AuScWt ^ jMCTJjyayoc ayra eVt Taf 

j^i^eis 1 AtyojLi/caf *ai rovron- Ttjv /lev 

rrapOpaA^i tti^ St tfrrfppoATji k 1 raAtWvrtr,, t^f St 
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tinos are equivalent to the solution of quadratic 
equations, tint only in particular eases but in t 3 ie most 
gi'nenl fo ni i. The appl ical ion of art m\_s (-apifiaXi) rmv 
is therefore a vital part of tlie " geometrical 
algebra IF of the Greeks, who dealt in figures jv= 
familiarly as we do in symbols. Hus method the 
fourid atltjTi of Euclid's theory of irrationals and 
Apollonius s treatment of the cofrie flections, Thr 
^object will be introduced by Procitis^ comment on 
EucL i, t4, and then the relevant propcrtitkms of 
i '.Lielid will bo given, wilts their equivalent* in modem 
rtlge lira [cat notation. Though lire precise form of lire 
later propositi11ns cannot be due to Pythagoras. dc- 
pending as they do on a theory of proportion invented 
by EudovLis, there can be no douhl, as F.udctmLH said, 
that the method goes book to- the Pythagorean 
school, and most probably' to the unis ter himself 


Ihoelus. mi Eutlid l. fld. Pried kin 4 Jib I* 

These things arc ancient, says Eod<mus h being 
discoveries of the Muse of the Pythagoreans T 
I mean the application of arcus, their exceeding 
And their failing short. From these men the 
more recent geometers took the names that 
they gave to the so-called conic lints, culling one 
of these the j}nraf)tth f otic thr tpfrMa and one 
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£AiWir/jii r j fKfiWv Ttjjl' tx^auiiy ku£ fctwi 1 drSpfS^ 
eV eViWStij tfaraypttc^ij jpuputiv Trpos* (rufleEay eupt- 
trpifyiyv to fap TOtVwi 1 <n}p<xiv6^itva tujv avopariuv 
optiiVTatv- Srfiv yup tvfftias Ikk* tpevijs to baOitv 
X^pio r ?ratnj tjj eutfcm m/p™pa reives» tot^ ™pa- 
/SaAAdt 1 €lfi£rm TO ^tupcuv rnrav jute tfOF 5t 

ITOtrj<T^£ Ttat? pfijjprW TO jUTj|JfOff ayrij? TTjiff 

TfJ7£ u7Tep^aJWtu' P oral' fie eAf^nrov* &*£ TOt? j^tupcoy 

ypa^eWoy ffi-ai Ti tt}? (Vro^ TOre iA- 

AffiTTfu 1 . #tat oiTrtuff tv rep ^n-rcu jSt^flAup ftroi npr 
vTTfpjSoA^ o EifrA^tSsg? piojpovedet Kal ri}? eA- 

Ac^ttu/j &rtuH?a Si ttJs 1 inapajSoA^ eSt^-g rcu 

SoflcWt Tptywvtu rrapi SbficZtfap tvOciav i&av 
ftupa^aAciy ^TrapaAAijADypQppov]^ IW 
pdroy awr-amv impt^AA^Aflypappou tw 

SoWm rpiytuv^j tcroi\ dAAd teal trap' zvlhiuv 
wpujp^vTjv Tra pa3o\*jv* 

EncL 0 #fhl U t4 

Ufip/i r^v Sotfctaar tu^Et<ti r rip SoPort rptyaivtp 
Itrov TrapaXXjiXaypafifiQV tiapa^akdv £v yfj ioStitr^ 
ytavta tv&vypappcp. 

T&m» 15 piv &Q 0 ctcra fi/tfem tf AB* to Si Sof?ev 
-ptytAivQv to V, 7j di Sorters ytuvcti €&S6ypapj,io^ jJ 
A 1 Set 5 tj napa rip r Soffetcmi- cAffctav Tip- AB Tip 
SoffeVrt Tpiytuiup Ttu P cook TTUpoJiXifjkoyptippQv 
T7 aptifioAtiv tv i<rr} tj) A ycuvta, 

IBS 
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the ellipse, iiiiismucli as those god-like men of old saw 
till- things signified by these names Lb the construe- 
Hon d i u a plant, of area* U|K>n a fi ni to s traight li no* lor 
when a straight tine is set out and you lay the given 
area exactly alongside tfoe whole of the straight line, 
they say that von apply that area \ but when you 
nuke the length of the area greater than the straight 
line,, then it is said to exceed, mid when you make it 
!rss P so that when the area is drawn a portion of the 
straight line extends beyond it, it U said to fall short 
In the sixth book Euclid speaks in this way both of 
exceeding and of falling short, but here lie needed 
only the application, as ho tight to apply to the 
given straight line an area equal to the given triangEcj 
in order that we might have not only the cou&l ruction 
of a parallelogram equal to the given triangle, but 
also its application to a Unite straight line* 


End id. Etm*nt# i. 44 

To a given straight Hue to apply in a given recti lineal 
angle u puirtiltelugram Cifuuf to a grrrn triangle. 

Let A El tic the given straight line ? V the given 
triangle and A tlie given rectilineal angle ; then it is 
required to apply to the given straight line AB f in an 
angle equal to the angle A, a parallelogram equal to 
the given triangle V. 



B A 


m 
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Euvuttutoj r<L F TpiyiJwtp ujov irapoAAijAd- 
ypapLftav to BEZI [ iv yi^viq. ryj vtto EBJi > ^ 

Ten) rjj A teal ic*«r$w «Scrrc err* cv&eias *li*l tt^ 
BE AB* Hid V ZJH irrl tq 0, 8t« 

too A d^OTtpa r<t>r BIB EZ trapttAAijAor 7}X$ m V 
A0 P Kfil iTTtCtttx&tu tj 0B, tf<ti eVti etV ixaptiAAiJ- 

Aovs ni* AH, EZ eL'tfeKt trfVccrcF 15 0Z > at apa 

mro AGZp HZE yoWat Sualr GjotfaZjr ftmt? Jctai, a l 
npa t/rro B0II t HZE buo opOioi' iXitraoi^ *ltnv K 

at St tLira iXatjijQvujv ^ Swo op&aiv cty fiTTtipop 

JxjSaAAd^o'OJ cnjjxiriiTTtJuoti/ 1 a± 0R* ZE apa 

€^(lAAftjyfVfU UUp TTtaoihrrcu P M( 

mrp 7Tiirr£T<dffai F jra™ to K, 5td tdE K tTr^ticu 

diioTtp^ Tdji j EA, Z0 ^apaAAijAos ij KA, teal 
at 0A, HB fVl rci A, M ct^irax* 
TTOpaAArjAdypuppor dpa cWi to HAKZ, S taperpos 
hi flvroii ij OK r 7T?pi Sf rrjiv F 0K tsapa^jXoypappa 
piv ri AH, ME p to. Se At yop.tv*i Trapa ttAT jp■■jjjtA gt a 
to AB* RZ- iaov dpa tori to AB no BZ. dAAri 
to BZ np F rptyiAiViu iarlv ?&oy kq.1 to AB apa 
Tip F fOTiv idOi\ Kill trrt'i terq iwriv t) m to JIBE 
yotna rjj vrro ABM ± JAA*i ^ otto NBE rjj A term* 
lotj. k at Tji 1070 ABM apri nj A ytmta ?Wii p ic^. 

Ilapd tt)i- Sotictoat' a pa rip AB toj 

SoflAri Tptywvti} 7w F tarn* ■nrapaAAijAoypcippot' 
77apa^e^A^T-ot to AB iv yt&vta Tjj fma ABM, 7 } 
FOTlt' 10TJ TJj A m OJTf p €&U IIOITjiTai. 


" El™» nn >' rvctflirunl figure can t* divide*! into irianxl**. 
tni* proposition can bv u.^l to Mj-ke EudldV next pmhlrin 
{L +5)i WIlk'll lit faj SdJ&rt i£j}Lyfitifipq, Jcok 
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Lrt the parallelogram HEZJt be constructed, equal 
to the triangle F, in the ingle ERH which fc equal 
to A [i. tfi] ; and let it be placed so that RE is in a 
straight line with AB* nmd let ZH be produced to 0, 
and through A Set A0 be dmwn parallel to cither 
BSI nr K 7. [j r 31]* and let. 0B be joined. Then* 
since the straight line 0Z falls upon the parallels 
AO, EZ f the angles A0Z, &ZE are equal to two right 
angles [L Sp] T Therefore the angles B6H t H5EE are 
Jess than two right angles. Now the straight Lines 
produced indefinitely from angles teas than two right 
angles will meet. Therefore HB, Z£, if produced, 
will meet. Let them be produced and let them 
meet at K* anil through the pniut K lcl K A Lie dmwn 
parallel to either KA or ZU [i. SI], and let 0A, HR 
be produced to the points A, M. Then SAKE is a 
parallelogram, 0K Is its diameter, and AH t ME are 
parallelograms, AB, HZ the so-called complements, 
about OK, Therefore AB h h|uh! lo HZ [L k3[. 
But RZ is equal to the triangle I" 1 , and therefore Aft 
is equal to 1’ [Common Notion l]. And sauce she 
angle ItBE Is equal lo the angle ARM [i. 15]. while 
the angle 11 HE is equal to A+ therefore the angle 
ARM is eiLko equal to A r 

Therefore the parallelogram AR, equal to the given 
triangle F t has been applied to the given straight 
line AH in the angle ABM which is equal to A ; which 
was to be dorie.“ 

ypis^jior u I-j-rvuucrtfia L iV -rfj Bdfflnbp 

niRrfrwl, i a a girra rwYfJiinwj/ a n&fa *4 partiitih^tmn qNril 
to a afejH r^rtiliPUd/?. The method b ubviau> and will 
n i hi heie he rtpcftld* Produft (i» BV^. L, cd, Fricdlcfn 
5, cited iq/ra* p. Hlfj} obcarrea that U was In 
mnsequenee of thk problem that ancient j^romcUr* were 
1*4 to invent ignti 1 ih* squaring pf the arch. 

J£H 
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F'ljcL ft. 6 

*Edv to&€ia ypap t/iir) rp^Qj J m? Ecth kgu dvura, to 
ihro rwv dvlawv rrjk JAjjj rpijpaTtjjv TrtptMftipMVQv 
opBoywyiov fi<ra rov dud Tijs 1 prra£y rwr 
Tcrptiy^mu uroy euri t* 5 dire tf- 

Tpayurtip. 

Eut\Za ydp tif j] AB T^rp7}O&0> cl$ u£& tcta Karra 

to I", tts §€ avura Kara to A - Atyco, on to dud tw 

A A* AB Jp^oydji'c^y pend tou dvrd 

rrk TA Ter^aydjk'ou laou tori rip duo ttjs FB 

rcrpa^iji'^i, 

Avay^ypti^8ui yap duo nsjf FB T^Tpaymvov to 
J LZB, HQ t ^ BL, KqI fita piv TQV A 

ouotc/j^ tow FE, BZ uapnAA^Ao* ^ AH. Sid 

Bi TQV 0 OTTOTtpd. TWV A I i 3 EZ WOpdAAnAs? TfdXtV 

^ l KM P KtU ffdAik Sid 7*00 A duor^pu. TtOtf 
FAj BM uapcEAA^Aos 1 $}flu* tj AK. mat eVfl law 
tort to F0 uapauA^pco/ia m 0Z ^apn^Aijpdj^aTti 

KQIVOY TTpOUK^iaQm TO AM * d\oY apa TQ FM oAfcl 

Tip AZ laov eVmk cAAd to FM Tip AA woi- 
duet jcai tj AF ttJ TB iartv 'enp teat to AA 
dpn rip AZ taov Ajt.lV, kqlvqv TrpoaKtm&in to F0- 
JAoi r ilpn. to A0 T(p MNS yvaipoit laav tWtV, 
dA\d Tq A0 tq dud Tali' AA, AB tm| ydp ^ 

■ Lit, +l between the sccDonei . 11 

* TliC J^namnn Is Indicnted |n Hu- figur* 0 / the scan, by the 
thrte i^uiiitsi M. N p i arid a dotted curve: l here an? 1 |lii,s {q 
*hc %ltrr two point* M wliEuh should not OOnFuEed. In 
thr next proportion a aimilur ^notinjn i* itr^-rihed n* S3U # 
and ptrhnp* thJj L* vhul EttdJd here Wrote, 

m 
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[■uoli.l, filrmr’ll* ii. A 

ff a tlrmght linf iV t tif inftt rt/w,i/ aW segments. 

fAe rectangle cQHimnr.tl hff the unstftial segments of the 
whole together trith the syuure m the line between the 
pOiftU fa/ ° Mf f qua! to fhr jejuarr r*/t the half, 

For let bl straight line AH be cut hi to equal seg¬ 
ments at r t attd into unequal segments Jit A; I say 



that the rectangle contained by AA t AH with thi^ 
square on VA is equal to tlic sqimre ort FR r 

For let the square FKZH be described on FB [L 4G] 
and let BE be joined, and through A let AH be drawn 
parallel to either W, or WA t and through t) let KM 
ugaiik be drjLv.ii paraillcl to either AM or J and again 
through A let AK be drawn parallel to either FA or 
HAJ [L 31]- Then, since the complement IAJ m equal 
to the complement t)Z [L *SJ P let AM be added to 
each ; therefore the whole FM is equal to the whole 
A£. But FM is equal to A A* since AF is also equal 
to FH [i. Sf>]; and therefore A A Is equal to Ail 
Let VO be added to each ; therefore the whole A0 h 
equal to the gnouton JVLVHA But A0 is the reet- 

VOL J 0 !Qi3 
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A0 rrjf AB' hrni & M tTpa yvnjjtiq>p tcrar cotI rto 
vrro A A, AB, kqivov xrpotTKtia&w to A H , o iuriv 
u?op Tw dro I A~ d up <l M!^H yviupm/v hrcti 

to AH wj a sot! ™ VTTQ T<AiV AA B All 
£p8oywviip koI rut afni PA rcr/jay^i^. liAAi 
6 MAH yvtijwup wat to All dAov fcrrl to FEZB 
TeTpaynjvol^ a (Urir o.7fO TtJt PB' TO Optl urro tojp 
AA, AB mpa^afitvov dpfeytos^qp ^ctol toe? Jiro 

FA T*Tp«iy(WQU LQOV fOTt T <p aTro Trfy TB 

T^Tpayhjpqi. 

"Kav apa *tA, 


* If lllr UBrqmil scpmrnl*. an? p* ^ tfafiQ tills theorem h 
quiviiFtnE to I he riipenrjiii'jiL prop^itJi^ 

This Rive* a. rendy merlin* of obtaining die hfO rules# mptrt- 
Swtly attributed to the Pythagoreans jiiid PJftto ffvW; Ai^jrrp, 
pp.SHk-95) for finding tttlvgnl square mimlien which -ire l hr 
sum Huf two other integrd square numbers, Putting p = u\ 
q - l. w« have 

C 4 TC *-)’-■ 

hi order that. the lirst two squares limy bp integers. n must 
k odd. Tlila is I ho Pythagorean rule. 

Putting p = 2 n\ q 

wt haw fn* + i) 4 - {n*- IJ* -4»*, 

Thin i>i BrttuS rttlc, starting from mi rrcq number Jhl 

The theorem call he mmle to yield ft result of even greater 
interest, namely, the geometrical solution of the quadratic 
equation 

flat - £* =a b\ 

ns b shown by Heath (Th* ThltUtn IktoU p/ EwtiiT* Et*- 
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“Ogle x\A p AB : for Alf is equal to A I* ; and therefore 
the gnomon MNE b equal to the rectangle AA t AB. 
Let AH, which h equal in the square on PA r he added 
to each ; therefore the gnomon MSE and AH are 
equal to tlie rectangle contained by A A. AB and the 
square on VX But the gnomon MN'E and AH are 
the whole square FEZB. which is described on FB ; 
thereftjro the rectangle contained by AA, All trj- 
gctlser with the square on FA is equal to the square 

00 FB. ' 

Therefore* cte, q 


«*■ b P> 384* and HF^JdT. L 151. IS2) P following 
SunSHll Me also l orift, L* jr iVn^ ftufAi «*jr jMirta 
(frvna; pp. 

if AB=tf, AB***, 

tlirn the theorem show* that 

£«"- *)** = thi rtxrtHuglf A8 - the gnomon BtXS, 

If the iLfirfl of Ihc ffnomon h tffvcn ( =b\ then we bm 


n#-*»=4». 

To sotve t tils equation 
gwliietricahy b lo find 
the point A, and in Fyth- 
fdgrinja [i la/tgLiEie'r- E hi-s L> 
to omfy fo a 
Mfruitriit Nn+ (a> n wet* 
nnji/iip irWA «Aujf I +yuut 
tv o tfifts rfiurr* ( h t \ and 
fbalt /a/i jr httrl Ay li 
ifluoM J %ui i i' 1 Mint Li. to 
Construct th«- ICCfonpHe 
A8 or the gnomon MNE, 

Draw JO perpendicu¬ 
lar to AB rind «[Ua| to A. 

Wilhc^ntrcrDjiriri radius equal to TB ( = la) des-erlhc a drcle. 
Pnii-kted that b is greater man in. Ihis circle will cut AB in 
two point*. Onr of these Lh the required pujnfc A. AB and. 
thfc njctanjfJe A© can be constructed. 

m 
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# 

End. EUm* ii+ 

*Eal" euffeik ypfijijo/ rftiq&fj Si^a, tflji] £e 

Tij aur]j eu&ia tV (ijfietas, tu wi'q Ttjv oAtj? 

TT} TTpGGKElfieVfl Kal T7jk ItpQQKtlfUftfS ITfpl 
a/itfoy(irKsi r ^rra rat? d-Tro rrjg 1 T}pMKttL$ rcrpay^vOV 
ictoi' eot* rw otto ti}? tK re T?js 

i^upei'a? mai rf }r nrpwirtijn/njs Terprty^f^i. 

E^elo. yap Tt$ >j AB Ttrptijef&W Oi^si Kara ro F 
7t/w<jjc€ ta^tn S4 Ttj aur^ fu^fa fir ftSflkfifcy 
^ BA- A^yto, ort to utto A A* AB TrEpif^ajttevoy 



opO&ywviov ftera tqv ctirn njf FB tet payti>i*ou urav 

fori toi aiFp FA TfTpaytiraj. 

For by ihc proposition (it. jus! proved, 

AA.AB + FA 1 = FR* 

= QA 1 

-0!'*+ Fii* (L 47) 

AA. AB =0F l 
or — ft*. 

Hit iwu points in which the circle cub AH gi?c tvu rsul 
solutions of the equation, which rare coincident when k - }*t 
.inti the drife touche* AR. 

Tlurrc u du direct cVliknw Umt the Fylhn^uram^ or 
i@0 
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Eudid b Et*m*nt* ih 0 

If a straight line be bUetfM, anti a tfrmght tin? be 
adtirti to it in a straight line, the rectangle contained fry 
the whole with the added straight tine and the added 
Straight line, together ns'th the square on the hat/, is equal 
to the square on the straight tine made up of the half ami 
ihe atldrti straight tine. 

For let a straight tine AB be bisected at ilk: point T, 
let * straight Hoc BA be added to it in a straight 
line ; I my that the rectangle contained by AA W AR 
with the square flu Fit is equal to the square on VX m 

Kkclki fur dial mutter, used \hh promotion to mite t reo- 
metrical ]to the quadratic «-quat3orv fflf- j- : = A 3 r J '1 LL |. HV iJt br 
hhown belpw, the Pythagorean* must hate solved a slmlfgr 
equation lOTTOpoii dinar to SL II, md Et may fairly safely be 
turned (hut thry solved tike equation*. ax-** & corre¬ 
sponding to li, 5 and the equations an + andr 1 - ax - ^ 

mrresponding lo iL S, 

- r lne proof is Oil the line* of that in tb* preceding p™i>nvE- 
t]Of3 the rectangle AM laing shown eqmi lo Him g™ 

Oman 

arid can. easily he Supplied by the reader. If AB a. 
BA=j* f and Ihr fnonjon NHO Jimr a giuen value (- 0 * 1 . 
then (* + *).*=&* 1 f 

or *r+i* = R 

To wEve this equation geometrically |& f p apply to a piW* 


P 
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End. Elm* tL 11 

TTjir 8 o#*Tcrtiv ct'fffim 1 re^tiV iScm to 1 W 0 rfj? 

oA^ tffit TOU iWpOO TtUl* TpL*qildTWV ITf/Mfvd^ 

dpfloytiwov Effaj j di. , vtE ™ cbro tqv Aorffot! T/iTj/ierros 
T«TjOayOJ^a>^ 

- Eortu ^ taffeta ij AB ■ Set rrp AR 

TEjirfv tTKLTTt TO UTTQ TT§S Ktl! TOU tTifOV TWI' 



{Tufkfbtwi ftm p, J0F-I 

SiniMin fcLrsE. ^hounl how to do tfcii*, f.pt BP he dmvrii 
-perpend EcuLnr ta AB and equal to A. With Centre T ^iad 

m 
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Euclid, Elsnteni* JE. 11 

To cut the given straight line sq that the rectangle cm- 
tamed hi/ the irhote anil me o f the segments fl equal to (hr 
rqttfire m the rrmmning ttgmmt, 

AU be the given straight line ; then it Is 
ret \ ufred to e lx e A B so ili Fit t he rectangle eon tni n ed by 
the whale and one of the segments is equqj to the 
square on fchr remaining segment. 


mliitsi rr let n rirele drawn cutlm- AB produced in A. 
I Jm n A i- thr rvqnlrnf point. 
t'V by the proposition (li. fij just pnwed. 


i.e. 


AA.ifl | nP = rA’ 

=l*P f . 

= rs* +. bp* 

AA.AB =Bpi 

OX + a* - il. 


Bnaniie the ciiyle Oils AB produced in two w.lrib Lhfnf 
nrr rpnl wMn, mid aa the rind* aJwimcuti .IB i<m- 
dneed there b alwnyiJ n real wl.ition. Thfci in-nr* out the 
nJtfrhmfcnl proof that the equation 


1,1 tv r hiW ""Weh nrr equn! when h = It,. 

When vc m» tntlenl with Hippo.™ trV niradmtlln of 
in nr* « hh*U Come «™v> th. problrini To fiod ar, wlii '11 c is 
jnvrti by I he cjiiatinn 

y'jiM 'hr* = u* 

Thfc* mnW hate ixrr.n solved thrcreEkafly hv the a We 
methods, and the >n]utian rerbiiulv wt Wood the 
pnwm of J Impend It wwms imm- probable, however, 
from the wonhntf uf Emknuti** acmuiH, that he used an 
approxif link nirchankid sdutian Tor his purpose 

«meiWitrociioii can \k used to give ft geometrical 
wijuhan of the equaliuii ^ - *u-=b\ hi ihi %Ure it Ims ontv 
to >M= MippoHd that AB =o ami AA (irutrud of BA> ^ J 
liien like theorem trib us that ri>- <j) th* ^norunn = fl*. 
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' Avtiytypa^Bw yap ana TTgy AB to 

ABAFp nal TtrptfaBw AF Kara to E 

Hal fTTf(f^eti t) BE, Kal SlT^co 7 } I A 

erri TP Z* Hal HtloOdi rfj BE corj i) EZ* xai dray*- 

yp<±$&a3 amJ rij? AZ r^Tpdyojvov to Z0, Km 
SetJ^o# i j 110 eiTi to K Xeyu* p ort ^ Ali rcT^rat 
Hd?a TO (■)„ <5oT€ TO VWQ TOiY AB, B0 ITtpiC^O/itlW 

op^oyoji-tair toot- -ftoitlv rm a77d rrjiy AS TGTpatywvtp* 

'Eirtl yap tvBtta 1} AT riran roi diva k&tcl to E, 
TTpccrikiFLTat Se tiLrri] ij LA, to npa 1 mo tojv 1 A, £iA 
TT*/HS£Op€lW Qp0oyciroOl r fMTtl TOO <1770 AE 

rtrpaytSvoti eooj/ dori rep otto rijs EZ Trrpaytdwp, 
toT} tit 1 ) EZ Tjj KB- to dpa vtto r-tZif FZj. ZA fitra 
TQV (TITO T7JS- AE "00 p tort Ttu &tto EB + dAAd TW 

d™ EB Tcra fort rd otto tqjm BA > AE 1 ep£hj yap 
^ Trpd? rw A ytuiTfl- to apa utto Ttdv PZ F ZA jAtra. 
roD diro ttj? AE taov tori toT^ aito rwv BA, AE* 

KOtFOl' difmprqa&iu TO OTTO TT}£ AE' AotTrou apa TO 

prrd rail- 1 l Z p ZA dpfloytiji'tof* tow 

fCTTI T(p ftTTO ™ AB TETpUywV^. Kdl £(TT* TO 
itfo rmv FZ; ZA to ZK Totj yap tj AZ rft ZH" 
to St ini AB to AA d to epa ZK wow etm 
tai A A. jfmudv d^TjpfJcF^to to AK 1 Aolitqp -dpa to 
Z 0 r<p 0A root iar iV. icoi cori to piv @A rd 
tVd t£jv AB* B0- t<TTji yap tJ AB rj} BA rd &£ Z0 

TO aTTQ TTJT AS’ TO «pei iWd T<5l J AB* B0 7FCp«J(d w 
pfiGv dptfoytdi'UH" ’aov tori Tip eirrd SA T^rpaytLvq}. 
t H apa ktX. 


* If AB « <U Athen AB hn-v Nrn m cut at G (iuil 

ilfri - *} - X* 

nr -T^ + <iaf=o** 

m f 
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Let the square A RAP be described on A H, mid 
led AT be bisected at the point K t and let BE lie 
joined,, and let PA be produced to Z + and let EZ 
tjc made equal to BE P and let the square Zt.1 be 
described mi AJ!, and let 1)0 he produced to K j 
{ snv that AH hns been so ent at 0 as to nuke ihe 
rectangle contained by AB, BO equal tn Hie square 
on A0. 

For* since the straight line AF has been bisected 
at E t and ZA is added to it, therefore the rectangle 
contained by TZ, ZA together with the square on AE 
is equal lei the square on 3r!Z [ii. Oj. But EZ is equal 
to KB ; therefore the rectangle contained by FZ* ZA 
together with the square im AE is equal to the square 
mn KB. But the squares on. HA t AE are equal to the 
square on EH, for the angle at A is right [i. +?] ; 
therefore the rectangle contained by FZ> ZA together 
with the square on AE is equal to the squares on 
BA, AE, Let the square on AE be taken away from 
each ■ therefore the rectangle contained by FZ + ZA 
which remains is equal to the square on AB. Now 
the rectangle I’Z, ZA is ZK, for AZ is equal to ZH } 
jiiliI the square on AH is AA ; therefore ZK is. equal 
to A A. Let A K be taken away from each ; there¬ 
fore the remainder ZB is equal to BA, Now BA is 
she rectangle AR, BB, fur AB is equal to BA ; and ZB 
is tiit- square on A0 ; therefore the rectangle con¬ 
tained by AB. BO is equal to the square on BA. 

Therefore, etc,® 

In Other word** the propodliun give* b geuiuLtrkal solution 
of the equation c® r- or ~ a* 

for it enable* ui to find AH or jt, 

Thfe equation is a particular case of the more general 
proposition 

which, ju wu explained 3n the note on p. IOT n.o, can be solved 
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Eud. EU» i, vL in 

TTamov riZir TTUpa Tip Oi/TTp iraptx* 

^oAAq^ui^ itu p aAA yjX oypdp.p. tui■ taxi fAAmr^FTwr 

fiStCTL n-Op^lAA^Aoypa^Otff OflOlOlf T€ Kdl OjtiOtCiJf 

k€ ifi*vQi? tuj drro rijs- jjpUGzlas dvaypaifrQfjLtvw 
fAfyttmv ia-ri to dwo rrfi Tjfiurita# irapa.j3(Mnf*jEVQv 
afioiQv ov to) eAAfijLian H 

'E*TTtn evthicL tj AB koI r^r^ijtrtfoj mar a 



A F k IS 


Kt a method hn*eri on Li. 8. Then- is go<td rvavoti to btlforr# 
M *^11 be shown bdew h pp r ^.^5, that the PyLlit|omin‘i 
kimw Iiaw In 1 ’inwtnid ft regular pentagon AlU’DE, atid it i* 
|>n>lmb]e that thl* theorem w&£ u#ett in the enJiF-tnietion. os 
cbh \mt 4 bcpurti if ( E is allotted to cut Af> in F. 

Kor the IVlkriniirtnns knowing that the .mm of the? tingles 
ofauy tfirio^rlc is two right angle*. wnutd immediately have 
traduced thjit the mtn of the intermit unties of n regutar 
pentagon fe Sis right auglra, amt that each of the inte rnal 
nngM Is therefore fth* of a right Angle. It mil? fo|Jows 
that I he angled C\AD + AI>C, DC A are rapecttYdy (tha, ftha 
tknd Jtfai of u right angle, while I lie aIngres PCD* CUF. DFC 
are al*p respectiTeii- ?tlw |thn and S t tis of * right tingle. 
* f 3m *w* N follows that the triangle* ACD* CDF are similar, 
while AF=^FC= CD. 
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Euritf' Elfmtniw vL 57 

O f /ill fhr parntMogramit ripplint to the same straight 
hup and Jcfictcnl hy paralhlogrtinimic fgura timihtr and 
similarity situated to that described on the half of the 
straight fuur t that parallelogram u greatest trkich u 
tipp&ed to the haif uf the straight tinr and is similar to 
the defect* 

Let AB be a straight Ymc mid let it be bisected 

Therefore AC i CD = Cl > ? DF 

<* AD i AF=AF ; FD 

QT AXKFD^AF». 


A 



The pdxit F can therefore be found mccoMioprCo the method 
of l ] 4 ti, jind the pentaguli COnStmcted, nlnrtin^ from AD, 

9 This proposition gives the condition^ under which it Is 
possible to solve Iht* next proposition* and so full considera¬ 
tion will be left to the turf* on p. 0, Et l\ the first example 
we have met of a Ssopid^f, It Hill l>e remembered that 
JUTPnliiijf to Proclu.h Leon dtfeorprd (ur #rfpro* 

p. JfiOj. 
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TO F, M-al T7npfi ri}V AB d !fcTnv 7a 

A A iropaA^Aoypap/ior cftAffrroi* elSe* m ipaAAijAa- 

ypn^LfLUi Tap AH cbaypa^cvn aird rfis TjjLuodaj ttJs* 
AB P tout Am rvjs FB* Xlytu, ori -ndiTmv riLv :rapd 
■dp AB impc^aAta^™P 7FapaAA?|AoypdptyMOP ftal 
eAAjCiffos'Ttur dScoi opofin? re prm gjpouu? E^Voif 
™ AB ueytariv tart to A A. Tropcpf/JA^cHfw 
^ap mipi nji' All fu^etai/ to AZ TrapM^Ao- 
ypnppop eAtatrrPv eJSfi 7rapaAA^Aoypiipp<p rur ZB 
dfuutii 7f ks 2 dpoiW KeipeWj AB* Afyeg* oti 
peifov tVrt to A A roil AZ. 

'End yap opocoi- tori to AH TmpaAA^Aoypappov 
toj ZB TrapaAAijAoypapt^ai* irepi dp oirrfr dot 
^caperpDV. <*vtw Staperpo^ >J AB, xai 

Kara m /fypii4>$u> to ffpjpa. 

'EttEe oSv Iftav itrrt to TZ tw ZE, tfOHWP £* TO 
ZBp oXov apa to TW JAdp riL KE itrrw law. aAAd 
tA F0 no Fli tarty ktoiv iiTfi rat tJ AT t jj F1L 
Km to Hr apo rep EK iffru* "oop* Kowdi* Trpov- 
*fewj^Eij to FZ- oAov dpa to AZ t«£ AMX yvd jpod 
€<rrtv rner aaOTf to AB TrapaAA^Adypap/Ltop* 
Toi.rreiTTJ. to AA, too AZ TfCEpaAAijAaypdppop 

jLlCi£oP COTi^. 

ndsTwy dpa toip rrcipri dp 01 unp tvSciav rrapa.- 
^tMojttrojv irapaAXr}\oYpdll[HJi>V KQI cAAcc7701TOj^ 
flAarn mp<My\oypdfifi.aif n/ioiocy re rat optotW 
KetpeVoi? Tip pitto rqs diuypcuiop 4vtp 

Prtywrrov (Wt to £770 ttjs: ijpurdas 1 irupa^ArjfreV 
djrep EtJes Stifat. 

End. liVm?. rS. Lte 

llapa ttjv Soflfwai 1 r*p Botf/m fuflu 1 ' 
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at r + and let there be applied to ihe straight line 
AR the parallelogram A A deficient by the pandlckr- 
grjicnmic figure All described on Hie half of AB. 
that Lss^, FB* I soy that, of all the parallelograms 
applied to AB and deficient by figures similar und 
dmlkrly situated to AB, AA Is the greatest. For let 
there be applied to the straight tine AB the parallelo¬ 
gram AZ deficient by the puraUdogrtunruk figure 
ZR similar and similarly situated to AB. I say that 
A A is greater than AZ. 

For since the |uiruflelogr*m AB is similar to the 
parallelogram ZB* they arc about the same diameter. 
Let their diameter AB be drawn rod let the figure be 
described. 

Then, since I’Z is equal to ZE t and ZB is common, 
the whole F0 is equal to the whole KE, But VB 
b equal to FH P since AT is equal to FB + And 
therefore ILF is equal to EJC Let IY be added to 
each. Then Ulr whole A2 is equal to the gnomon 
AMXg so that the parallelogram A Bp that b, AA* is 
greater than the parallelogram AZ. 

Therefore of all the j mm Holograms applied to this 
straight line and delkdent by parallclogrtuiiiiiie figures 
similar .lulL sinifiarK situated to that described Oil the 
half of the straight line the greatest h that applied 
from the half: which was to be proved. 


Euclid F ri 

To ihr givm stTiught line to vpph a juimlhhgrom 
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YpoftfLw Ivor wttpaXhjXoypappov napafiaAelv iX- 
XtT-rrav ti&tt TrupaXXTjXoypdpiui* o ip&itp r*Ji SoSeWr 
fi>r Sc to b[So/x.fi'uv eiSvypajifiov tji 3*£ ?agj ! mipa- 
fkiAttv] 1 ^.7} pttlm* tdu a 770 rij? fjjeitrcta? 

oi-'tiypni^ojticVoy dpotou ftp tAVtjfxart [too ;i airo 
tfttl oj 6c* opotot- cAA^iVttr]. 1 
“Ec7T<i> tj /ifi- Sofltfoa euffeia T) A il> tq St SoWn- 
t&BtrypapLfiovi m Set loot* mu pi AB Trapo^aAttr 

to P ^ yeafo* ov too dno ttJv jJjutoeias’ r^s AB 

araypa^j/i™ OjUmW t& cAAetpiiSTij cS St fiel 

o;iOioir cAAetTreu** to A- Set Sg napa T7jr So^etoa^ 

Tiji' A B ™ So&tmt Gv&uypdjijnu np p taw 

vrapnAATjXoypapLfiGv TrupaflaAfii* tAAetrw etSei Trap- 
oMyjXaypdp^Up Ojioiip OPTI Tip A. 

I 17 Ali St^a Kara to E o^ctb^j, jteiA 

a vwytypdfi&ti* awo ttj? EB t ip A o/totoo ml d/ioieo? 
TO EBZH, KQ ,i OtrpTr^T^TJ^ffflaj TQ AH 

TrapnXXTjXDypapfiop. 

Ea fitv out' map f(7Ti to AH t^j F > yeyot&s ai f ciVp 
to mirafljtfhn TrapqfjtjSXrj?t±i yap 77 a pa tj]u Sofftlmip 

€v&€Uiv njr AB Soffei *ti €u$vypdji£Hjj rty V Joof 
ttapaXX 7 t X 6 ypafipiov rd AH iXXitTtap eESet napaX* 
hjXpypdpptp t$ H B ip&ltp oiTt tw A. et St o£ p 

1 Thr brukt&d wnrd-i jl re intarpobtiom bv Thcon bn hi* 

lwetLh|th[| EPf It4i.tr- A’jViTjrjc/* (tfcihtfgjL 
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equal to (Ac girrn rectilineal figwre and dejta rnt by n 
paraiirlogr&mmie temf similar to ihe given one ; (has 
the given rrctitineai figure must hr not greater than the 
[pafitUehgrum] described on the half [of the straight 
/uir] ami similar to the defect. 

Let AB be the given straight line, P the given 
rectilineal figure, to which the figure to be applied 



to All Ls required to be equal, being not greater than 
Hie [pftr.'illclogTam] described oil the half [of the 
straighl lini j ] jiilcI similar to the defect, and A the 
[parallelogram] to which the defect is required to be 
sirni Lir j th^n it Ls required to apply to the given 
straight line AB a parallelogram equal to the given 
rectilineal figure P and deficient by a parallels- 
gra iiimk form similar to jA. 

Let AB be bisected at the point E + and on E let 
KPZH be de^rihed similar and similarly situated to 
&[vi. ifij h niLil let iJie |>arallfIfigrQiii AH lH.^inpkti'di 

Tf then All is equal to t\ that which was enjoined 
will have been done ; for there has been applied to 
the given straight line AB a parallelogram Ail equal 
to the given recti lineal figure V and deficient by & 
parillelogrammie figure HB similar to A. But if not, 
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jLifl£<>L'' £*JT TO O l‘] TO V V- LOOP d* TO 0 E Tip JIB 
tlpa ro II B t&C I\ *L d?) fiei^/py ton 

TO lIB TQU £\ TttWj TT] UTftpQX!} ~* 70 V, 7 W &£ A 
fi-jiouH' jcal OjUauus 1 Ktfi/i€ Ffl w rri odro CWVe&TOTuL TO 

KAMN. fl/Ua to A toj HB Iotiv] opaiov' k<h rd 
KM itpu. TW [| B £<mv OptnaP. t ITT to oSf djCid^oyOs" 
i) pet? KA rfj HE, ^ Be AM 77} MZ. wai eirei itror 
tori to Hll to it Fj KM* >iet£at r dpo fort to 11 U 

tou KM' dpa tore Ka l y) per HE rijs KA, 

?} Be HZ r?}? AMi #oeujtfcd rij j*ei r KA icnj t} l)^i F 
rfj &i AM tmj 1} HO> Kfiti cnj/i7T€irATjpdjo^fu rd 
EHOJ1 Trai^BAA^Adypa^^oii' Edw dpti xai o/^otdv 
cWi [rd HJ 1 ] toi KM [tIAAi rd KM t<* HB JpusV 
tOTIir]. ICtti TO hn Qpm ™ H B djtotdr «mF a irepl 
Tl^F ai/TtjlF dpa Scf£jU«TpC>F tCTTi TQ H 17 TW HB. 

lorcti o-urtZv SmptTpos 7i HUB* wail KOTay£*/p<!.•$&03 
to ofti jjia. 

"Ettcl ovv luov ifjrl to BH TOtf Fj KM, c5f to 
HU no KM i&rtP tijoi\ AaiTToy <ipu 6 1X4 yvi'jj.ivn* 
AolttcS r(j> r taos eortV, ieat eir*t tmu 1 eWi to OP 
r<S EX, Kotvoi TjpocjKf to I IB- oAof opa to 
OB dAw ™ Eli inop €otlv. oAAd rd EB TE 
iariv u 3 W t l*wl Jtal TrAfUjpd ij AE rrArypij r?J EB 
ccrmi toTj' Kai to TE vpa rtp OB £artv loop, koivop 

77pO IJKZiO&iii TO .^X* oAqF rlpa TO Til gAuj T LlI 

<I>X I yFfjy^JOFt forti 1 icroiv nAA* J <J>XV yvoypiop 
tv* F e3e£)(ftj uw #cai rd TX dpa rtp F mu j 

ItJOF* 

t ] a^a Tni^ Soffelaav opa evdEiav tt^f AB r& 
OodlvTl tbduypi^lflVJ Tip V iffOF ITflp oAAtJiA d yp 1 - 1 , 14 .* 
pw 7r(ipaf}t$kT}T<ii to XT AtafTTOF tTdci rTfipriA- 
AvjfAlVyjprijLijUai TW JIB OftOLUI OFT* TttJ A [tlTWlSl}^ 

soa 


P Y'l H A G ORE AN G EO M ETH Y 


let OE be greater than T. Now bE it equal to Hit 
mid therefore HU U greater than |\ Let KAMN be 
constructed at once equal to the exress bv which II It 
is greater than I’ jiilJ simitar and similarly situated 
to A [vi. 2jj. Hlii A is ‘-imihir to HU; therefore KM 
k also similar to H B [«. *>)], Let KA correspond to 
HH. AM to HZ. Now, since HU is equal to r+ KM, 
HB is therefore greater than KM. Therefore HE is 
great** than KA, and ItZ than AM. Let HE be 
made equal to KA,and NO equal to AM, and let the 
parallelogram EJIOJT be completed. Therefore it is 
equal and similar to KM, Therefore 111] is also 
similar to HR. Therefore Mil i* about the same 
diametera$ HR [si Sfi], Let IIMB be their diameter, 
and let tin; figure be described. 

Then since lifi k equal to T + KM. and in these HII 
''"qual to K.V, therefore the remainder, the gnomon 
YX<I\ is equal to I\ And since OP is equal to EX, 
let IIli be added to each. Therefore the whole of 
OR k equal to the whole of SB, But ER is equal to 
TE, since the side AE is also equal to r| ]!: side EH 
[i. 36], Therefore TE is also equal to OB, Let EE 
lie added to huth. Therefore i he whole of TE is equal 
to the whole of the gnomon 'I X\. But the gnomon 
'hXY was proved equal to F. Therefore TE is also 
equal to F. 

'Hiercfore; ta the given straight line AB there has 
been applied Hie parallelogram XT equal | (! Hie given 
rectilineal figure V and deficient by a pamllelo- 


vot, t 
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to ] IB ™ I'l 1 1 opaiov ontp 

noiTjaa.t. 

End, »i. 

Napa L-cr* aj■ t lu v t<£» Soflim tv&u- 

ypapptp tciov TtapdXAiqXaYpaiApQV -napaftuAziV {mtp- 
fltlXX&v tibct Trapa^^pypa-pprUt apoup rq> Sd^iti. 

w \^TTUi Tj per bodtTaa tvBfia ^ AB* TO 3 t &Q&itv 

*.T&i7ypnp.p.Gi' ¥ iL Set SflW irapi njv AB Trapaj^^u^ 


■ If AH = tr + Ell = tf p while the *ldf&uf th* jii^eri paralldo- 
gtuLih i *rr jil the ratiw A;r. anti the angt*’ cf A ii a, I lien 

XB = ~jfp nm] 



(the pnPlIlctatfram T£) -| tJkr pa nilJrEpgmn i L'llJ 
— (the iJiLrullet^nirn Uli) 

stot bill a - -j . jr sin a. 
p 

Tf the area cjF the j»ivcn recliltneal Injure T El the propoit- 
liun liJfe m that 

oz Sill a - --r* &Ell a = S. 
r 

To l'imi'iE rui'E. the fnuaNdogram TE l> therefore equltftlent to 
solffHE |r«3Tiit'tricnlty the ^[iijvEion 
6. S 

— i* * — — 
e Kin a 

Heath i Th* Thiftfrw Book* a/ AWuf AViirunti, veil, iu 
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gjrauinite form FIB similar to A ; 
ione. 5 


which waa to be 


Euclid. EUrrifftf? Ti, gv 

l o the jfiffrt straight line la a par aliektgrtint 

etpstti in the given rectilineal'jigure and a 

paralfrhgra ramie jigvre similar in (he given one. 

Let AR be the given straight line. V the given 



rectilineal figure to which the figure to be applied to 


P(K shows how Lilt grtum^rkal method la breeferly 

ccpm-iiknt to Hit afaebrakaJ method of completing the 
Miuart on Uie left-hand side* and he dnnnnMrmles Fh^h [fin 
Aolntluns can be obtained geometrically though Euclid* con- 
sMeutly with hb pftirtice + gives one only. 

For a mil solution it Ls necessary, Vs every scWJboy 
knows, that # 

S e n* 
sin a t '4 


i.r, S»(? . j) <sln *) {“) 

i.*. S > HE rJji a r V .ft 

Lr, S ► parallelogram ILB+ 

Thb La precisely the result obtained in vL 97* 

£ 1 ! 








GREEK MATHEMATICS 


to r, tS 5e Stt Zjiotov frTTtptlaAX&tv, to A' 8 *t 3-?) 

Tjapa. Trjv AB £ vOel*j. t- to# V tvSvypdfi^tt* fiflfUF 
7rnpaXXt}XiSypa^jiov irapafiaXtZv itr^p^aAhQU st&zi 
TTapftMl nXoypdjtp.fp QIMlirt to* A. 

Ytr^adoi ij AB 6ifitt. koto. to E, icac arayf- 
Ypa£&w £1770 T7}«: EB TW A O/iOiOF tfdL opJLUS 

Kfipcwp MpflAAnA^poppoF to BZ* wai ouir'fip^o- 
T€pot!> j*cf TOt? BZ, F Scroop to# &e A opmop icctt 

opp^W to &VT43 OTrecrrarw to H0* 

ojuSAoyo? hk loro* ij KB rtf ZA* r) &e K11 ttJ 

ZE. Kill hrtl fWt to H H too ZB p p*/£i##i- 

tip« £<rrl kq! 17 fiiv KB ttjc ZA* ?} St KEl tys ZE, 
eV^f/SA^crfonjJtF at Z \ f ZE, #fai rtf fikv K 0 iOtf 
coto# 1 ) ZAM, rtf ot KH icrrj tJ ZKN, «at airfi- 
T7£17AljljtKiJ0^0# TO MN' TO MN #iptl TU# I £O LOOF T€ 

(ffTi KCU OpOlOF. aAA/i TO t| 0 TO# KA fOTIF SpLOtQV* 

#cal TO , MN apa to> EA opotdr iort F fc Trepl tt)f 
aur>)v Am Sta/xerpdly «<m to EA toj MX, tf^&o 
OUTWF Siaperpof 15 ZH, KOf jcaTayc/pa^fltu to 
cr^tf/ia. 

h Hrret ioov corl to H 0 tol* EA, T\ aAAa to H 8 

T£p MX tom 1 £<mV, ffqi to MN apa rolsr EA J f loqf 
f£rru\ xQivov d^tfptfafloi to EA t Aqitto? opa a r 
WO yViiuo/F tc7j r iortv Imf. ku! (Vel ibtf 
tfTTiF ij AE Ttf EB* mov cote k-rii to AN tqj XU, 

TGWTWJffl TO# AQ« KOIVDV ttpa&Ksluffw TO EH' gAuF 
upa to AH tom ktrrl rtp ®X*F ywei/itOF** dX Ad d 
yvci^ttuK Tip T feof ecri' wal to AH u.pa. rw 
r iaav ia~th\ 

TIapcs TtfF So&tTaav dpa tvdilav ttji- AB to# 

Ra&crti ev&vypdpLpup rip F lctqv rropaAAt]!A 6 ypap pov 
TrapaBiBXrjTfii to A~ C'TTtpfidXXm' eJS*c TrapaA^Ao- 
£J£ 
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AH i- required to be equal, and A tli.it to which the 
excess b. required to be similar; then it Ls required to 
njiplj- to the straight fine AB A parallelogram equal 
to the rectilineal liganre T arid eiwnling by a paral- 
leloprainmic figure simitar In A, 

Let AB be bisected at E, and let then- be described 
on HR the parallelogram HZ simitar and similarly 
situated lo A, and let HO be constructed at once 
equal to the sum of K/, 1’ and similar and similarly 
situated to A, Let K0 correspond to ZX and KJI to 
JTE. Sfow since I ID is greater than ZB, K0 is there¬ 
for greater than ZA, and KH than ZE. Let Z.\,ZE 
be produced, and let ZAM be equal to K0, and ZEN 
equal to KH, and let MX be completed ; therefore 
MX Ls both equal to H0 and similar, But K0 i$ 
similar to KA : therefore MX Is similar toEA [vi. 51 ]; 
and therefore 1'.A [:-. about the same diameter with 
MX [vi. 56 ], Lot their diameter ZH he drawn, and 
let the figure bo described. 

Since ilft i' equal to LA + T, while H0 is equal to 
MX, therefore MX is also equal to EA ■< F, L. t KA be 
taken away from each ; therefore the remainder, the 
gnomon ’RX4,Is equal to V. And since AE is equal 
to KB, AX is also equal to XB [i, 36], that is, to 
AO [i. 43]. Let 1'. - he added to each ; therefore the 
whole oi AB is equal to thi> gnomon *1»X\P. But the 
griomon ‘l-X'E is equal to F ; therefore AS is aLso 
equal to T. 

Therefore to the given straight line AB there has 
been applied a parallelogram AS equal to the given 
WWttl figure F and exceeding by a parallclo- 

513 



GHEEK MATHEMATICS 


ypdpp&j tw HO dpoKp qvti rw eWi xal tw 
EjV cf<mv dpotor to 011' dWp ISei 

(#) The Irrational 

PchoL L in KilfiL L, KueE. cd, Rljbcrv 

V+41&7-UT* U 

f HAtfor fie *PX*1 V Tvjr t% oupprrptaf 

pt Tlv8ay6p€tot rrpdjroi cuir^v ef-nrpdrrrs 
cn: Tjj^ Twr dpi&fAwv tfararOiJottos^ kou'gu yelp 
airffPTtiiF oiTOf p/rpw rT)! po ratio 5 iml 4^1 Ta>r 

Kotror perpoi 1 tiptiv ovk ijSui^jjOiCLr, 
mriQV fie TU tfaJ-TO per Kai OTrororoijr dpt&jwv Kafl* 
a^TOEtitiq^r ropd? fitrupodperor pdptoV n wara- 
Aipnweu' eAdjfia-tw teal rap.1 J? dvemSwnarj JTar 
Bi piytflos err* ai7€ijOov fimipoupepor p^ icara^ 
Aipirdretv popiar^ d Sid to fltai cAd^ioror Toprj-r 
£UiK eVtS^rat, dAAA kcu liccSto eV dire (pay Ttprd- 
peror TTOteir dWipa pdpta, (fir framv iV diratpov 
rpTjflijcreTaip kox diTAdis ?a pet 1 p^yttfa? ward per 
rd pepffifo&B perf^eir -njif too airetpotj 
irard fie Tip dAdi-j^na r% tqv ntparas, rov 
dpt^pdt 1 Kara per to jitpl^taflat Tip rod Tt4f*XTQS a 


* If the angle of A la a ,Liid Ibi sides nrs in iht ratio b: r» 
while AD = (i and OH = r, E Etm 

(pntrnllltlflgritm AH) — (pani LlrlojETanj A QH {panllfcta- 

gram BH) 
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grnnimic form I TO similar to A, singe Oil is similar 
to E A ; Ti llich wa*t to be done.* 


(c) The In ration ,\l b 

Euclid. Efrmtnt* i.* Scholium Euci.nl. Hi ib™ 
¥.+15.7-417* t4 

The Pythagoreans wort: the first Lo make inquiry 
into commcnsurabilitY, having first discovered it as 
a result of their observation of numbers ; for though 
the unit U a common measure of all numbers they 
could not find ft common measure of all magnitudes. 
Thft reason is that all numbers of whatsoever kind, 
howsoever they be divided leave some least part 
which will not suffer further division ; but all magni¬ 
tude* are divisible ad infinitum and do not leave some 
part which, being the least possible, will not admit of 
further division, but that remainder can be divided 
fld infinitum ?ia as to give an in finite number of parts, 
of which each euii hr divided ad infinitum; and, in 
sum, magnitude partakes in division qf the principle 
of the infinite, hut in its entirety of the principle of 
the finite, while number in division partakes of the 


But by the proposition, if S k the circa of f 
{parciMftfrani AE)zS, 


A daf+^E* = 
r 


sin 


Tq qmstntct the paniHttogram is therefore equivalent 
to solving gee metrically this quadratic cquntion. Then' is 
always 0 real ^fiutioii, ntid so no fi-iopcD-uns |hl lieccHsiijFy as 
i ri the cjL-,fj of the pretwl i 0# proposition. ] lath ( The Thir - 
1**n l£rrf>k* cij £W/4 h J tiii'mrnU, voL U, pp. gfi£i-3ti7j ujram 
*hows how thr procedure is equivalent to the Hebraic 
nirlhrkl of completing the square. Euclid* solution com.- 
ipotidh to lilt rout with the petsitivr 

* For further rtuiiccb See tupra, ftp, j 10 - Ml, p, m n.e. 
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KU.TU. &€ TjjV oADTljpTtl TT/? rod &7rtipGU + , * TWFydp 

f 1 t'#a yop£iun* koyos for irpwrv v w ti- tpi tqvtlov 
O znjpiai' ti? Toitfir&avfs ££ayaydtn-a mvayioj ir^pt- 
flWCH', 

(/) This FlVC UEGULAh ScUJCS 

Phil, npr fliok Ed* ] s proem* 3, td. Wachanmlh IB. 5; 

Okk I 'or* IK 418- S 5-413. J 

Kal r& /IfI tSs wfuripas vuififira *r£m ivtl, ra 
ff ra tnfraipa mp ^ko.i} vSwp Hal yd tiT^j, 
Kttt 6 rd .t (7-dfHpflfT- O-Wll"/ fl-f/iTTTQF, 

Att fWv u. b* i ; Did*. iw, i*. *□& e-is 

FI (/flayopas itIvt€ a^Tffidrwv ayttnv artpiun', 

airep tfoAetrcu £*e /ijr tof i^j^ep 

y^r ** Si 1 rijif *rvpa/iiSo* Tfj 

Trfl/J, €K Si TOU OKTaSpOU TOM oVjptLj A* &f TOW 
£^OOtlfopO V To wScup, eV Be TOW SmBe Kflt&pu u tAv 
Tot" iravnof o^tu/xus. 

1 Atfflf: dA*& rnniedt Viilaimmii*. 

- A regular *>lid is on* hniinur alJ !*& rnMrtjuiil polygon* 
and fill it> solid tarsprU—. cqilttL Tt|t term is iiruudly i^lrii-t. <\ 
Ifl thflw npbir ‘■j.'I n t> m which the Centre J*, Kindly ctidcurd, 
'J'hrTf are tivc s And only livr P roach figures—the pyramid, 
Clihe, tictahedrcnu dodecahedron and fcuudsed mu. Tht?r 
OUl ftl] tie inscribed ill h *pltcn% thrlog to the usr nude »jf 
them En Plaint fflnuww* Tor thr pn^bijcltoh of the movers 
they wem often C*lkd by I he Girckn the ™«i*c nr Platon *f 
tifriin-s r As iwtinj above ip. 340h Praia* attribute* the 
eonntriiriism of the cwmlc ti prunes to Pythagoras, hot Snidisi 
(ph/Vei, p. 3>Sj Miy* Tbemtrtus was the first to writron them. 
"I tit" theoretLeaE const mcUDll of Lhr regular solid# wul the 
oib-tplarkm nf thrir sLiifA in farm* of the itidhN of the efrtTjen- 
^ritju J splicre ootupicj Book xEiL of Ivtidid* MlmnsnU, It 
21 ii 
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finite, but hi fta entirety of the infinite. . . . Thi-re 
is .1 lip'nd that the fifijt of the- Pythagoreans uim 
iiisiflc public the imestifraiion of these mntiers 
perbifhcl in ji shipwreck. 


CO Title ] fV£ Jiftri UJ-AH Soli ns n 


Phltftlnirs. cilid hv 
Wuchstiinlh I?-. 


StnlML.-u-,, ^Vfra-Tj |, prwjn, ^ h}. 

5; Dirk iVf.i*. UKlSr+ia.* 


There fire five? bodies pertaining m the sphere—the 
fire, water, earth and air m the sphere, and the vessel 
of the sphere itself ils the fifth,* 


Aftlus Pfaeit# □„ 5 i DiiU, for*. \* a .((rJ, 

Pythagoras, feeing that there are five solid figures, 
which are also railed the mathematical figures, snyn 
tlmt the earth arose from the cube, fire from the 
pyramid, air from die octahedron, water from the 
koMihedron, aixif3 die sphere of the universe from 
t he rfodetah ed run." 


• aU for fiiuthcmaticid knowMgt which the Pythwiram* 
rliri not pos*™ ; hut there- U no raLV>ti why the I h vr humans 
TK7."£ have L-yii^tnirted them poetically In'lhc nuaflner 
•■f 1 latu Nj putting together triangles, .squarr* nr p< ntagntis, 
nrnpwmxes here riven almost ram pci iN.it 

itinelubioar 

I Jit- SLihjwl 1, fill }-! n-N Irtl ih D&fi I«/ f/nr,,,. .j.rAe ,1 A'f] n » r , 
oy r.vjii Saeh> ( I'rnhtUM^^rh,' f’nUrM?kungtt\ t J]e* Jh-ft, 
t ri7N Archimedes, euxurditig to Panuu^ r n fi m « -1. 

Ilulbch dhcovrrtd thirteen *emkvmiJar solids 

5™** £bws are ad regular polygon hot not all of the same 
kind. 

* In place of dUac VYlknmwttx MjggfsU which a 

from iAhii> em<3 could be tran* laird w envelope," Th|$ 
fragment, it will hr r^ted. does not identify the rrgidwr Kilki-i 
with tile element in thtupW, hut it Is consent with I hat 
identlfiCREion, for which Ihe earlu-d definite evidence Is 
ITuNh .. Fmtiriu. 

* AMilufi authority b prolwLIy Theophrastus 


SIT 



GREEK MATHEMATICS 

Pint. Tnsn. 53 r-55 c 

H purrov plv Sr? TrDp teal yfj teal vButp *cal dv$p on 
mvpara ivrt* ftjjAdv ttqu teal Ttavri. t £ Si rou 

CFtiJ/iCLTar ffSoff 77dI- teal fJdBo? TO St j0dl?0? 

a\* -firm airdyRT} TTp tnijtt&av ircptnAij^cYai fftvmv. 
V ft* opth) ttJs' i-rmrsBou 3't.aeoj? in Tptywvwv 
tiwttmjKt. TO. Si rpfyomt irai-ra tK Buoiv npytrat 
t plyun'Qtv, play pit 6p(h)y c^oi^ror ixaripov yutviav, 
T(i? Si ofeia?' tSi- n piv crcpov IteaTtpw&fV i^L 
pepos yiurins JtpSjfc irXevpati inais Sij)prjp^^ f to 
S c tTtpoi' avlmts avum prpT) vmpimJvrjs, . . * 
Jlmv Srj Sooty rpiywvoiv to piv unxmcAi? ptat? 

Se TTpQpTjKt? an-^pdlTOUf. irpca- 
aiper/ov oth' < 11 ? T&v Amipwv to t*d)Aurrav> d 
p/XXopey dpittjffax Kara rpduoy* ay qflY ns 
*XU ^^ |jrir ^AefapfPOf eiVftr ft? toltwv' otj- 
"™Wp eVayoj tm* (UAA rjti'Ao? sparer 

S -oa?i ¥ TUtv Tf&AAwv Tpiywfvotv teoXXorrov 
^ > un*p§&rr*s riAAa p ef ov t<J iamrAevpov Tpiyojioy 

tK TpiYoLP pwco m}K€y, , . . 

Ofor Sf (fracmiv aiYii' yiyov€v tE&oy «at if 
5n**v iTvpnfaoirrtuy apiBpwv, ktytn- av *Vdpow 
- ll f- a f£ f * Srj rd rf iFpifrjw j^gJ f.rpEK-pdra-Tov 

{n/^fftff^'OF' (fra^EWi' 6" etimju to ttjp drraTci- 
iQVuar rfjff iAdrroiw wXtvpds SwrAdiaw l^oy 
ptjKzi r ai/rSiTo Si Tmoormv Kara Sniperpov ctuiti- 

&fpmuv Kat TplS tqvtqv y£vopt i’py p ras Biap&rpovs 

", ^ put into thr tiirpiilh irfTimafus of Ijocri, 

n ryLhfl^Tfcrmn Imdrr* and in If PJato is irtncTutk 1 hrlsl In be 
fyprodiK^^g Pytha|rr>rrnn fcEen*. 

i.e^ th* v rr^tainpLdsr 3i*oscr!i*5 trkltfflr and the ircUnjEiitar- 
wsfeac IxiJiiigJe, 

£1& 
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TVtfuifUj 53 c- 7 j c * 

In the- first place, then, it is clear to everyone* T 
think* that lire and earth and water and air nn^ 
hodi«. Sow in every ease the form (if n body has 
dept h. I' lirH h er + it is a two] li 1 t-ly necessary tha t dept h 
should be bounded by a plane surface i and the 
rectilinear plane is composed of triangles. Now nil 
triangles have their origin in two triangles, each 
having one right angle and the others acute ; and 
one of these triangles has on each side half a right 
angle marked off by equal sides s while the other lias 
the right angle divided into unequal parts by unequal 
side*.* , * . 

Of the two triangles, the isosceles lias cme nature 
i.utIv, but the scalene has an infinite number : and of 
iJu'se infinite natures the fairt?-l mu^t bo chosen, if 
we would make a suitable beginning. If* then, anv- 
one can claim that he hm a fairer one for the coil- 
structkjn of these bodies, he Is ao foe but shall prevail 
as a friend \ but we shall pass over all the test and 
lay down as the fairest of the many triangles that 
from which the equilateral triangle arises as a third 
when two are conjoined. , + + * 

In the next place wo have to describe the form in 
which each kind has came into existence and from 
what numbers it is compounded. A beginning must 
h* inadL - with that kind which is primary and has the 
smallest components^ and its element is the triangle 
whose hypotenuse is twice ns long as the lesser ride. 
W hen a puir of these triangles Arc joined diagonally 
and this is dime three times, by drawing the hypo- 

f k-r. T 1 \ k " fairest " of rectangular lealcuc triangles is half 
<if an equilateral triangle* ih* sEden taring in the proportion 
■■VS.*- 


mg 
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w'at tgs TT^fUpa? €iV TWT9T eu? Jf^rpoP 

?■' tG&JTXevpQV Tptytill'Dt' ef If roe 

api^Ot * 1 GlTtiiF 

Tpiyiufn 3t [(FtwAttip gwtffTuptiti Trrrapa Kari 
trLn.-TjPfj^- tfliTT^Soi/^ yiovjS&jf jtuiv oreptrav ymvuiv 
™ tf ** rjj^ txfiftXisraTT]*; tojv ^TrnrtStav ytumyi^ 
ytyovutw TOLuvriui' SI dnuTtXzotiitadar 
Tt-rrdfxtir TT/wroi- eFSoy oTC/rafr* aAou irep^fpofc 
SiW^jt^Tiii^P efc !tra ku! oyxoia, uwiGTaTCUr 

&€.i?T€pov <5t £#C ^ fi‘ TtilP citrrcyi ? TptytJJi , Cf I Ji- r p jfciTO 

Sf iWffAetipa Tptytoftt (Jktw otr^arrw, ji(nv 
ti77€pya0Gj.ltl r iur WTfpttLV ytuislav £k TtTrapwv 17? t- 
fffV’ *ai ytVDft£i^v || rotoirrtiif to S*i/?ep>v av 
GVTMS co-jff tIAo*. to 3* Tpirov Ik Sis 
cffrJtfdFra TWV oro&vji.7my£i*Tmv > ortpiun* 
S« yun’uTiV Su&tKOL p V77G l?*Wf tTrnrt&wV TpiytliVW 

UroTrXetjptov rttpu^^h^ lxdartj$ f tueom fidati? 
*X ov icro^rAeupouff T/Myc^TOi^ yiyo^v. 

Kui TO }l€V ETGpGV amJAAawro tujf urai^siW 




'" As in the VWinpanyiTW tltatfram* Mir frkn£lc* AUK* 
COD, AOF.. BOD. COE, ROF 
nre joined together m *& to Jfrnn 

I he equilateral Enmi^Er AHC. As 
PEnEo hjLft aJp-jidv oWrvrti nn 
n I ui Enteral irknjrlr can nkn E>r 

made oat iff twn such I dangle 
A, IL Taylcir (A Comm*ni*ry 
on Cfattf* TnnatMj, |jp„ 3 * 4 ^ 51 , 
First painted out thf rorwri mean- 
Jnpr inf ware SiajirTpaL 1 ,, * k riinjfLin- 
aJli r r " PrclHoiWy, following 
. „ , Boeckb,« 3 ttCKri had supposed Hist 

It nieiint ^ Ul*t tlnir hypotenuse* e^ilieklrv’ *.&, Crluf^ 
AOI’ H placed ^in Biop^-po* with triangle AOKj Plato ahm-t 
certainly meut iUi tricagles AOF, COJ> are ™-d 
S^O 
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trnuses and shorter sides to n conimnn centre, from 
thiiKp triangles, six In number, there is produced one 
equilateral triangle." 

Xow when four equilateral IriringEes are put to¬ 
gether so thnt the three plane angles meet in u paint, 
thi«y make one solid angle, which o>raes next in order 
to the most obtuse of the piano angle* * ; and when 
four such angles ure formed, the first solid figure * is 
constructed, diriding the whole of the rfreouHCribcd 
Sphere into equal and similar parts, The second 
solid to formed from the same triangles, but k con- 
nlni-ctod out of eight equilateral triangles, which 
mjike one >o3id angle from four planes : whan six 
such solid angle* have bean produced, the second 
budi la in turn Completed. The third solid * is made 
up of twke sixty of the elemental triangles and of 
lwe 1 a e solid angles, each solid angle being comprised 
hr live plane equilateral triangles, and I lie manner 
of its formation give* it twenty equilateral triangular 
bases. 


Now r the first of the elemental triangles was daippcfl 

1 ihe three plane ingle* together make t wh h right angji**, 
^ bjeji is (he most obtuse of the pEflOr nnrii.’s/’ 

c i.*. m Ihr regular tetrahedron nr pyramid, which has four 
faLT> T each an equilateral triangle* and four solid ftftglr** each 
formed by three nf the equilateral triangles ; Pktu later 
iiiiLkes It the di rm nt of (if*. 

4 U.1 the regular octahedron, which has eiprht faces, tach 
an e<|Uj[[,teral trough-, and Sit solid angles am* fanned by 
fnilr of thr equilntmri triangles ; Pinto Ukf make*, ji the 
rlcFiiynr of arr 

' H |E icomhfdmn, which to twenty faces, each an 
eqiuEateml triangle (and is therefore Ik wide up of ISO element*! 
rrclangukr ^caitnr triangles, inasmuch aft six such triangles 
nre put together to form one equilateral triangle), and twelve 
* flch fo ™d by fire of the tc|uLE*fc*ml triangle* 5 

Plato later made It the element of water. 
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Ttti/r*! Y*vrifecu' M to St iqqghcAIs Tfiiyt&vav tyhva 

' rT } V TOV T£Ta.pTOU </n/<Tir h ftW TtTTapu tfWLiTTV.- 
fii jtj r ^ ft s’ to Ktfn-pot* ?&% 6pfti if ywyifL^ fnn'(iyov t 
ti- iHQjrAivpD^ TCTpdyutvov utrcpyaod^ifSi 
rota urn 0Vp7myivra ytwui? OKTio n-TfptiiF dlT^ 
fTf^KOTj KflT<A Tpt If t7Tit7f5our CTUI J rI^ioffi tdTjj 

CtfdtfFi/S' TO Si TOl/ OT'OTrUTOi’ 

W«* WjBufJy, ff emiTfSow Ttr^yaVouf itro- 
f^oi ,r fn Si oiJnnjs: uvordaetiM^ 
^iius jrfpTf^ ro Trap*- d f?fO£ dm} harf^- 
otiTo . 

Iambi, ft, Fife, Ptfkag. IS. SS. rd, Dc„W Si. i?-S 

11"- pi B J wdaou , <tjff i^c £tii- 

riud'ayqpf^t,. Sui St to tfai ypftyatx&M 

TTjPWTttil- otfnifHir tt)v €K rutw Buiflewci TTit-'ttLytiivwv 
n-otMro Kara ftlAarxar l( j f daefrjmi^ Sdfay & 

*“0° l (i r titfxljy, dvni. Si ir<W tnSni tol anSpos' 


* At in tht tffiimiponyinj? figure, Iht four koseda ubt 

tTtnnjjii". AOB. EKK;. HOC. DOA 
fitii knit Nip evmninn vertex 
(I farm Ule miliar AOCD. The 
fiiyrlh %urr a the cube, which 
luu nii «u& a *£|iiart (and 

is therefore mode up of (wfnty- 
fmrrof Ihe element*) mtjinjfiiJar 

trjihpf IhI, ami eiprh I wJk! 
artpl^ F rack formed by three ,if 
iht H)inira ; VUlo lalrr it 

Lb* eknusft of earth, 

* l>„ the ri-^L. Ill r dr*\r<iikrihtfn. ThJ* r*q li^TVrr, 
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w hcia It had produced these three sol ids , the nature 
L| f the fourth being produced by the uosede* triangle* 
When four hlic;Ii triangle* are joined together, with 
their right angles drawn towards the centre* they 
ferm orr equilateral quadrangle - ; ond nix such 
quadrangles, put together* mode r ight solid singles, 
each composed of three plane right angles ; and the 
shape of the body thus fumtructed was cubic, hoeing 
six plane equilateral quadrangular bases. As there 
still remained one compound figure, the fifths God 
u^ed it for the whole* bmidcring it with designs.* 


Eiiinthjjrliii-t. On th* PtfthnfKVfam Lift JH. |j^ 
id- Deuhfi« r 52. 

It Is related of HippiLSiu that he was a Pythagorean, 
and that, owing ip hh being ihc first to publish and 
describe the sphere from the twelve pentagon:-., he 
perished at sen for hi* impiety, but he received credit 
for the discovery, though really ir ail belonged to 

a nrtt dement, the regular gruiagun, It has twelve face-*, 
a regular pentagon, and twenty ~>\h\ angle*,, Mih 
foriurd by Hirer pentagon*. TV following purges give 
evidence I hat I he F'ytlifiptTiin^ may harm knmcii Hu 1 pn>- 
perlies uf the dndecnhrdrat-i and pentagon P A n umber uf 
object* cif dodecahedral fnmi have survived from E k r*-I'ytlta~ 
gorran day*, 

tf JhU htu> often trren held, following Plutarch, lo rt-fer tu 
the twelve signs* of I hr Zodiac. but A. E. Tnvtar {A Com- 
m Pltfc't Timam*, t K 377) rightly »lnb out that 
Hie c1hhIi -.su:.> n, not the dodnaVdrtm, would be the approurj- 
* ta symbol for the a U dtac. Lie finds a clue to the n imams 
Ui 1 mutu /^ni# m g, whrre it Li pointed out that of the 
five regular wilds Inscribefoie In the s*ame %phrre the dade- 
caiinlrun Iul- I lir muktium volume Mild iJ onset nrux*>t ** 
lo thr sphere. Burnet finds the real allusion to the mapping 
uf Use apparently t-p Vrim t heavens into tvflve pelilugciml 
regions* * w 
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•npoaayofstvovai ytip purut tov IT vtitiyopav xal OI> 
tfoAtiUPiP QVQfiaTL. 


t.uc. Pra 1*P4H inter Salut \ «L JftQfcbiU l 3I-J4 

Kai To ye TpitrAai/v aoroty rpiy^vo^ to 5 t" 
qAA^iAwP, to TrtiTaypaij.{iQv f & irprtc tqv$ 

Qfia&ogaiis ixp&i*ru M tJyieLa TTpor a&r£v ^im/id^ro™ 


ItifnhUehus tc-ILs tbe whic story. almml won! for 
™“‘ So (m wwmunt HfttHr+malt™ SeUntni e. 
t ' f 2L_ 7 ^’ thfl Ktn h substantial djfmii^ b chi 

litEbatihitJori uf (hr word cjavuHiit for invray&w, which 

J* J| k S J P. r f l |e iteiy ftcail^ the iWTASMt: riven 

{[ir SIS) Jjbout Ok I'ydwimtTau uhn (icrbhrd ot m it 
vmhng the IrmLfonuL Be mnjr wry well have been Lhe 
fi«nt p«*oo a* Hlppi.mu, for |J]C irriiUoniiJ would qnlrid? 
come to lljrhC in n finely of the regular -olldk 
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HIM (for m this way they refer to Pythagoras, and 
they do Eifi f call him by his ncwiier). 11 


r.ndi n. On Slip* ifl Owiinpr 5 m ecL JuL'obifi L S3£>. H-I4 

The triple: interlaced triangle, the pentagram, 
which they (the Pythagoreans) used as a pnsvwnrd 
among members of the same school, was called bv 
them Health.* 1 

* €/i the tdbotfum Id Arbto- 
phoiiea* CiatsdM JTic j*n im- 

grrnn h the Star-pentajrrai. Rfi in the 
ft^fuming dsnrnum The fact that 
this Wuii a familiar symbol imun^ 
thcm JerwLi J»mt plan^ibLEily to the 
Wifif that they know how wn- 
Struct th« dottemhi'ftftui out of fcwdve 
pentagon*. 
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YIL DEMOCRfTUS 

PhlL D* Comm. NaiiL 39. 3, 107G c 
'En rii/iw opa. riva rpomv aTnJmp* iij/io Kpinp, 

BimTTQpOUVTl KO.I E7Tl.TVXWSr « TC- 

/iWin? ™pi r^P p /Mau j tirifreSoj, ti jyjTj SEtuwiatfui 
rd? TcSi' r^tjjimTQji' faa? tJ ayjtrgyy 

yivopivos; cmciot jasv yap oumu. tow k<Lwov di*- 

oijnaAor mip^fotrni, TroAAdy airojgapaffif \apfidvoi*Ta 

paBfAttt&dLE Kat Tpct^imyra^ iCFOJl 1 S' aitcran^ iua 

TjLirj/icira cWai, ka* ^airctrai to roiJ ^i/AiVSpat' 
TTST7QV&WS 6 K &tf UN*!!' *fcd oy« 

avamir Kvxhii3v f QTifp ctJTtv aroTTuiraTap. 


Ate him. Mtih., Arehim. mL Hefbejy ii, 430 . I-ft 

At&7T€p #«u Tail 1 tfewp^jiaraip T&E/riut', di^ EuSafo* 
t^Jp^JCO' TT/KJ^TOJ T^V drT&Seifir^ TTfpt TOV KUiVQU 

Kat TtjS* irLT/id/uSg?, art rpirov fitpOf d i<uvoy 


1 PliiMreh telli ttiLs an the oulhyrity of Chr^sippiu. 
Democritus cuiie from Abdem. He was bom about Hie 
Mine tilde* to Soarnle** and lived to a pxrat age T Pinto 
ignored him m his dialogue nnd is Mid to ha we w ished to 
bum all hi i works* Thr two ns&«£H Sere tfiven contain ah 
that if definitely known of bis Juathernatjcs, but wt- are 
informed that he wrote a book 0* th* Cmtwt t\f a Cirri* md 
(J 3pW# ; tmothw r on GWurffy; n third t-nt$th*l <?*?ro striw ; 
a fourth on XujnbfTi s a fifth ftn [rrniwmi £tVr and dnlidt; 
and a sbtih allied ’E u p niiiW T^ which would deal with the 
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Plutarch* Oh thi i Crtmto&n N&tiMu 39 r % LOTS * 

Consider further in what manner it occurred to 
Democritus* in hbi happy inquiries iti natural science, 
to ask ff n cone were cut by a plane parallel to the 
biwe** wbnt must we think of the surfaces fomiiitjr 
the sections* whether they ore equal or unequal * 
For, if they are unequal, they will make the eone 
im-gulnr* as having many indentation.^ like steps, 
And unevermt Hses ; but if they arc equal, thcscctkms 
will be equal, ill leI the cone will appear to have the 
property of the cylinder, and to be made up of equal, 
not unequal, circle*, w inch is very absurd** 


Archimedes* J/ffW, Archinu «L Ileibrrjr 
II 430 r |-p 

This is a reason why* in the ease of those theorems 
concerning the cone and pyramid of which Eudoxus 
first discovered the proof, the theorems that the cone 

projection Of t he annHlary sphere on a pJime, As his matins 
niaticnl abilliEe* were otmoudy gfrut, it Ls unfortunate that 
our information L.* so meagre* 

1 A plane indefinitely near to the hn*e b clearly indicated 
by wbu fallo'tt'K,, 

' This bold inquiry first brought the conception uf the 
Indefinitely small into Greek matheirmtJis. The story har¬ 
monises with Archillicdw* statement that Dempcritui g&v« 
expressions for the volume of the cane and pyrnmkL 

^9 
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TOV KvMv&pOVt ij mtpafiL? TOO Ttpivpm to?, twv 

pdatv i](avTti}v rrpr aunj^ Ktd Vifio^; taot\ Q& pavpav 
O TSQVflfUU dv Tts XljpQKpLTO.i p-Ep^a TTptLrtp TfjV 
tijy t Ttpt row it p^jueWu ff^^aroy 
ciTro&€ t£co>s d-rro^Tjvap.€V(A>. 
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is a thircl part of the cylinder, and the pyramid of the 
prism, having the same base and eipd height, no 
smnl] share of the credit should be given to Demo¬ 
critus, who was the first to make the n^citioii with 
regard to the said figure, 4 though without proof. 

■ So th* Greek. Perhaps lb lirpr of figure." 


m 
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VilL HIPPOCRATES OF CHIOS 

(a) G£K£ral 

Phlbp. fa Pity*. A 1 f ArKlDL |fl£ a Id], hL Vtteffl 
EtL S-ft 

Iirtroif^TTys' Xt 6s ti*; e^m tp.'iwpos, AijffTpt^ri} p^i 

7TCpt7T€Gtll¥ Kill TTfilTa dtToAfWj^, fA0fl‘ 'AfJjJra^ 
ypftj/i op.€V Of TtfUf Aiyurq?* Kill UoAtFp TrapiTJJlfVtjJJ- 1 
AftJptUff Sia Ttj|V fif 

xat fif rdcrquroi' t T £cui£ ytiuft^TpucT}^ 
rjAOiU' ijj-s’ EiHXEifnprat tw ifJ^Aou rerpayc^- 

a'trjpoi^ «:«u avrov ply e>ijj^ rtrpayuipl&tii 8e 

T&V IWfVttTKW <OT}&7j ifttvSth* TOtfTOU Mai ray 

mvkXov TfTpay(£n ^ i{flM■ ck Y'' l P tqu TtTptiyoMViapav 
TOV piJVitJKQl) Mat TQV TQM MVkXov T€TpfXyti}Vt{JpXv 

t±nJ^Tj cn/Aji^yiffofiar. 


(A) Quadrate he or Lunes 

SimpL in f J %*. A 1 (Arista 1i % 14). «L Dick 

«x ;i> 

+ 0 ptfVrm KuSi^os tv T-fj r^ptrpifqj taropia 

aw m TiTfmyufvtK^s TtXnup&s ^ai tqv 

I TTTTQMpfmjv tov tqv pr^i'liJKQv rirpaymyitTpiov^ 

3d4 


VIII. HIPPOCRATES OF CHIOS 
(a) Genual 

Philo poems, C&mm*ntnr*i tin JlrhtUU't Phygizt A £ 
{IB£* 3fl). «L YH*UISf.3-£l 

Hiriw hates Ilf Chfo* was a merchant who fen in 
with a pirate ship and lost nil his posses tons. Hr 
cnioe to Athens to prosecute the pirates nnri, staging 
n long Mmc in Athene by reason of the indictment, 
contorted with philosophers, and readied such pro¬ 
ficiency in geometry that hi- tried to effect the quad* 
rat Lire of the circle. He did not discoi'er this, but 
having squared the June he falsely thought from this 
tliiil he could square the circle also. For he thought 
that from the quadrature of the lime the quadrature 
of the circle also could ho calculated.* 


(ft) Quadrature or Lusts 

Simplicius, frrtitftMtttanrcti ArUioiU't PAygirg A a 
ilMol-thii! a Diels W, "-tis. 

Eudcmiis, however, in his Htitcr 7/ o/" Gtvjnrfr^ saya 
that Hippocrates did not demonstrate the quadrature 

* A lone [meiilscus) Is the %ure KddJihM between two 
Interpret i ft* nets of drcle^ Tt Lh nnliki-h iJuil Hip| KKrntes 
hinv*Ff thought hr had squared the circle, but for n dfccus- 
icon of thla potlif Me infra, p. MIO n- h. 
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<iAAa A-aft&W, toy &- Tiff cito*. «' yip ^ri- 
crieoff ■njy ^off ^ / x<( 

V ptt&va. j) <XaT7wa, 7trpa.ymvilii Sc a 'Ittwo- 
(fparjjff *hh rdr unju i^uKV«Aurv c^o*™ kou ™- 
/iciioim Koi -ror cAaTTot'u, ra^dAov av tfij ScSciv<ij 
«ff SoKfi. cV^aopa, Si yd T0 C EiS^ou kotA 
AnfiH Acyopcia (JAt'yo rira npavriOds (fli} 1 aa^- 
1'ciar a”o f^s T(Jf EwAci^oif Lni^euM> araprip 
octuff 3id rAi' i/^OfUTjjiariwor rpon-ov roC ROSrjpoM 
Kttra TO apxoi'Kor *&»<,- CTuiTopouff cV&pc'rou Tiff 
anaSditut. Jityu Si tCSc ev to, Seimfop 
Trjff FEttijUtTpuciJy MTTdpias 1 . 


1 As AldUMk fLvm.-rti'-d. A 
.SlmpiicUiy in /%.. (ed. Diets fAi. 
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of Hie June on thr hide of a square 11 but generally, m 
one might sny. For every I tine has .in outer circtim- 
tVn nce equal to a semicircle or greater or less, and 
Lf Hipjjocratea squared the lune having an outer 
eireumferenee equal to a semicircle and greater 
and less, the quadrature would appear to be proved 
generally - I shall set on t w}\ at Eudemus wrote word 
for word, adding only for the sake of clearm-as n few 
things taken from Euclid \ Rteniftiis on account of the 
fcummnry style of Eudemus, who set out his proofs 
in abridged form In Conformity with the uorient 
practice, He: writer thus In the second book of the 
History of Geometry ^ 

June riiH +■ luae E@Z + fane ZKA-h AE — 

Imjni Lin 11 rEZA, 

The proofs are easy. Alexander goefl on to «y I hat if the 
JKOUdmI hgm* equal to the three bines {" for a rvetiEmeal 
was proved equal to a June "} is >uh3niL’trd, rh. r circle 
Wltl tra AcniAmJ. The fallacy is tibridUA and ! I Linn w L ra fi-< 
Cimld hardly h*Vr committed at. ThisUumH iiome doubt on 
the whok of Akocudcrj acorn ni, and Simplicius him^lf 
obwrifTO that Eijdaniu h fl atxxwnt to to he preferred as hr was 
J nearer to the tj mea " of 1 1 ippoeratei, 

* 1 1 to 3u>t always m$y to distinguish what Eudenma wrote 

and what HLnijdiriij* ha* added. The task was 1ir>t 
attempted by Adman {/hrnitifh'fia i\\ t pp. - Greek 

f hornetrtf Jnm ThaU$io RutHd* pp. dt-75)„ DkK 111 hto 
edition nf Simplicius puhjtoh<d In l$BJ f With the help of 
Iseoer, printed in Spaced type What they attributed to 
Hudeitius. In lfl£3 Tannery {.Wr'nunrti x' r ienlifi$u#j L, up, 
3itU-S7<l) edited what be thought the Eudeinion 
Heiberg/slILL, pp. hisritw. In I&H4, 

Itiidio dtaliled the question rahniLdUrty In 1907 {/Jw 
hWif ht df * Simp t Gita Ub*r die gtundfr'rfvr** dr* Juiiphcm 
i*nd but untortunatety hh judgement to no* 

*«™Y* trustworthy. Heath t h has an 

etCflrrnt anaJy*to, In the fnlJaulng paces I bavo iriven only 
Puri] passages as Cait safely be attributed to Emlcrnns and 
omitted the r^t. 
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" Km ot tc2pi pipiWiw o* So- 

^’crirrFtr rAtu T <Zv ovk tnmoXnUiW S^ypapU&rtiiV 
&iA Trji Y 4} iKtl I * 77} Til TTfr TTpX\ TCj L 1 GU 0^ * J 

KpiirutJS €ypd«fiTjpuP re ir^TOU kol kcit-ii Tponov 
1£&Q^O.V dTToBoBtp’^U- StOT7 ep €7Ti TrXzQY 

T t KOI OitMtuper, np^rjV ph‘ oSv iVonjOCCro rai 
TTptltTOV cftfTO TiOV ITpdf 41L'TO PS ^pTjKJiViJyJ, 1 , QTt TOY 

aurdi 1 Adyoi* to T& cpota twm jaftcXw rpsJptiTa 
jTpoj rlAXijAa Kat at /Mott* ayrtlir Suj'rijUti. topto 
S r *&*LKW(V IK top 7(J^ Sci4jUerpo^> dclfa* tom at/rdf 
Aoyo^ t^otW* Swupii rots: hPhrAotj, 

&E avriZ TQVTOV TTp&TQV filv *yfl<l$* 
[tfp'VJKOV TT^F f JfTO£ TT€plff}£p£iaV E^DtTOJ iJpifgwAlW 



TtW TpoTroM yci'ojrTo ap T4LTpa-yu)vi0}i6i. arrcSs^oo 
8f ro4/ro ir^pt TpiyowGY opftoyiLvidt' te rat iaa- 
aicfAes- ^jticisnJjvAioi^ tf^p^pdipH* koe TrcpJ rijv 
rpijpa jafcAoif rots inrd rwv imfevx&tvo&y d^at- 

pOppdl'Ot* dpOLOV* OtTOf tit TOP TTCpt T77Y 0d{JLV 
TjUTjparoj torn' tow irupi tq> tV^paj J/t^O^epow, 
tcotroo TrpoDTfflfpro^ too ptpow top Tptyt^MoP 
top virip ri Tfirlpa ?u wtpl tt}v fid&tv, twv form d 
pTjiiwKOsr raj Tptytjjroj. too* o&v d pip'iCTtfOf Tip 
Tpiyuirtp iittx&tit TLTpa.yiiMVl^OlTQ dtf* OPTOJf pit 1 
2SS 
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" The quadra hi ns of lanes, which seemed to belong 
to jin 11 ncomtnOfl <■! ass of pnoptwitiems by rt&smi of t he 
close relationship to the dmh% were first investigated 
by Hippocrates* and seemed to be set oat in correct 
farm ; therefore we shall deni wiih them at length and 
go through them* He made hifl starting-point p and 
set out ns the first of the theorems useful to his pur¬ 
pose, that similar segments of circles have the same 
ration m the squares on their bases," And this he 
proved by sliowing that the squares on the diameters 
have the same ratios as the circles. 

" [laving first shown this he described in what war 
it was possible to square a lune whose outer circum¬ 
ference was a semicircle^ He did thh by circum¬ 
scribing ntxujt a right-angled Lsoseelea triangle a 
semicircle and atxmt the base a segment of a circle 
similar to those cut off by the sides.* Since the 
segment about the ba$c Is equal to the smr) of 
those a!mat the -sides, it follows that when the part 
of the triangle above the segment about the base is 
added to both the |une will be equal to the triangle. 
Therefore the June, having been proved equal to 
the triangle, can be squared. In this way, taking 

* Lit. *“ ns.the bases in square/ 1 
■ Thfc is Eud.sli. * tm- injn^ pp_ I3^l*y3). Kuetid proven 

It by a method of edumstioh. haied on a Icnitim <>r its equi¬ 
valent which* on the «vitoiee of ArehlEnedes himself, can 
sislely he attributed So EudovuS. We at lh>t told how 
Hippocrates ciTreted the: proof. 

'"As SimplSdu-H notrs* liiih L* the: prtibkni of Find* US. SSl 
ftfid Involves the know ledge ihftt similar srpinenl.s ccmlaill 
equal angles* 
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rots Lrr TQ TWV 
ttUKhoU. OTL 


OHV TjpAKUKXiQb TTfV If CO TOL 1 p^tMcFtfOU 
VTTQ&tfitVQG etc TpayotVUUP 6 * ! rrTTQXpdTift TOi' 

pTjvltJKQV 

M Him c^ef^sr ptifo tuaikvkX wu ummtftrai 
ffwrijtrajwfvoj Tpnirf^P ri? Tpetj e^ar TrAeupd* 


fiAAiJAais, r^v St tiitn* tt)v /itifoj Tt^v irapaS- 

AtJAw^ TpiTrXa&lav intlvun* iKaa-njs teal to 

T«4 TjMTTTtfiOV TTCpiAsjSciJ S r K^A^t KElf TTfpi TijV p-t - 
■vicrrnu mrmu TrXeupav opoiOV TpJjpa ZT£piyp&ia$ 
tCFtdV TpilSr &fr&T Ffl£ 17 TO Tot? 
/itt£dv tori f iJ^wcitkAuw TO Afl^tv 
TjLi^pfi, S^Aoir' ajfktcnjs *V tJ) rpartc^uu Sia^^pou. 
ai-a>'^ yap Taunjp otto Sim -tfAtupdf uTrardvovcmv 
ttv r panti!av ttJ? i/iraAoiVou fzca? 5 St- 
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HIPPOCRATES OF CHIOS 
a semicircle m the outer circumference of the |tme, 
Hippocrates readily squared the lime. 

" Next in order he assumes [an outer circumference] 
greater than a semicircle [obtained by] construe ting a. 
trapezium having three side* equal to one another 
white one P the greater of the parallel side*. is such that 
the square on it is three times the square on each of 
those sides, and then comprehending the trapezium 
in a circle and circumscribing about a its greatest side 
a segment slmUnr to those cut off" from the circle by 
the three equal sides.* That the said segment* is 
greater than a semicircle is clear if a diagonal is 
drawn in the trapezium. For this diagonal, suh- 
teiLLliug two sides of the trapezium, must he such that 
the square on it is greater than double the squire on 

4 i.i»* " describing oil" 

* Simplicius litre inserts a proof that a circle cun be de¬ 
scribed shout the trapezium, 

4 L* ru the *fgEiient bounded by the outer dicmnfmiKX\ 
Eudriiiui ts going to »how that the angle in It k acute and 
therefore Ihe segment u greater than a wtiMtCle, 

I R *41 
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flAcKrim' BE p e t£orij SiirAj^otov 

&warat (tearipcL* twv BA, AT, c^cttf kqI tt}$ l’A. 
teal t4f /ifytOT-ijv apa TeSy t qv rpaTTtClou irAciw&v 
tt)]' BA dmyrfauii- tAarro^ Bwaatfax rijy re 6ta- 
ptirpou tea! tmv rrcpajp nAeirpwt* m£* ijv 

jWnreiVft ^t-ra Sia^uTpau ^ Ae^cW. at yap 

BE, I A tj rp* itAuaipp SJvai-rtu ttJst FA, tJ 

BA TpiirXa.KJiop + a^fia tipa v,i ctt! ttjj 

pxt£otw rosy TjOaTrefwtp irAzvpas ywrfa* 

pEL^of «pa TifiiKUKAlau eari to *V <£ fWtiv. 

OTTfTp €OT£l* ¥f f^W TTCpi^tpfrci TOW pJJt-LtfKOU _ 

Iu if f^tiiTtijv rffUKV/eAiou TTpaypaiftas 

roiov&t rt 6 'IrrxoKpuTTjs toOto KtLTsaxevnacv' 



™ ol? StdpfTpos e^ T fj : t;] 3 AB p Ktvrpov 

&l mh&v i$' tL K teal rj alv jJ I’A SiW re 
«ai *p&s OpSi? Tfpjtroj ttji- f<£ + jJ UK- ?J 5( AjF 
?1 EZ Kftfffi-co rap-r^y pfTCtfu Kt u TjJf TTtfpc^Epftar 

«VI to B vewoucrei TfSi- 1 A- tow tf^Wpou iJpigAta o&m 
1 ^ oirir Diet*. 

* A pmcfb supplied ill tt»- k^t* probnhh' bv Shiiulseius 
Ihmgu Dlri» attribute* it in Eudeinitit, Thr proof Ls that, 
mmv BA I* parallel to Ar hut graitrr fhnn it. AP ntnl DA 
praduued win m»t in Z. Thrn 55Ar 5a ait faunrfe* IrkniflijL 
^4^ 
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one of t he remaining sides. Therefore the square on 
BF is greater than double the square on either BA> 
At , and therefore also on VAf* Therefore thesijiiEife 
on BA, tho greatest of the sides of the trapezium* 
must be h-Aji than sum of the -squares on the 
diagonal and that one of the other sides which is 
subtended by the said [greatest] side together with 
the diago iuiI, b For the sq uarcs on HF. FA are greater 
than three times, and ihe square on BA is equal to 
three times, the square on 1’A. Therefore the angle 
standing on the greatest side of the trapezium * is 
riru 1 1 . Therefore tht - ^ >“gm i n t in whieh i t b h greater 
than a semietrdc-. And this segment is the outer 
circumference of the June/ 

If [tile outer circumference] were less than a 
semicircle p Hippocrates solved 4 this aho t using the 
following preliminary construction. Let there be a 
circle with diameter A H and centre K, Let VA bisect 
BK at right angles ; and let the straight hhp E£ be 
placed between Oils and the cireuutforence verging 
towards H so that the square on it is one-and-a-hnlf 

So Ihnl the angle #AI" is acute, and therefore the angle UAr 
IS ciblure. 

1 «>. ba i <bi' - im 

■ the angle BP Aw 

J Simplicius nates that Eodemui h*w- omitted the sctunl 
squaring yf I lie June* presumu hi v a* befog ubviaus. Since 
BA* - ^BA 1 

Segment Oti BA) ^ (segment on BA l 

" sain yf segments on HA, AT* TA, 
Adding to each side of the equation tin- portion of the tra- 
peiuim included by the iid i -I BA % APimd IA and the eiivu in¬ 
ference of tin- segment on 3 5A, w c get 

trapezium AHAP =June bunmlrd by the two circumferences 
and io the luik- is 

* Ul m cqostrnetcd/ p 

!U3 
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*5 5* $ KN rtapa nji if $ ,\B. 

wtftiro rod K tmfctxfftacnv ini rd E.Z, m/fim- 
TTTiTti} Si TO Z Tjj 

#’ ?J EE 70 II Kill J7<LW otto TOO B ivi 

T(l ^ WtlfUJffllWBC, Sij oTl if J(0‘ 

j^EZ £K{ja\Anjw'if to H ntOfiTfu (wroxetrat 
yap 7} EZ in I ro B icJotwo), j> 5 1 if i Bil tm 
•orat Tjj if jj EK. 

' Toitnup ofi- others f’pWv to rpaW&ifr fjpt 

i<$ on LKBH trfpjA'rJr^i toi K uVAof. 

11 lhpiy<LypJ4>& tl3 i &>) Bfpl TO EZH r piywvov 
rpijfia *wAou, &jAoi- &n ixujepov twi- EZ. ZH 
0^0.0^ eWru, tlDm EK, KB, BH 

[otrrwi' ouTdii *)(OVT<i}l> 6 yei'Ofityof fitfUiaxos 

o 5 tKTOi nrp^ipeta ij filvBJ I «ro f eo-rai T <L *v- 
8vyptifj.upi rot auyKfificvtfi ** jCiv rptiaf Tptyoji’iuv 

i kji HZH, BZK, LKZ. m yap otto tw 

iij> afs EZ, ZH dfupavfieva cYvds T ou prfiwKou 

ivi to S sCOvyp'iftpou Tfi/jpura. Ian iarl rots Afto* 

’ \i ‘ ***&*■ T **- In the test of SiinplJdiu this 

th"!.:.' " 1 w °.” e " “ rt Simplicius's comments 

issi """' b *— 


' ™ L : '* J 1 ' 1 ’ , f ) rSl wn have Juiii to rtt>ini nf the 

% 1. orVr,.', :i " f - l n 1 to , lhe 

> r <*£?'*$*■ Hu evm-rn]pn.ii|,.ni Ls to jjIjuv a strabrhl 

^ JnuS and 

H,:,™,, ,f ., ^ ' LS micrrepled on it by other lines. In 

If y P wW S? " mt V Mits lo iimilrtif * length * such that. 

« rA *• ««• BZ a.Si B 32 l^prosCd to 
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times the square on ono of the radii, 11 Let EH be 
drawn parallel to AB* and from K let [straight lines] 
he drawn joining K and Z. Let the straight tine 
[KZ] joined to Z and produced meet KH nt II. and 
again let [straight lines] be drawn from B joining 7. 
and IL It is then manifest that HZ produced will 
pass through It—for by hjpotltegif KZ verges towards 
B — [iml BIf Will Be equal to EK. 

" This being so, I say that rhe trapezium EtCRH 
ran be comprehended in a circle. 

11 Next let a segment of a circle be d mi inscribed 
about the triangle KZII ; then clearly crich of the 
segment on EZ r 7Ai will he similar to the segments 
on EK. KB, BJL 

p ‘ This being so, l he In Me so formed, whose outer 
ctmunfcrenee is EKFM.L will be equal to the recti¬ 
lineal Ijgurc composed of the three triangles BZH t 
MZK. EKZ. For the segments cut off from the 
rectilineal figure, inside the lune, by the strnighi lines 
KSSji ZH are (together) equal to the segments outside 

inert the dnaunfmnr^ in E r then EZ 1 - l \K\ or EZ - y 2 
AK. IF this It done, EB« HE = AB . BP = AK J 

or (r+ VI «} - * = a\ where AK 

in other word*, the problem amounts to sohki^ the qundnlric 

equation **i~y fa* =a*. 

TWs would be rccognUisI bp the Greek* its the problem of 
**applying to a straight line of length V4-a»4 rectangle 
OOHMlfl# by a squArc figure and equal in area to mid 
could have been solved thcorcficaJly by the Pjrthaffmn 
iiU'thod prriStrra] In hluci. Li. (f. IVfts Ibis {he method used 
by f Mppicmre* ? Though It may have l^ecii r the authorities 
prefer to hdlrve h* used mechanical means {H.Q.M* i. IWp, 
find in, toe tfpl.„ Pr 50, Zeiithen, OttrAichi* d. JfejfA,, p T 80). 
He contd have marked on a ruler a length enml tn V| AK 
and moved it About until it was in the required position. 
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TD ^ iv8ijypa.ii.jAQu TfiTfiiawiv dfupinjfi.iv&i$ w?& 

EK f KB, 811 . tKartpov ydp twv iv-rd? t^ioXiov 
*&?tv ixd&rav ruri' gVttJj. ij/iioAia: yip 1 dr-otterrat 
n ez £*£ TQV *Tfl-'TpOtf j, TUlfTCffTi TTjy EK tfQc 
li B k<h B H + ti um' o ulv piji'tWoj ri Tpta 

TjU^pdTC Cfffl Kat row €V&vyfH2ftjlOV T<J TTUpA TO. 

Suo T/iT|pffT(i p to if fiAfypa^ppt' jura rtyi' Sdo 
iarl x^p' 1 * t^fip rpi^i-j, eVt 5t rd Sdp 

f^paTft toi^ Tptflii^ i<jG: ( tiros' ai F ■fJrj □ pTjr/flKOf 
rip f^vypap/t^. 

On Sc oVnf d eAdrToi^ ^ptmncAtou 

"Tf 1 ' TrcpE^&epej<u% StiViwt SwL rod r^ii 1 

LKU ytoPtdv iv Tcpi fKrti^ oJfjrrv T/i^urt df^EE^cdk 

*^ai. on S-f dp/JAetd itmv r] dard EKH ywput* 
SttKtnmv ovna *f Arc? ij uJv ^ EZ lfritaAfa 
"d>k Ac toe? Kirrpov tiwdpti, n S* cVfi' jj KB 

rrj? ci ij HZ t] SiTrAciotct S'L'i-dpifc p fivepdv 

or^«at rj e^ h t] KE &t<u ttJs ?J KZ apa pct|ojy 
ij htrrAiierta Sw-'iipfi, ]j e^ ! ij EZ Zort 

7&v if ak EK, KZ. k^Afta a>a EtmF 
’} rrjoo^ Tip K yciit'iCL^ eAiiTToi' apa to 

r/njjwd d 1 w eWtr, 

OlVcej? oSv d 'l-mrasrpaT )}j irdyra p.vjvimm r 
iT€rpayi&via^v t t'rrcp *rtu rcu - 1 ^iuaitfAiW jttii tqf 

1 a^f« must understood afar {puJUa rip* u Hhrl- 
whmtivt tint minted out. Irni Diels tmd Rudjo think that 
iMmplJcilH probably omitted it as obvious here afllI En Ki- 
ovn comments. 

■ ii 3 *; - Rndrimis purparts tn give the proof in 

H J P3"huCr4t<r.4 own wditIs, [ nfi rturmit tv Simplicius's Ver- 
l 13 " 11 us t™ Confused to be worth n c.fuducin l-. The proof t§ 
hvre xnrn os nym*trsrctfd by Rudla Thnt it is *o&t*utt- 
ikllv the proof piren by Hippocrates is clear. 
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the rectilineal figure cut off by EK* KB+ BH. For 
each of the inner segments is one-ond-a-half times 
each of the on ter, because, by hypothesisi t In-: square 
on HZ is onc-ancl-n-half time.^ the square on the rail ins, 
that is, Ehe square c.m FK or K l\ nr RH* Inasmuch 
then as the Iune is made up of the three segments 
and iht rectilineal figure ten the two segments—-the 
rectilineal figure including the two segments but not 
the three—-while the sain of the two segments Is equal 
to the sum of the three p it follows that the lime is 
equal to the rectilineal figure* 

" That I his June has its outer dicimiffrence les* 
than a semicircle* he proven by means of the Angle 
KK1I in the uliter segment being obtuse. And that 
the angle KK1I is obtuse* he proves thus. 

Since EZ* = | EK 1 

and- KB 2 >£BZ* f 

it is manifest that BK*>SKZ*p 
T h erefore FZ=> K K 2 + KZK 

The angle at K h therefore obtuse, so that the seg> 
ment in which it is is less than a semicircle. 

-1 Ttms Hippocrates squared every lune, seeing that 
[he squared] not only the lime w hich has for its outer 
dreunaferenee a semicircle, but also the lune in which 

* 'Jbi^ i' asHiuncd. Heath [fU.t.Mr i. supplier the 
followirjg proof: 

By hypothecs E7J • jKB ! . 

Abo, since A. H* Z, V nrr cmydic* 

LIR.BZ AR*Er - FB 1 
or EZ * ZB i BZ* = KB 3 *EZA 

II foDowt that EZp>ZB and Hint KB*>sfBZ i ^ 

S*7 
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pei^um ^ptmueAtbu ifai t qv fAdrro va ej^oiTa ttjv 

fWf 7Mptr$*p(iaV> 

” ’AAVi fnjviQKQv (Jjua Kdi kwAov ^Tpaywftffe? 
a™?' ccrraicFuv ?7tpt **WpDv eqP ou K Bwq kvkAqi, 
ifl Se Top eVrtif StapfTpof efttTrAjurta Bui*apei tt^ 

tou cW&y *al ^foytpwtf Fyypa^eVros (fr roi- 1 errof 

XUK Aar T*$ if oS ABFAEZ ttl re if &v KA p KB, 

KP eV rot? raWyiou *Tnfev^tfetcrai ^ tf/JejEfA tJ a9m truu ■ 
aus Ttft rou itirros KVtfAou ■yrcpi^fpe/a*- icai rat if £v 

H0 P 01, {HI) 1 eirejeo^tfojotiy tfrai SffAor & Ti Ka * 

H0, 01 c£aytJj my tlal irAeupai rou cif toi" pei^oru 
Kt?#fAoy tYypaf>fiiwv. ko! wpt tt^ c^* tJ Hi 

opotoy t<L dfupavpivip vno rip if ij H0 
nepiytypiifJiiJr *Vc i Q$V pel" if H] Tpt- 

TT^atav amyjq eIWi Bvwifict HJj if ;rj 0H tqu 

t ftty lli t'ou irAfippar ytip Pito Byp Toff 

TrAfypdy frrartjVouTti pera oAAtp* ptray apfijf mEpi- 
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the outer circumference is greater, and that in which 
it is less, than a semicircle. 

But he jiLso squared it ]unc and a circle together 
in the following manner. Let there be two circles 


with K tm centre, such that the square on the diameter 
of the outer is six times the square on the diameter 
of the inner. Let a [regular] hexagon ABTAEZ be 
Inscribed in Llie inner circle r and let KA S KJL NT be 
joined from the centre and produced sls far m the 
circumference nf the outer circle, and let II 0, HI, 
EH be joined. Then it is clear that ] IB S OJ nrc sides 
of a [regular] hexagon Inrcrfbed in the outer circle. 
A bout III let a xegtnem l>e circumscribed similar to 
the segment cut off by HtJ. Since then IIl“ = ;it>ll 3 
(for the square on the line subtended by two sides of 
the hexagon, together with the square on one other 
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cyouoa ywvtnu t^p eV TffUKuaXttii iggv 5A r ar£« ttJ 
&iafxirpip r ij 3e ScfijLitrpo? Ttfr^TrAaoiOP St/varaA 
nyr tol" /faytivop tcnjy pptfiff ttJ eV toG Wvrpou &d 
to rd 3c rrAum/j that Sumjutt TETpa^Admah 

ij St 0H cfo-nAnai-a rrjj J A B > S^Aov Sro to 

r/ltj^cx To TTEpi nijP /<£' ^ HI WCPty/W^iv l (TOP cfrui 

av^paivtt rot? rf airo row e^ro* «rd*:Aop i*7fo riZt h 
£$* fjy 13 r-^„ 0! a^ncpovpEvot? #c<ii roi? a^o top 
fiT&f otto tiop top e f £aywpop TrAtppwp aTrumSp. rj 

yip III tt}s H0 rptnAdatap Sdpara( h *oop St 
K0 Sj-Wrat 1 $ 01, Suvarst Se cKaripn topteup 
taw Hal u-1 e^ TrAey/Ktt tup £vt&§ cfaytiroty p Scort 
j^foi ij Sidpcrpo^ top terror icpwAop t^aTrAdcrs op yrrd- 
at-eitcu Sppaqftu ttJ^ top eVtcw, dj-rjTE q pev ftTjvtfrKQS 
i$* &iJ H01 top rptytij'OP cAottgop dp etij *<f gv 
tA aira ypippara TOt¥ vttg run' Top efaydji'OP 
irXcvp&v ii feiip oujtie f po l s Tfinp/idiy a tto tow i- j i f tch k - 

kpkAoPh to yip tir| rr}? H I r/iijpa loop tJp toIs T€ 
H0j 01 rp^ftaoi koI rots t/rra tgB <£aycii?oo diat- 
m oyv !I0 j 01 r^/iari tAdmn fWZ 

tou irtpi Wp- HI {TjLi^iaTOjr TaZ?y r/x^noi [n-ritI* 

Toijr UTTQ TGV f^ctywt'pp a^atppppc'mif. HOtVOM Outs 
3TpOOT£^£ITOff TOO OTTfp TO Tp.TJjLia TO TTtpt T^P III 
flipavs TOP Tptyol^ov, fV f±iv to prop jfat TpP TfCpi 

ttjp HI T/i^oTOf to Toiytovoi- canUj €K St tol? 
auTau ^cai Twi- H0, 01 rp^drtitv a prprl&tiOs. 

iarai ovu iX&r-rwv q previa kqs top Tptytii^op ru'v 

imo top iiaycLvoo atfxiipoupj-vms Tptijpaaiv. a apa 

1 T^|urffif «if ndd r Bpetwhncider, 

3 #lcll ucil LI rt’tsfJ i nrjdiT. 


J IV ' C \ 1 m- u \U]iz nf thr hcMijrihn + Ehcn W h a dimiLt'Itjr 
ftnd Uic angk 1HA La flfliL Tlinvi'urc III 3 •- IIA 3 _LA 1 , 
^0 
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Fidc r is equal, since they form r right angle in the 
semicircle,, to tin? square on the diameter* and the 
^ qua re on the diameter is four times the §ide of the 
hexagon* l lie diameter being twice the side in length 
nnd so four times a* great in square"), and 0H- = 
6 AB a „ it ia manifest that the segment circuiii&crihcd 
about HI is equal to (he segments cut oST from the 
outer circle hv Hflj 01, together with the segments 
cut ofl' from the inner elide by a]I the sides of the 
hexagon.* For Hi* 3 IUP, and 01*= HB s r while W 
and H0 1 are each equal to the sum of the squares 
on the six sides of the Inner hexagonal since, by 
hvpotbrastthe dkmelcr of the outer circle is sis times 
that of the inner. Therefore the lime H01 is smaller 
than the triangle H01 by the segments taken away 
from the inner circle by the sides of the hexagon. For 
the segment on 111 is equal to the sum of the segments 
on H0 P 01 mid those taken away by the hexagon. 
Therefore the segments [on] HO, 01 are less than the 
segment about III by the segments taken away by 
the hexagon. If to both sides; there is added the part 
oftliin triangle which la above the segment about JEl,* 
out of this and llie segment about III will be formed 
the triangle, w hile out of the latter nnd the segmenta 
[on] H0+ til will be formed the lune, Therefore the 
nine will be less than the triangle by the segments 
taken away by the hexagon. For the lune and the 

and so ffl*+eH* = LV*^40H* tsinet IA=£0H]u Conse¬ 
quently Ht*=3BH 1 < 

fc For (segment on HI)=3 {Moment on H8) 

= ® (fiprgment on H0) + ti {Hcjriuent 

on 

“ (segments on H0, 01) +■ (ill seg¬ 
ments of Iftnrr circle), 

* ■>.* the figure bounded by H0 P 01 and I he 4re lib 
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prprimpf vcil in vttci tqu i^aywvav a^impoijp&ttL 
W*m Fart ear tv rw> TptyoMp* vat kqivqu npaa- 

TtfflATO? TO if t^rzyawg-v TO rp/ytumiT rtitn-tf wot to 

^faytu^v Fact tore tw re ;iTiPtWaj rtp Ac^flArt vat 
tiJj vitvAoj toj fiTa?, ft ot5v ra clptfpdvn. euflu- 
ypajujuirz OuvarOK t* rpaywiariP^vai p vai toi- kukXqv 
rlpa perd TOV p-rfVWKOU,'' 


(f) Two Mean Pko portion a la 
iVod. ih L* cd. Frtadfcjn Sli. S*-21 ?k H 
*H Se cltrayajyjj piTd$u.titt tnrtv dn* JAAoet 

TTpafihipaTOf BtWp-qpaT&f £77* clAAo, QU yt\u- 
CTWITOS 1 Tjf TropMT^TOJ vat TO 7TpQKE tjiO'OJT ttrTfll 

vaTa^Kii’Ef, oIav K crjsrjTfp isrei! tqv SnrXfxatfitfpau tqu 
kqSqv %7iTifdd imj£ /ifTeflfoa^ t^W {^Jn^crii/ ety a AAo, 

^ TQU TQ € 7 Terat^ EfJpetftp TWIT SlTO piawYi vat 

TO Aotrrov ilijfrow, n&s dv Aw &odtttjdiv tuBf.uZv 
huo ptenn. araAoyov tAipilhZev, TTpukTOV Sd rfictm 
^iAypaji^aT^l 1 TVji* aTjayt^i^ 
1 7T7TO Kpf.lT7} ^ TOP Xtili', 05 * VO-t pTjViGKQV 

i-rtrpOfywmae vat (£AAa TroAAfi vara ytixiptTptav 

Cl'pfl 1 TTfpt Tri AiaypnjipaTO. FXTrep ti? aUa$ 

yevQpjEPQs. 


* What IHpprvrnies showed wha Ihni If -- J - f, then 
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segments taken jiwnv by ihe hexagon arc equal to 
tht triangle, When the hexagon is nddcd to bnth 
*ides t this triangle and the hexagon will be equal to 
the aforesaid Ilieic- nod to the inner circle. If then 
the aforementioned rectilineal figure* cun be aquared. 
so also can the circle with the lime." 

(c) Two MEAN PR0P0ltT[0\'AL8 

produs, on Eud(d i., «d* Frledklu n& * L-213, ll 

Reduction h n transition from one problem or 
theorem to nimther* whose solution or construct inn 
makes manifest nUo that which is propounded, li* 
when those who sought to double the cube transferred 
the investigation to another [problem] which it 
follows, the discovery of the two means, and from that 
time forward inquired how between two given straight 
lines two mean proportionals could be found. They 
say the first to effect the reduction of the ddheult 
constructions vrim Hippocrates of Chios, who ako 
squared a lune and discovered many other things in 
geometry* being tin rivalled in the cleverness of his 
const ructions 

^ -j, no that if A=S«i, « eiibe of *lde j? is W-fcr the hIjcc at 

a cube of side a. Lor a fu Her tllvmbti, Set i n/ra, p. n. L 
It has been KUppiiM^I from thk jp^wi^c that HlppOCvmles dis¬ 
covered the method of geomitrkmi reduction, but this i* 
unlikely. 
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LX. SPECIAL PROBLEMS 
\ w DUPLICATION OF THE CUBE 

[a) GfttmKL 

Tlienn Smyr, «h Hiller 3, 3-1^ 

‘EprtTOsrf^J y^p f 1 ' Tc ? eViypa^o^A^* 

nAnTWi/uc<y ^jcr^ 5r* P AijAiois top T^aOPTW 

c Vf anaXhayjl AoEpau jStupov rdu Jyro? Stfr-Wibva 
KnTa?ir^udaeu p *™AAip ip^ritcroow ^o- 

p[ aif l^rovtrLV gttws xPV o’rtpefr m H yfi-tVtfai 
SrvAamoPj ii^edfcu re sreua^ouvs *?*p! Wroy 
IIAiriyyos* tw Se ad™?* riff apa dy St- 

TrJUunou phipay d foos Sfoptias ro&ra l^klois 
ipumvaarQ. irpo^tpwv Sc teat £p€tBt£*w tgZs "I^A- 
Afjffiy ap«Aciycrt p.u0qpcLTwr *dt yewperpias *^Ai~ 
yajpnjiroai^ 

EtiHW. Comm, in Jrrhim. dt i^pbatm *t CyJ. IU AreWm. 
td. Htibaff Hi* fa 4 -»a. IB 

BaotAeT 11 roAepaup ' hparocF^tinjj vtupciy.^ 

Twy dp^aiuik 1 ri^ci rpay^Boirottov ^cictiv efoaya- 

ycty Toy M Ivia rtp I 'Alipkui KaTCLcJ^tt'^JoiTci Tafav, 

* WLlanioidti (fi'GM, Aaeftr., UB04] allows Unit the letter i* 
a farpry, bul thereIfl no reason Id doubt the tferff it 
which is indeed amply confirmed j and the author murt he 
thanked fur Imviiyr llldud«l hi hU letter a proof and an 
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IX, SPECIAL PROBLEMS 

1. DUPLICATION OP THE CURE 
(a) General 

Therm of Smyrna, <xJ T {{JJErr 2. 3-12 

Lv his work entitled Plaiontcvi Eratosthenes says 
thut t when the god announced to the Delian* by 
oracle that to get rid of a plague they must con¬ 
struct an alt or double of the existing one, their 
craftsmen fell into great perplexity in trying to 
rind bow o solid could im made double of another 
solid, and they went to ask Plata about it H He 
told them that the god hud given this oracle, nul 
because he wanted an altar of double the *ize* but 
because he wished, in setting this ta.sk before them* 
to reproach the Greek* for their neglect of mathe¬ 
matics and their contempt for geometry. 

Eulnciii!*, Cvwmtrtfufy my Archim*d#i' Sphtr* and Cylinder 
Ik, Arching ed. Heiberg tai. 4-EKk IS 

To King Ptolemy Eratosthenes -sends greeting. 11 
They say that one of the ancient tragic poets 
represented Minos aa pupating a tomb for Glaums r 

epigram, t^ken from A votive monument,, which are the 
genuine work of Eratosthenes {infra i pp. M«9Th The 
monarch addreawd U Ptolemy Euergetes, to whoae sen, 
I" hi to pmr or, Prutas the nos was tutor. 
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TTvdoflfVOV &£> OTt TraVTO^OO iKaTQfirTT£$0$ €17} t 

titrtiv' 

fiucpov y* * tAtfar fSamXiKov 0 ^* 0 ^ rdfiov- 

SlTTrtMtO^ £fTTil> f TGV KoAoL? &€ j.lY) CTi^aAfls 
&hrkaC €KOOTQV iCmAoi' £V T®X et rdffmD, 

cSta^ci Si Sii^papT7}K€vai ■ twi' yap -nXtup&v SirrAfl- 
aifiuOsiQtiti* to ^tcv iiTLrretW ytvtTai vrrpoxrmmm* 
to Si cpT epeov oftTTiiTTAciotov. ittyTtfro Si jcal irapo 

TOLJ TlW dp TtJ TpOiTGV TO BofltF 

&T€p€OP &cap,€vor iv Tut avr& StirAaadX" 

acitv, irttl €KaX stro to roio&rou ku/Jou- 

SiTrAriotoa/Aos 1 ■ tmo&iptpai yap Kvflov it^TOvP tovtov 
S tnXamduai* w&mov Si Sia 7 rppWi r ruji' eirt ttoAvv 

YpOVQV TTpatTOS *iTHTOKpUTTIZ 6 XlOf far€v6tfQt¥ t dtii 
€Vp*Bf} Sva ev^icS^ ypnppwv, tV tj rijs 

iXduauwk ion St-nXaaia, S6a pivtxs ivdXoyov 
XaftziP iv ffwf^ei dvaAoytfj BiTrAacrmcr^TjotTo* o 
Kuft&s t war* tq aTTOp7}fuLa a\>r<Z eff irepov ovk 
cAaotfoy o77opTjjiri jm™ ^gp&vw Sc 

Tik r df tfmmv AiyA&us fVi^aAAofiooyy ^tA 
SiTrhaaiditat Tim rtov /Stop^ur ir/iifEO-eu 1 rig to auro 

atropTjjxa, Stairt ptftapJvot*s Si rovg napi ™ riAii- 

toiw *y t AkoS^/i4 ytwptTp^ dgiovv ayTOi? tupth 
to ^ynripM9oy, rutv^ Si tfnXoiror cos ctJfSiSoyrojy 
cavroA? koc fifnowTfiov Sue twv Bo8ztU&v Svo piaas 

* V^Mr wwn r attributed their lines to Euripides Hut 
Wjtamou ilx ha^ ihffwn LEuit thfy EmAnui be from *uy play by 
AtKhyluft Supbqcfc? or Eunfiidth ami ntiul the work of 
fOme minor poet* 

* For it j . y nrr mean proportional* belwaai ti, fl f 
jt y !> 


then 
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and els declaring, when he Learnt it was a hundred feet 
each wavs "Small indeed Is Ihe tomb thou huM 
chosen fora royal burial. Ll-( ir hr double, and thou 
shall not inks that fair form if thou quickly double*t 
each side of the ifcmb."* He -seems to have marie a 
mistake. For when the sides arc doubled, the -surface 
becomes four time* a* great and the solid eight limes. 
If became a subject of inquiry junnpg geometers in 
what manner ime might double rhe given solid, while 
it remained the same shape, and this problem was 
called the duplication of the cube ; for, given a cube, 
they sought to double it + When all were fur a long 
time At a lul t Hippocrates of Chios first conceived 
that, if two mean proportionals could !>e found in 
continued proportion lit ween two straight lines, of 
which the greater was double the leaser* the cube 
would be* doubted A so that the puzzle was by hun 
turned into no lets a puzzle. After a time, it is 
related, certain Delias. when attempting Lq double 
a certain altar hi accordance wiili an oracle, fell into 
the same quail duty, and sent over to ask the gea- 
meters who were with Plain in the Academy to 
llnd what they sought. When these men applied 
themselves diligently and sought to find two mean 
pitqHirtiopials between two given straight lines, 

Therefore y = J - - — 


And, diminAtiiig y, r" -(i 1 ^ 

sotluit 

'Hiis properly h staled hi Eud. Et*m. v, Dcf, 10. 
if h —■ Jfi a then r is tlir side of a cube double a cube of tide a. 
Once this vas discovered by Hippocrates, the prohlrm u-u 
ahrmyo tmEel. 


25 ® 


GREEK MATHEMATICS 


XufkiV 'A/J^WTRS 1 JmV J Tn^ittr^f AcytfTOi £ia Tti>^ 
i7/iuruA(VSpaji^ etJpjjeepaij EuSofas St Sxd rtDi - Kct- 
Aolp/i^v^p kci/ittt/Awo ypajxpiw' *ryfip€j3>|K£ 5t ™oey 
ad™? a7nch5eniTUciGf y^ypa^vat, ^etpotrp/^aai Se 

«ral efe vpcIffO TTtatlv fx-Vji Suraaflat wA^i' «rt 

ti roi' 1 Mci ai^ia^ koI Tiith-a Soa^epdis. fVtv^dTjrai 
64 Ti$ &$’ T^pajr apyaruei^ AiJ^is pqBla. t St" tjy 
tfd/nyxoji#v Sdo twv SofletcKwo ad ^ot'or Sl-o peW?, 
dAA* was ctP t*s ^i 7 iraffl + 

{6} Solutions given by Errocnja 

lutpt Comm, in Arvhim. tU SpSotra ft C#L ii^ Architrl. 

«d. Hdbrrtf Hi. M, 3M& 13 

EtV TTjiM au^ecnt' t q£? ft' 

TqeJtou etrei St' doaAAiraus outcm 

Tipof^ij to rat? mpo^ijparos, A^fdi^ tijs drnXu- 
(jcws €t7 to SftP ofrd SofttocSi* &fo p/cni? niidAoyov 
■TrpmJtvptlv hr truve^fT doaAayta 4 v Tfl ma H - 

fffe/tt" JJ €ypJo>Ptjjaav/ p rijv 5 ^ eup€*rto tovtwv vtt' 
avTou jj.lv yEypajifihrrjv adSe oAais 
TToAAwr 34 PcAtil-'£OC ai’S^Qil- yp<l4)flis €VT€TVX^KOfX€Y 
to TFpd^Aijpa tqvtq eTrayy^AAopeVtiiS, cSr tjjy 

EdSafau too KriStou irap^njcrdpctfa ypa*Mv t 

ETTtlSlj $7)0 tv ph> €V TTpOVlfXiOiS Sid KafLTTvXiuV 
ypap.£Lwt r dVTJjv ijdpijtfAtfu,, iv 54 Tft arroScJfct irpdff 

™ pL*q Kiyprja&ai KaftfrvXais ypappais dAAi jsteh 

* " tiir^ri a cunt ar cy Lind it. ii> find a ipbfre equal to the 
COCk^ or cylinder " (Archbn* -ed. HliOhirf i 170-174). 

* This L* jl prrflt misfortune, xm ww may he mire Endfflmi 
would have treated the subject In his usuil brilliant fnahlGEL 
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Archytas of Tarns is said to have found them by the 
half-cylinders, and Eudrittu.\ by the so-called curved 
hues ‘ hut it turned out that all their soluHons were 
theoretical* and they could not give a practical con¬ 
struction and turn it to use* except h»a certain small 
exten t Menaechmus* and t hat wi th d FfficuUy . An easy 
mechanical solution was, however, found by me, and 
by means of it I will find* not only two means to the 
given straight lines, but as many as may be enjoined. 

(A) Soii'TTDN* GIVEN bY PuTOClUB 

Ewtociils CmnMfniary SJI Amkton*d*t' Sphtr* and Cylinder 
in, Archlm. ed. Heiberg iii. 54. l* 

On the SjfniAtri* vf Prop. ] a 

With this assumption the problem became for him 
one of ttftalysiSj and when the mmlysis resolved itself 
Into the discovery of two mean proportionals In eon* 
tinuous proportion between two given straight lines 
he sbvs in the synthesis : " Let them tic found/ 1 
How- they were found we nowhere find desert bed by 
him, but we have come across writings of many 
famous men dealing with this problem. Among 
them hi Eudoxus of Ccidos* but we have omitted his 
account, 11 Hinee he gays in the preface that he made 
Jus discovery by means of curved lines, but iu the 
demonstration itself m>t only did he not use curved 

Tannery [MJmoirt* vol. L up, £3-iil) iuratsb 

that Eudoxna’a coaitruetjoji was a modified form of that bv 
Aruhytu, for which in/m, pp. £9+->Ma, t hr modificaildn 
bring virtually projection on tu plane, Menth L 

£40-231) conoid i?r* Tamrery’s ^uggvitten ingrriiaus and 
attractive, but loo eJo*v an adaptation nf ArcEytaa + 8 idro^ 
to be Lhr work or so nriginal a mathematician os" Eudoxus, 

Sfll 


GREEK MATHEMATICS 


&t‘r)pr)fiftrrji‘ dvaXaytav zt)p<hv ii? oiwi^et 

0 ?Tfp riTQTTOV T * * ^Y°* tSivBufoU, 

rlAAa TTipl TWl’ Kill p€7piteis 77(pi yttl>p(TpiUV OT- 

tor ptLppivoiv- fra ^ rtijr ei? vfp.as cA^u^twr 

ctvcuo yfnjraij o cifacrrOV Tijf 

€vpiu(w rpQTTQS vat €vrn.08a ypci-^njutTCU^ 

13-58, 14 
f ily 11 hlruiV 

AJo Scj^tatnr SeJo /jttcraf oroAcQWtf ^vpav 

eV cji/i'e^ci di'nAt?yta, 



* EoTeuffOtf tii Sfffc^U Sua ai AFiST 


* The mmptHr I Lit of solutions jtSveji by Eutochia b = 
Plito, Mrmn, Fhilpn t Apallonlu*, Ukidrs Fnppui P Sporns 
Mfim^(rhinm (two ■■tiltiliuns), Archyt«&, Enitw&thel^. 

* It M vlitunUy certfltn that thb soilifion is wfOMfr atH- 
bulcd tn l'l.-itn. " KutEiciuH alone meJitlnns it P Mid iT it had 
been known to Emtflsthcnw he OtMild hardly hnvr fflild tu 
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line* luii he used us continuous a discrete proportion 
which he fauibiL That would be a foolish tiling to 
itimgiTqc* not oolj of Eudoxus, hut of any one moder¬ 
ately versed in geometry. In order that the idea? 
of tilosc men who have come down to us may he made 
manifest, the manner in which each made his 
discovery will be described here also,® 

/«& IS- 5 B. H 
(i.) Thf Sulutim of Pfoin h 

Gii m frm itntrghi lw£t f io find tfru mean proportionate 
in cmtitMiOtis proportion* 



Let the two piven straight lines be AO, Rf 1 * per- 

cile it along with tho-^r of AccbytaJi, Me&aflchmtu and 
Eudoxus heTtheirnorct Plato to]d the Delian*, aeconiinj? to 
PlutJbich's account, ttmi Eudoxus or Jhlieon of Cyxicuh 
would joIv? the problem for then] t he did not ap|tflrrMly 
propose to tackle it hil]i*r]f. Ariel Plutarch twice nays thrut 
Plato objected tu mecElUlbicnl Hlluttuna as destroying the 
pxid of iredti^lry, a otabmu'iit tchlcli ii fionsl^rtt with hte 
known attitude toward? mathematics. 
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op&as aAAijAei^p wv Bit Bvo pdvus apabojm tvp&v* 

£KftcfiX^<j 8 o*<mv sit S'm to- A > E f 

wctTtf cfk ip&T} yuj i^t-CL if] i^ito Z. E10 p Ka t iv 
roffAet* otov TiL ZH t Kiwfcrfieu ksvwI' a KA «V 
TwAijri nvi ovti €v Tai ZH avTfcJSj tSerre irapaA- 

AnAop hvtof Sca^irtfv H 0. earo* Si roffirOi 
tit' *tu cTepotr ftiUtdwi' woijflg <ru/i^L-fj ™ 011. 
ira^AAijAoF Si ™ ZH, ws: tv 0 M, tmk]lw6eurA^ 

yap ~Tihv aviit^v t&v Zil« 0 M oxuAfjatr 

frcAmto^cW Kvl tuAcuv yevopivwv Tip 

KA aV tqus tipTjptvQVZ aiuMiva §■ &rra* 15 KiVipt? 
tou KA TrapaAAijAos Ad t£ H0 t tqutwv ouv 

KnTt<iK*v®c?]i£VWv tcda&iu to cf etniXo? Tijy yt&vtag 
tu^ov to 110 \fiavov Td£i V t koI p£Ta{j>€p4a8u} t} ri 
ywvia khI d KA wavwF ini togovtqv, A^pt r dr rd 
^iiv [I cn^Tov ei7i BA tvfttuis § tqv H0 
cjwcAov? ^adc^or tow I\ d Si KA fiffiv ward piv 

rd K ^aufi iHJff BE ^Weiaffp «crxi Bi to Xoittov pepos 
TCH? Am tloTf WF iftCi e1T * KWTflypa^ff* 

/iir SpBf]v ywviOM dimv cxQuerctr *iff t^f ina 
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pcndieoW to each other, between which it is required 
to find two mean proport loruls. Let them be pro¬ 
duced in a straight line to A f Ej let the right-angle 
£110 be constructed, and in one leg, say YAl, let the 
ruler KA be moved in a kind of groove itaZH, in such 
a way that it remains parallel to 110. This will come 
about if another ruler be conceived fixed to Oil, but 
parallel to Z11, such as 0M« If the upper surface* of 
ZH h QM are grooved with axe-like grooves* and there 
are notches on KA fitting into tile aforementioned 
grooves, ibe motion of KA will always be parallel to 
! 3th When this instrument i.s constructed,let one leg 
of the anglei say H0, be placed so as to touch V, and 
let the angle and the niter KA lie turned about until 
til* point 11 falls upon the straight line BA, while the 
leg H0 touches 1% and the ruler KA touches the 
straight line BE at K, and in the other part touches A s 
so that It comes about, as in the figure that the right 
angle takes up the position of the angle TAE P while 

* The grooves am: presumably after the man tier of the 



uampAJiylllf diagram, 0r* we should jm.V% the notchw 
and tlie grooves are doz^tail*4. 
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FAE, *f&v KA xavova Q&mr £%€tv r ota% r ^ 
EA l rovTVJi yip yei'ap-ivtxiv eorai to -^puKtip€i f ov. 
qq9u3v yap ouffaiv ?u*v 7 Tpo*s t oT$ A, E canv, wf 
Jj TB np&f BA ± Ij AB tfpds BE nai ^ EB TFpJf BA. 


Ibid* 3 *. I&-I 6 

r flt 'Hpwv Mij^avmair eiroymyciif *al fY toi? 
B^AmmuKQ?? 


Papp. Col/, lii, R. Hu rd. Hui1*eh 19-0& 1* : llrmp, 
.1/^A. i H [I P td. Sri mild l m, S^7Q< 13 

"Esrrflxra^ yap a* So^ficrctt (ijfiemi fli ab, BT 
frp^r dpftif dAAi|A«u? fttiftwu, tLv Iki bvo (t/ws 
amAaycj* etrpetv T 

* The Account may become (kus fram thr accompany* 
its^ diagram in which the Instrument Is indicated In iti ftnul 



% >v ?8 


r _ 
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the ruler K A takes up the position EA. a When this 
Is done* what was enjoined will be brought about- 
For «dnce the angles at A r E are right p rB : BA — 
AB : BE—KB : BA. [Eucl. tu 8* coroll] 


lbi<L *& T Is is 


pL) JJb Mutton qf Hrran in hit ** MtrhawcM ,h «mf 
Qwjtructiatt of Engine of IVar ,f * 


Fhppu*. Cvltertivn Hi, U. Iti* eel Hultwh 18; 

Heron* J/wAo nictf L II. *<1 Schinidl 3 -JIO. 1 A 

Let the two given straight tines between which it 
tv required to find two mean proportionaU be AB* BT 
lying at right angles one to another. 

position by dotted lEnes. H@ is made io pass throttgh V and 
the Instrument is turned until the point H lie* cm AB pro¬ 
duced. The ruler is then moved until Sts edge KA poshes 
through A. If K dors nnt then he mi PB produced* the 
Instrument hll to hi- inanLputiitrii tv gain until all condltkffil 
ftrr fullilledi HG pusses through f: (3) 13 lies oti AB 
produced ; i, 4> ■ KA pusses through A; (ti K I i >.* Cm Eh 
produced- It may nnl lie cany to do this* but it h fHKdhlA 
1 Heron's own worth have been must closely preserved by 
Pappus whtor version h litre given in preference to EubxhiVi, 
wMrh i ncJ udes some additions hy thr eommento Uif r Schm bit 
also prefer! PiWHi^Tfflibn in hh edirfcra. of the Gn-rk fmff- 
mrnh nf Herojih .IMriuVj in the TeubiW* edition of Heron s 
works (vot. IS., fuse* I}, The proof in the tUlvp i^ror (edited 
by Wcsebftfj / J otiOiT/f h*' fiY^rj, pp, 11 tS-J |!M is extant. 
Hlilon nf SywnHum and Apollonlm gave suhtfantialEy 
identical proofs. 
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Evjtt.iT* ttAt) p w crtJW tq A B T A tto. pctAA^ Ao ypa jijLt ov f 
Kal fxSfiShjaftijjaav ai AT. AA. teal inc&vx&ww 
al A.l3j FA, jcdi nmpaKtla&tii jravonOt' t rpos rm 
B crt)ti.€tip urat vuvtiv&w t^*jw -ms PE, AZ f 
av 15 fiiTo to 5 H (ajifSfura) 1 im rqi 1 tt^ FE ropes' 

IOTJ yivijTiU T]J TO!? H TVjV i-rjy AZ TO^iljr- 
ytyaviruji teal itrroj ?J jilv roO KOJWtotf Biert? 17 

EBZ, taw S 4 a* EH, HZ. A/yai ofa &ri ai AZ # 
FE avakaydv cictiv rCtv AB. BI\ 

"Ettc! yap apBayiavtav iariv to A UFA rrispaA- 
A^Aoypaji/iWj ai riu<mp€s ai AH* HA, 

EIB, HP itrai oAAiJAair flat V* tTTti oSv Icrr} ij 
AH Tfl AH xxd BifjKrat 19 HZ, t& apa vno AZA 
pur ra tqG a7rD AH iaav tartu toj otto HZh 8ui 
ra am teal to vtzo AEF peri tov dno PH 
Lcror i&tlv t tit a no NE. Aral cienv Epai ai HE, 

1 ajfiew* «dd. Hvltvht 


* Tfc if full proof mimrrs 110 to ht drawn pe-TponcIitmlnr to 
A& so thal 0 bi»cbi A A . 

Thera AZ. ZA i- A0 1 [Fuel- JL ii 

Add H0* lo each side. 

Ttien AZ . ZA+ ATI 1 - HZ*. 

26S 
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Let the parallctogriun A UFA he completed. and 
let AT, A A be produced and let AB, FA be joined, 



and let rt rider hr p]need at B ami moved about 
until the sections FK T A Z cut off [from AT, AA 
produced] are such that the straight line drawn 
from H to the section FE L* equal to the straight 
line drawn from U to the section AZ. Let this 
he done, arid let the jmsition of tlse ruler be EBZ, 
so that EH, HZ are equal [ say that AZ, FE are 
mean proportionals between AK P Bl\ 

For since the parnHotagTftm ABFA h right-angled, 
the four straight lines AH, El A, HR, II V are equal 
one to another. Since AH Is equal to AH, and HZ 
has been drawn (from the vertex of the isosceles 
triangle AHA to ibe hose), therefore ^ 

AZ, ZA + AH* = HZL 
For the same reasons 

AE.EF + ma-HEL 

But HE, HZ are equal 
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HZ. hrov opa Jtol to (Jmj AZA ;«ra TOM aTri 
AH rw vjtq AEF fiem tov a^ro FH to iuo 
TH i&ov for!^ m HA- Aoxirq^ opa tq Lrfffl 
AEF ujov tcrrii’ TiS utt 6 AZA. wj o.pa rj EA irpo.f 
AZ, ^ ZA frpot FE, nj£ Sc Tf EA TipS? AZ* ij t* 
HA irpo* AZ Kai 1} EF inpk FB P wzrrt lorax tail 

tig: ^ AH tt/hW AZj tc ZA iTpo<r I E kali 15 l I’. 
TTptk FB- t(7jv dpa AB t BF pJatu di dAoydv €tow 
al AZ, FEJ 


JliiIiK. Comm, in JjrArn. fO W <V' IF, Arching 

i*L IldbL-rK &-SG.S 

AiotfAfj? cV t«S lUpi Trvpuw^ 

p Ei- kitkAoj SiJa Siafierpoi irpor 

at AB* FA, Kfti SfJfl ircpi^e^MTiQC &HU dirciAij- 

n^i £?LUi£rtts r iff* fVatfpti tom 0 al HZ, Kat Sia 

t ou Z TTQp^iAAijiAo? rjJ AB t)x® w T Z1L iv- 
tfatiSyiw 19 AE. \iyo*, ort tw^ FH, H 0 St'o 
aruAoyoF fwip ZH^ S!A. 

'Hj^w yap Sia rat? E Tfj AB irapa^^iJi ^ 


* Another ft^irmcnt from the Hip? wp *of Dlwies ^ 
preservtd by Eutddin Ipp. W ## *£-K Lte.mtains a miIu- 
tacjJi by menu* of ctrtiie* of the j-r^birm of dividing n >pm-‘TT 
by a plane hi sut:h u way that the volume* of the reHliUDj? 
iegrutcits &bnil be Ln u given nil io, And refers both to Andlir 
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Thcrtftm? AZ . ZA . EF + FH a , 

And AH*~ Hit 

Therefore AZ P ZA =AE , EI\ 

Therefore K A s AZ - ZA : FE. 

But (by similar triangles) 

LA { AZ-BA ; AZ= EF j FB, 
so that AB : AZ-ZA : PE « FE : FB* 

Therefore AZ+ FE wre mean proportionals between 
AB , BF*] 


Eatodijs, ConvwKfarjt on Anhim*frt' $ph+r* tmd (Mindw 

tt*, Ardhlm. «L Heiberg ISL $d. @-T0. 5 

(iii/j jf'Ae AojWutt op Dioctts in hh Book 
M On Burning MttTOfl " |B 

It3 Li circle let there be drown two diameters AB„ 
FA at right angles, and on either side of B let there 
hr cut off two equal nms EB + |lZ t and through Z let 
ZJ J be drawn parallel to AH, and let AK be joined. 
I sav that Zll, HA are two mean proportionals 
between FH f Ht} H 

For let EK be drawn through K parallel to AH; 

mria ami to Apollon in*. Diodes muht therefore hare 
flu unshed Inter than the^t gennieter*. It ippwtft h!m>, fnm\ 
llhtsku in PfwJyrA cuiibinrntaij on Eud. j r . tint the Curve 
known to Gem urn* as the ebsoid was none other than the 
OJFve hm dr.sCTibcd and uw-d by Dinch^ for findjilg Lwu 
nu;iiL proportionals though the identideation Is not Crrtsib 
(sec Loria + £# feints# tmU* Mif diflioa ^'rwin, pp, 410-415, 
Heath. //.(?, N. L 264.1. In that Case, DLocir^ preceded 
Gcfiilpu^ who flourished uIkpuI 70 ii.t, 11 i - prubu-litr there- 
fore tliat Diode* lived towards thr end of the second century 
or the bfgfmilngnf the AM century u. 


GREEK MATHEMATICS 
lilv lOTJ 41 pa iiniv ^ IL£V EK ZH, ^ KT t# 

UA. euras yap touto 3tJAo t F qttg Tot" A cVi fri 

E, Z tmtei^CKTMV rfieifir Etnx* yap ylvviTai 
at tma FAE, ZAA J *at apflat at Trpos r$h K p H r 
icai iraiTd apa srdfjiv Sta to At tjj AZ icn)i T 
ttwii* Jit-ai AotTFTj flpfl ^ J ^ ^ H A tfnj toTtr. 

f77fI OtJv tOTII^i *5? Ttpos K K„ ^ AH TTpOS 

H0r qAA' ^ AK n-pnf Kb, 7} EK Trpoj KT j 
pecnp yip atviAoyw ij EK t*uf AK p KF 1 w? opa 

*J AK 77-pn* KE *at i} EK ^pos KF* qvtws jJ AH 
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KK will therefore be equal to ZH f and KF to HA^ 
thhi will be clear if straight lilies are drawn joining 



A to K p Z ; for (he angles FAE, ZAA arc equal, 
and the angles at K T II are right ; and therefore* 
si nee AE=-aZ, all things wfll be equal to all e and 
therefore the remaining element FK is equal to HA, 
Now since 

AK e K E=AH s H8 t 

but AK : KE -EK : KF (for EK is a 

mean proportional between AK, KF), 
therefore AK : KE - EK s KF = AH t H8* 
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TTp&? H0- Ki 11 iaTiV Terr; i) jiiv AK Tfl rii, l} 5^ 
KE rfjZH f ^ Se KF tt 5 HA< & * FJI irpi s 

HZ r ij ZH vpas HA Kai ij AH tt pos H0- &v ^ 

Trap 1 cttdTtpa. Tow B Aij^tfwcriv luai a 1 

MB, BN, tfat Sia pep too N jrapaAATjAas J Tft 

AB ^ NE f Si ij AM* tcovrai rtdXiv 

i'E. HO (Literal cu Ni, -^A. wAeioiw^ 

sjiJi * 1 teal crw^wi 1 TfapflAATj^wi' 

pern^u t<Lv B, A teat rats wmXtytfavoft£m$ 

1*77* ElirrLL»|- fffpt^CptiClLf TTp&S TW B l&UtV 

tiwo tou B <£? eVt to P Kflt eVi To. ywajutw td 

to 5 A, tis toji- JjioiW 

Ttus AE„ AM, T^ftJcroiTca <u iro^iAArjAat ai 
rtLr B, A tcaTa tiivi tnj^sta, «Vt -njs 

TrpoK^iptVjp: Karaypa^T}^ T« Q, 0, e^ 1 a tfanJlDf 

-nupa&iati imitviams tvQdas tfofLtv tcanyt- 


SPECIAL PROBLEMS 
And AK =rH* KE=ZJL KF = HA i 

thi-Hffore TH : UZ = 7Al ■ UA = AU : HB m 

IF then an either side oFH there beeut off equal arcs 
MB, BN. ^ind NE be drawn through N parallel to AB, 
rmd Ml be joined, NE M EX will again be mean pro 
portionab; between VE, EO. If in this way more 
parallels lire drawn runtinually between B, X and 
nrrs rqiiitl to the era cut off between them and Bure 
marked off fmju B in the direction of i\ and ^trai^lit 
lines ore drawn from A to the points so obtain ed h 
such os AIv, AM P the parallels between B and A will 
Ik. l eat in certain points* such as 0, 0 in the accom¬ 
panying figure. Joining these points with straight 
lines by applying a ruler we sholl describe in the 
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ypafifjifi’Tjv iv tw icljV.W ru-a y/Mfcfttfp, £<f>‘ 

tAv nt)(6i‘ aijjidoi' ml Si' Q-iVroC vaptlX\r)htiS 

rfl AB, fOTat a^Eiaa ko! tj aTroX^^avo- 
fifnj irtt a&rfj$ dn-o Rum^rpov rrpus ™ A 

uccrai dvdAoyav urroAa$ifiai'QfL£vT}£ tnr 

airnj? dirn Tijiff &tajLtrpOU T7pO$ Tip F crtjlpCUd K<Xi 

tou jUe'jMi^ quttjj tdli dun 70 A *y tt} ypa/i/itj 

□Tji^ieioy eVi TTJ1' FA 5ldj££Tp0P. 

tavrtiiv TrpQxaTttTXtva&p&biV idTiauav a! So- 

■ L 1 L " Lhttc." It b noteworthy that Diodes. or Butorins* 
conceived tlic- curve as tub dr up of an. indefinite number of 


small ,4 might lines* a typical Greek conception which his 
nl.3 Use power of a [hmn f of intLiilhcMmak while avoiding ilB 
logical fnltiici^A. The Greeks acre never ho m^iern u* in 
this conception. 

The curve described by Diodes kius Iwit branches, ^J’n^ 
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special problems 




circle a cert ash curved and if on thin m\y point be 
taken at random p and through it a straight line be 
drawn parallel tn AB P the lino go drawn and the 
portion of the diameter cut off by it in the direction 
of A will be mean proportionals between the portion 
of the diameter cut off by it in the tlircction of the 
point F and the part of the parallel itself between the 
point on the curve and the diameter VA, 

With this prelim inary cons (ruction T let the two 
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fottfsx* Sl'O tZv Set Bvo fi£aa$ dw&Qytiv 

€Vp€iV, n L A, 13 J tfrli &T£jJ Jt&oAogj fV to BvO BlfX~ 
jLt-cTpoi Trpp^ dpftis oAAnAtus af PA, EZ, w! 
yrypdgW?o> «rr Qtfw t) Std rtoV {njptuui* 

ypujUjL-iJ, i* } q TrpQCtprfTiu, j} AQZ* Kat yeyot 1 /™, 

to? >5 A rfp'!k —r}r B, tj Til Trpdff HK, tfat im~ 

freJ^ttcra 7} FK hrai Tern rep uctczj ngv 

ypa/i^v Kti-d tq 0, * 0,1 Bid rov 0 ttJ EZ tt apdX- 
A^Aof ng&tf ^ AM* Sta ap rd TTpoytypa^^in 

t&p FA, A® peWt nvdXoy*6v (W at MA* AA, 
*cat cW foriv, w? 7 ) FA ifpjy A0 P o^rtus ^ F FI 
ftp*? HK, cfc Si j Ft! HK, wnur tj A TTpd? 
-np B* «rm' eY r<Zi auTro A 6ym rats? FA a A M J AA t 
AH 7 mpcfi,fjdXujtin> pW* A k B, <L$ rd$ K* 

H „ camrou if rditf A * B ^eerai drdAayov 

ai X, E- oTTtp £Bti evptu\ 


ibid, T 8 * ix-m, i t 

^Rffmoav a! BadeTatii &do euffeia* a! A* E* S*: 

Si} filn-' A, E Sda fi/oras 1 cu^AtTyotT ey-p^r. 

Fffyorfnj, vat cjt(«w ai B, F p wat *KKtin$w 
0^ct€ 1 tiQzia t} All TttTTtfMap^i^ Kara to A* Kai 

Trpos T& & rfi r itrt} tfeurfto 7 } AZ P xal -£v 0 <u Trpos 
dpftiF 13 ZHk *ai B Fcttj Kwtfk*} t\ Z 0 . €Trti 
QtV cd^rcfit eUaAoyov at A p B p F* rd wrd 

rwr A. 1’ iWs ca-rl to* dc-rp-d nip B‘ rn apa dno 

liirlrtaiJ about tlir ilinneU-r CD in tiifi accompli I \ i pu Fifirurt, 
41 ml pfmipcdlmg; la infinity, TIutt U u citlfp fl-l C and list* 
tailgcnfc to Use drcle at \3 j* cm mj-VriipEot^. If DC Is th* H^i.^ 
H>f ^r. ^fid OA Uit- siKUb of \j r whife the rmdini of the e'l/de Is 
a, Uh-ti by drfiaitkiii Ihe Caite^o equation pf the curve is 
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given straight lines* between which it is required to 
find two mean proportional, be A, H f and let there Ih l 
a circle in which FA r EZ arc two diameters at right 
angle* to each other* and let there be drawn in it 
through tile successive points a curve AOZ + in the 
aforesaid manner* and let A : : HK r and let 

T\ K be joined* and let the straight line joining them 
be produced so as to cut the line in B. and through O 
let AM be drawn parallel to EZ; therefore by what 
has been written previously MA, A A are mean pro¬ 
portionals between FA* At). Anti since 1 A : A0 = 
PH : HK and FH : HK - A : II. if betw een A, B we 
place means S r ^ in the same ratio ns FA. AM, A A* 
AO. - then X, H will be mean proportionals between 
A r B j which was to be found - 

Hr A TO. 13-60, U 

(iv.) The Solution* of Menotcknin* 

Let the two given straight lines be A, E ; it is - 
rjjairircl to find two mean proportionals between A, F. 

A-SSume it done* and let tlic means be H* F t and let 
there be placed in position a straight line AIL with an 
end point A T and at A let 1Z be placed euaal to F. 
and let Zt) be drawn at right unfit s and let ZU be 
equal to B. Since the three straight lines A* lt p V arc 
in proportion. A.I 1 = B 1 ; therefore the rectangle cam- 

-* i = ^TT ™ ** + x 5 ^ 

iTie curve was by I hr Greeks the ciwoid 

ypajurf) because the port km within the circle reminded (hern 
of a leaf o f ivy (tfumfri. 

* p ,i mm if wv lake J’A : AM= A i N t AM tAAa.pl ;E nnd 
AA : A© =?Si B* 
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So^eiVtjs 1 nijir A waJ rqs T i TTpurrcm- n§j AZ* I&av 
carl tc 3 Atto 77}S' B, TOirria-n Tip diro nj? Z 0 . 
«7Ti TTQjiMljSoAtJ^ apa TQ 0 Sid rot) A y^ypapp e j-tj 5:■ 
TTaptEAA^Api ai 0 K P AK. «at &rd &v$b- 

TH {tttq B p r — IUGV ydp i&Tt rtp Cmo A t E— 
apa H'ai tq yiro K0Z. yTTfpjftjA^ dpQ. Td 0 
iv ampLrrrtj&rflis ratff KA, AZ< So$iv dpa to 0 + 
iSoTtf K£U to Z + 

^LVTf^lJfftfTm &J] OVTUiS. tGTHjOlLV al flh 1 So- 

^rerai €V&€icu al A, E r 77 St T7J tf^rei t} AH ire- 

TT^pacrfECi^j fcard TO A, jcd ycypo^&u Sid toe? A 
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prchtiitiorl by t.lte given straight Hue A And the 
straight line that £s t AZ t Is equal to the square on 

---—A 


B 


r 



Rj, that h r tn the square on Z(JL Therefore 0 is on 
« parabola drawn through A, Let the parallels 0K, 
AK be drawn. Then slnee the rectangle B , F is given 
—for It is equal to the rectangle A + E—the rectangle 
K0. m is given. The point O is therefore on a 
hyperbola with asymptote- KA, A^ r Therefore 0 
is given ; and Si> a!tf<i h 5£. 

Le 11 he syrithesis be nmde i i k this m aimer. Le t the 
given straight lints be A* B» let AH be n straight line 
given in position with an end point at A, and let 
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7ra/Hij3oAiJ # tJt nftirt' ph* 7 j A H > opdlft 5* rov €i&ov? 
jrXeupo- tJ A, cu St KarufifUftm iirl r^p AH 

ap&jj yivvtq Buvdaiki*mv ra tt apa Tip A mpa* 
KEiJUfVa ^wpia r^arij ^Oirri raj asfoAtt^jSdVO" 
peva? t'rr T a&T&v irpo? rip A otj paw. yeypa^dm 
xat eww ^ A0, itai ip $ij ^ AK i ko.1 £v davpTrrarTois 
Tali' KA, AZ ycppd4$<v vircpfioh^, a4** <u 
ray KA, AZ dtfffcEcrat irottfoowiv to looi- 

Tai irrro Aj, E t rcpci ttjv“ Trapa/JoAtp. Tejxrerw 
Kara to 0„ K&1 xaB^TQi at 0K, 0Z* 

hfti oi'v to d 7 TO Z 0 Serov tori raj Attq A, AZ P 
iujtvt cis tj A irpos r^v Z0, ij 0Z *por ZA. 
trriAu'p eVd to vtto A p E Tow ecrri to) vtto BZA* 

&TU* fc eoff Tf A 77/JOi T7/V Z0! Tf ZA ppo£ Ttf!' E, 

flA.V Tf A 77po£ rpp Z@ # ■q Zfc) Trpoy ZA + tfai 
lig ufrtl 7J A TTp&S T^V Z0J tf ZB TTpOf ZA KflC t} 
ZA TrpfJr E + ttJ per 0Z unj ij B P T 7 J 5e 

AZ Zen? ^ I\ iuriv npa, tLs 7 } A upon? rrp Bj tJ 
B trp&f rijv T Kai 1 ) T 77puk E, at A J B r F r E 

a pa e^jf? avtiAo'ydv ttcriv o-rrsp IS^t euptct". 
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tliere be drawn through A it parabola whose nxh Li 
AIL -inLi lata* rcetum A P and let the square of the 
ordinates drawn At right angles to AH be equal to 
the ureas applied to A having a* their sides die 
straight Hues cat nlF by them towards A, Let it be 
drawn, and let it be AO, and let AK be perpendicular 
[to AH], and in the Asymptotes KA, AZ let there 
Ijc drawn $ hyperbola, such that the straight line.** 
drawn parallel to KA, AZ will make an area equal 
to the rectangle comprehended by A, E. It will 
then cut the parabola. Let it cut at O, and let 
UK, 02 k drawn perpendicular. Since then 

Z0 a = A . AZ, 

it follow?; that 

A : 20-02 : ZA. 

Again, since \ . E=02 . ZA, 
it follows that 

A ; 550« ZA : E* 

But A t K0«ZB : 2A. 

Therefore A : Z0=20 : ZA = ZA : E, 

Let U he placed equal to 0Z f and F equal to AZ, 
It follow* that 

A : R ** B s F = r : E, 

A. H, P, K are therefore in continuous proportion: 
which wns to he founds 

* If tf, s r y. i arc in ftmti rimom p rrqmrtion, 

* - J - anti x*=ay, m* — fir, #w -ah. 

x f O ' J 

ThereF d ft’ x, moy he ilctermlnrd n* Ihr inters! -etiem of 
th** pantbuli y 1 -= kr and the hyperbola ^y -u& 9 This h (hr 

20 S 
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*H *Apxi>TQv cisr EuSrj/w; tcmqpct 

"EvTwvav at Soffctam Sw cuScuh at A A* F* 
Set TtSi- AA g r Bvw p^Cr&y riroAnyup cupfLl’, 
TtypdxfiBw Titpl r^i" fiiitova tt;v A A kvkAos 
6 ABAZp Kcct Tf} r Hnj a nfppoadm tj AB ™! 

ftit&a. tirLr^TrtTTTC™ Tjj cJtTO TOW A C^airrapETU T0 ^ 
tflLtAoU KHTU. TO Jl g STEIjOa Sc TTfl 9 IT AO ij^aj I} 


nnalyM4-.il r*jirt*sjcri of the sola!ion given atwve, where 
E -a and A -t. Mcmutchmu h grave n second ^hitnm. 
TTlirotlttml hv Eu toeing, determining j» y els the mtei^diiiFi 
of iht pnrnlurins r 1 -tiy + y* ~ frr. 

Thfc Jfl the enrikft-t kfiown use of conk sections in ttie 

hhlory of l J reek m n thrinntic^ t and We n wch THU S Is accord¬ 
ingly cthIEIixI with their discovery. But the name* parnlvda 
and hyperbola were not used liy him s they are due to 
A pollimilis ; MfJinrtllimis won 111 have tailed them, with 
Archimedes* sections of n right-augied and obtiue-anglcd 
cone. 

From the equationii pi™ above it follows that 
t T + y® - Ar - ay = 0 

h a dEltile paisEttg through thr pnLabi Common to the parabolas 
r 1 — ay, y 1 ~ hr. 

It follows that t. y may be determined by the EiUer^cctEan 
of thSi circle wish I he hyperbola J-y - a A. 

Thii h T to effect, the proof given by Hemm. Phi ton and 
Apollonius For, in the rigurt on p„ nd, if AZ, AE are the 
co-ordinate sues* AB-n. BFa<^ then ay =0 la 

the cinch poising through A, B, F, and xy ;oA Lt the hyper¬ 
bola baring AZ* AE a-. asymptotes Hud passing through B. 
28 * 
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/frrd. 19-6A 9 

(v.) 77 th iSbtoiofi o/' ArcAgtas, according to Eudemus 

Let the two given straight lines be AA f F \ it Is 
required to find two mean proportionals between 
AA, l\ 

Let the circle ABAZ be described about the greater 
straight line A_A + anil let All be Inserted equal to F and 
let il be produced so as to meet at II the tangent to 
the circle at A. T^t BEZ he drawn parallel to 0A0 fc 



n 


9S5 


Q 
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J3EZ, Ka! VCt'Or}o8a> TjfUKvXlv&pl&P Op$QV CTfi TGV 
ABA iirl Sf riA A ^/uicuVAmj * 1 apOov 

tv tou jjptKoXn'Bptau TTopaAA^Aoypa ppup 

pnw Toirro to ^pthtwAtor ireptaydp^w W 

arro tow A ini TO B pivovro? tuv A ir/paro^ 

Sta/IfTpoy Tf/ift TT|! r *v 

TiJ teal ypdiftn £v airi} ypajijujy w(i» 

tt4Mv &£, eVu Trj? A A poJtfij* to All A rplytuwv 

li^vriaM Tip 

XoiVut^ iKJiTpift TtJ All £iiflfta p t) St) 

‘TTtptayojJrh'T} uvftfhiMt rfi Ji-uAiitfpiKfi ypap.pfj Kara 
Tt OTJ/iClQV* UJXl Se Ktli TO B TTtpiypdrfiil r}fUKUKh.QV 
iv tjj tou KiiA'Qv fTTiffuLi^tti. €^£toj S>) &stiiv Kara 

TQV TOWOV TTjf aVpWTiA<JiW^ TU}V ffmpfMuV TO pci' 

KtVQVfKlW W£ TTjir Toy AKA, TO Of 

dmi*€p4aydj**V0F rplywvov t^}v toC AAA, to Se 

T7JJ etptJ^fWjS OT/iTTToWoJ^ fflJJAMI* fOTW TO K, 

tfOTtAJ Sc tfal 3td rot? B ypa^d^evoM ^puciMioir to 
BMZ b wwt) M adroo Ta p*} *c*i too BAZA *wAoi* 
eorw d BZ, koI dtro tqv K ini to too BAA 
tmViSov /srd^roj irtfrclTat Srji 

fV2 t^i" too wokAoo — tpArfttptmv Sta to opffov 
itnavai tgv hnfAtiSjtw^, iftirmttl tfftt fVnaj ?) KI* 
Kal tJ djrd tqv 1 iul to A eVi^fu^ftcToa mjftfjaXhw 
tjJ BZ Kara to 0, rj So AA BMZ ^pt*rutfAup 
tfftTCI TO M, «fcSf tfai at KA, Mlj M0* 
t"-fi cVdTtjixii j TtZu' AKA, BMZ Ttpt^-L-iH.-Atyjt' 

Op0Qy €CTl TTpQS TO {rnKtKEifiWQV fVi7ffSm h p ^ 

Kail-T] dpa tLUTcSr T) MB TTpdf dptfd? tori ™ 

TOO *wAoU €TTlv£&i*i m OjOTC IfCH JTp«k TTJ^ BZ 

IttTlV M0. TO tl^Hl JJTtO B0Z, TOII* 
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find let b right Jtfclf-cj Under be conceived upon the 
semicircle A Eid r and dr A A a right semicircle tjirig 
in the pnrnlh'higrnm of the half-cylinder. When* this 
semicircle is moved about from S to B, the end point 
A of the diameter remaining 1 fixed, it wiH cut the 
cjttndrieai surface in iU motion and will describe In it 
a certain curve. Again, if A A be kept stationary and 
the triangle AHA be moved about wills an opposite 
motion to that of the semicircle* it will make a conic 
surface by means of the straight line All, which in its 
motimi will meet the clirfc on the cylinder in a certain 
point : at the same time B will describe a semicircle 
on the surface of the cone. Corresponding to the 
point in which the curves meet Let the moving snni* 
circle take up a position A'KA/ 1 and the triangle 
moved in the opposite direction a position AAA ; 
let the point of the aforesaid meeting be K* and let 
BMZ be the semicircle described through B* and let 
HZ be the section common to it and the circle BAZAj 
and let there be drawn from K a perpendicular upon 
J be plane of the semicircle HAA ; it will fall upon 
the circumference of the circle because- the cylinder 
is right. Let it falk and k\ it lie KI, mid let the 
straight line joining I to A meet HZ in I); let AA 
meet the semidrde BUZ in M t and let K\ ML HO 
be joined. Therefore since each of the semicircles 
A'KAi BMZ is at right angles; to the underlying 
plane, their common section MO Is also at right angles 
to the plane of the circle ; so that M0 is aboafc right 
uRgles to HZ. Therefore the rectangle contained by 

* In die lest rtlid figure of lii^ i«s. ihc-^EIIr letter Es u.s^ 
to Indicate lilt itliliaJ and JeiulI |noutLoim inf A; for eon- 
TQDlm: llity arc iiatioguished in the figure and trarmiatlon 
as A'. It would make Ihc fifjurr «-£i-iicr to grasp if A enuhl 
Ijt wrillcii II" (for A is I lie iiiial position of II j. 

mi 


G REE K > IATKE M A TICS 

■reoTE TO U7TO AO I, icror f&T l TO> ami M@- o^o*om 
apct Am TO AMI Tptyto^o^ £Kartp&i T*WV Ml0 + 
MA0 J Hint Qp&7] HJ frtta IMA. etrrir hi Kal 17 thro 
AKA dj&ftnju vrapaAAij^ot dpa e^f at KA, MJ, 
Kal liTTOi ttt aAoyor, mr 15 A A jrpit AK, TOhreWiy 
V rrpoff Al ( ojJroj? v; IA Trpoff AM, Sta rrp 
OjtiOEdn-jTa t<D^ rpiywtxo^. TeWa/Mf apa at AA e 

AKj Alp AM cf^f fim^oydi 1 jmi fVrti' ij 
AM ^ ^ t] 5 Ali' 5t?o apa Satfciadji* 

TUfi^ AA, F Ew /othu clro^oyoM rjvpTfwrai at AK, 

AL 


■ The above elution i* a n-markuhft mrhitvrment *rhm it 
la remembered ihnl Arcbyton ilcm rLs heel in tht tlr^t half of 
the fotirtli century n.£„ at which time Greek geometry 
^^i]| Jn 3 L% infancy. It fc finite my, however, for mi to rtprt- 
^nt the *QjLitiGii iinalyticnlly. If AA is token as thr axis 
of a The pcrpmdJciiUr to A_i mf A in fchr phcie of tin? p nr , rr 
a> the ash of y. mid the pe rpend Leu Ur !■• the,c tint* as thr 
of i, and Jf A A - a, T = * P then the point K k determined 
^ ™ in tercet iotl t>f the foliowing three Curvr* f 

(l J The cylinder 1 * + y = ^ 

(-) ,h * «srrC formed hy the motion of the half-aircle nbom A 

to tohn of inner dinirn Eer till) 

** +■ y* -r =■ ~ ci v Ty* t 

(^thecone *■ + y* + z* = 

2fifl 6 
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^ is thr Slunt ' ls lhl ' rectangle contained 

Dy AU r HJ is equal to ihe square mi Mi); therefore 

™ 1 W' A.\|[ is similar .. ich of the triangles 

MAl i ILr,,i IMA is right. Th-- aiLle 

i hA is right. Therefore KA\ UJ af< - parnifeL 
and owing to the similarity of the trinities t| le 
fuHo wing proportion holds : 

A'A : AK = KA : AI =-U : AM. 

Therefore the f.mr straight lines AA, AK f At. AM 
nre m conUnoDus proportion. And AM h count to t \ 
it is equal to AH ; therefore to the two dveo 
straight lines AA. \\ two mean proportionals, AK, 
Aij have been found. 11 

Suite K is tin* point nf iniMj iw^ fln 

AK : JF+?*, M - yV* 7y* 

From (3) it fblbwa d I rcetlj that 
AK»=o.AI 

U. a AK 

bTap 

J rtHij (|]j and (3) it /VjHow* that 

ft 1 

a ft 


V ^T^T^ = 


AK=f 


XK 


AK 

XT 3 

VK 

"AT = 


Al 

"ft" 

Ai 

b' 


AJmI AK b U lire mi i !in priijHjHicinnL i*etu«-n a jind ft, 

VOL i U agp 
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Ibid, ea, 3-m. 37 
l il$ *EpaTatj6ivr}$ , , , 

At^ocr^tLKrcLy $vq anaot tvSitai, ill* Set St'o 

fUvas ai-aAoyov evptiv fv dvaJtayr^ at 

AE* AQ, Kai *£U 70 C 4 eW T 1 W 3 S Tljff E 0 


TTpQS op&as 7} AE, KOl £tt! Tljf E0 Tfia OVl'£&Tli-W 
vapuXXrjXdypa^pa ^£fjs ra AZ, ZI, 10* koI 
^Wcu &tdp.erpoi cv aArt>?$ at AZ* AH, [0- 
womw Btj atJreu irapaAATjAot. li/i^iros rptJ 

fteaou "apa^ijipypa^pi; tpu ZJ mj^tacr^rjrcw to 
ti±v \Z indim toG p&w, ru ®| [0 imoKaruj, 

wiAn-min TO " S^Lr^fpQL' £T^^X UTtff, *fcj£ oft 

A k3t' £v0c7apj tea2 Sloped 
A cT^jiie/aji' c^Sfta ifai awir 
^ ^ ^ fff^^acnj irtlTtt Td K* tffnii Sl-Jj 

aij tj AK 7ipQ$ KB* ti- /itt' ra*£ AE, ZB irapaA- 
*90 r 









SPECIAL PROBLEMS 
Ibid. sa r <h>G. t7 4 

(vi.) Th? Solution [*f EraIa$tAen?j * + r 

Let then- be given two unequal straight lines AE P 
AB between which it is required ta find two mean 
proportional in eon tinned proportion, and let A E be 
placed at right mights to the straight line E0 t ahd upon 
E0 let there be erected three nehesssive parallelo¬ 
grams* AZ, ZI P 10, and let the diagonals AZ, AH, 10 
be drawn therein ; these will be parallel. While the 
middle parallelogram Zi remains stationary let the 
other two approach each oilier, AZ nlwve the middle 
one, 10 below it, as in the second figure/ until A, B. 

A lie along a straight line, and let a straight lirtr be 
drawn through the points A, 11, l\ A, mid let it meet 
E0 produced in K ; it wilt follow that in the parallels 
AE P ZB 

AK:KB-EK:KZ 

■ ThS* h the letter fd.-ielrpqrpoftiiig to be by Emtc^thriwfl of 
which the beginning ha* a! ready been d trd, rtf/iru* pp 4 
The extract here pW» start* :n H>ibrrg*5 

test /it 90. SO. Lmt^Ebrdos* solution Is given* with vmHa- 
Uou.% by Pappus, CuMt<di*m 111. 7. ed* HulMh 23. 

* Pappus -.4V^ triangle* In his account | it make* an 
dlifermce. 

* Sh p r 9M. 
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AtJ-Ws if EK rrpoff KZ, «■ Sc T«ty AZ, UH jrapaA- 
AijAot? ij ZK Ifpos KH, cuff ctp<t if AK upas KII, 

it ek m iff kz fftu KZ Trpo$ KJL TrdAtMj frrti 

iariv t clg- BK Trpij KF, ev piv rux$ BZ, Fit 
Tra^aAA^Ai>if ^ ZK -pis KH, £v Se reus BH, FQ 
TrapaAAfJAojs 1 } 11 K t. rpos KB, iL f apa tJ RK Trptk 
KI\ rj ZK TTpdy KII ^ HK TTpos K0. iAA 1 w$ 
^ ZK rrpis KH, 7} EK 7T pos KZ *al <is a> i EK 
irpQs KZ, tJ ZK irpig KH #cat •§ HK Trpos K0, 
&&' (is 4 EK *p6* KZ, ^ AE *f>A$ BZ t hi 4 
ZK -pi? KH, tj BZ fTpSy FH , fis Se 15 HK rtpos 
KB, 7 HI Trpfls A0- Kdl cif Jpit 15 AE tt^jos 1 BZ, 
*} BZ npoy FH mi ^ FI! TTpij AB. IJLplJrrGLi 
fTpti t wv AE # A 0 Bvo piuai jj r« BZ j cut tj FH, 

Tat™ dlJlf tjrl TirjV y££i*l±*TpQUp4vWV CFt^CLt'CUxH’ 

avoS^Scmnu- Zm Si ital dpyai^tfais Swaipcfla ris 
Sw? p/ffttr AapjSai/ri^ Siamjyiwa,* TrXiv&toi* fdAttw 
tj iXstfuivTivoi* f) £ttAjcoyr *x° l T P*tf mra^aWous 
ins' Af 7 frdT'aToygr J , tUi 1 d pcx« p/cro-s tnjppuirmi, 
01 ^ St? ip iirwcrr&i € Lijk.3 ■ fji ^oAsSptttf, rotg of 
ytlStmv tea t ra<? OT/pp^Tpiatr *uf £#ccujt&.i. eairroi? 
wdfcvfffr' ra p*y ywp rijs dir^St thews' cltrairu^f 
mjvrtXtLTOi' if pis Sf ri itfpt^eWcpor Aap^iirccrfleu 
ti is ypuppas ^tAqrf j£hjtmv, tW eV r<Ii mwayfiriai 
roLis ntvaKWKQvs iraptLAAijAa deapenj ™itcl icai 
Q< 7 X a0Ta d/i^xAacg 1 cryrairrip^i^t ceAAtJAois. 

r Ev Sc t<T> amftj/ian tS pir dp^witfoi' 1 ^oAicolv 

*cr?W wt wQ^i^ppqqrai dir 1 ainjF arti^dinjy 

Hjs wptKFpfpoAu^Sq^o^peVoi^ for’ ayxoO Si 1 

1 ) PimScLjfis tru^TopdircpciF ^pafopcVij rcal to ff^pa* 
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and in the parallels AZj BH 

AK t KH«*ZK s Kll, 

Tht nieft« AK : KB = KK : KZ = KZ : KIT. 

Again, since an the parallels HZ, FIT 
BK : Kf-ZK - Kl! 
njirl in the parallel* HH h FO 

BK ; KTV- UK ; K0, 

therefore BK ; KT = ZK : KH = ISK : Ka 

But ZK t KlJ = KK ; KZ, and therefore 
EK ; KZ=ZK : KH^HK : K0, 

But EK : KZ - AE ; BZ, ZK ; Kli - BZ : FIJ, 

UK :K0^rir :AR 

Therefore AE s BZ-BZ : FH ^TM ; AQ r 

TJierdbrc between AE P A0 two means, HZ* PI J* 

Jute been found. 

Such is the demonst ration on geometrical stir- 
fn-cefi ; and in order that we may find the two means 
mechanical]v, n board of wootl nr ivory or bronze 
is pierced through, hating on it three equal tablets, 
Ji* smooth as possible, of w hich the midmost is fixed 
a lad the two outside run in grooves, their states and 
proportion* being a nutter of individual cii dice—for 
the proof is accomplished ifi thi- same manner; in 
Omicr that the lines nmy be found with the greatest 
accuracy* Hie instrument must be skilfully made, %o 
that when the fable Is are moved everything remain-. 
parallel, smoothly fitting without a gap. 

In file votive gift the instrument is of bnuiag and is 
fastened on with lead clone under the crown of the 
pillar, and beneath it is a shortened form of the proof 

29 $ 
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nirri 5c c-irtypappa. %moytyp4 ti> oSv eroi 
*ctl raftra, Iva ejpj xfd cut cV tui uvaih^ari. twij 
St Sva dx^^firuiv ra Sc toTGpQV y^paimu iv tjj anjAi?. 
11 Avo t<wf BoBiiatHv ep^eiwv Syti ^itaat airfftoyap 

SVpGlv ev ai.n-'f^et aiviAoyEtt. fri'ftrjcFflWiiaP tit- AE, 

AW. ayvAym hrj root tv t <h Spych?m “iVa«as, c«f 
av tear* ftjfUUur ytlip-a .1 ra A* B, l\ A cnftictd. 

VOtiG&tU S*J, Off CJT1 TQt? Scvrepotf iaTQF. 

FiTTii' cxpa, air tJ AK iTaoif KB, Jv ,Litr rat? AE* 
BZ ^rapaAA^i^t^ ij EK irp&? KZ. & Sc AZ, 
BH ^ ZK Trpis KK apa tJ EE npAs KZ. ij 


A 



KZ rrpo? KH, a*f Sc a&rm irpos aAAiJAaf* ^ rt 
AE rrpot BZ *<u f} BZ irp^ f H + waiMotf Sc 
hti£Qpsv 3 on xalj tie $ ZB rrpos PH, 1} EH Trpot 
A0- ai^flA&yov spa ai AE* BZ> PH. A@. TjrJjpTjFrai 

npa Spa Sotfcttftoi 1 Sl'O jtl/tTCi . 

11 'Em* S^ af fiofftto r n,i ,ti7j tcjai * 3 trir rats■ AE, At), 

TTtrtWnmj airntis ct^oAoyor tqt AE r A 0 tout**™ 

A^a/xe ftu rat ptaxs wai imsmimptv Irt cVciVsr, 
Kdl fao/icffa to IvirayBtv. cav Sc 

irActous- /icWr dlpriv, rlcJ ivl rrXtiavf 

mmxivKout Karfj<mjo6pt&a fV rip JpysFttij tuif 
^ ccrtFi" ^ Sf a^oSct^f ^ aijnj' 
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and the %ure. and along with this h an epigram, 
Thfese Aha .shall hv written hr low for you, in order that 
you m&y have what is on the votive gift, Of rhe twa 
%IT«S P She second is tlicit which is inscribed on the 
pillar . 19 

M Rfjtwecn two given straight lines to find two 
mean* in continuous proportion, Let AE, A0 he the 
given straight llnev Then t move the tables In the 
instrument until the points A + U, l\ A are in the *yimc 
straight line, Let this be pictured as in the second 
figure. Then A K : KB h equal, in (lie parallel* AK, 
to EK ; K7 ., and in the parallels AZ h BH to 
: KH; therefore EK : KZ = KZ : KIL Now this 
is also the ratio AE : BZ and HZ : F1L Similarly wc 
^hall show that ZB :.TH=rH : A0 : AE t BZ, TH. 
A0 are therefore proportionah Between the two 
given straight Hum two meam have the re fore been 
fnmui 

"If the given straight Hots are not equal to AE r 
MK by making AK T AB proportional to them and 
taking the means between these and then going back 
to the original lines, we shall do what was enjoined. 
If it is required to Hud more means, we shall con¬ 
tinually insert more tables in the instrument aecotd- 
hig to the number of means to foe taken: and the 
proof is the same, 

' The short protif and digram which folJow nrr «r»um- 
ahly the gem nine w^rk nf EratOstfoeacs* bring taken from 
the votive gift. The reference tti I lie wnnd figure fnnnnt, 
hawrrer. be genuine jl*. i here ve&- only one figure on tin- votive 
offering; sliotlld beoniithaL 

*35 
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" E? kv$qv i\lyou BtirAiJcriCHV &ym* M rt Jytti- 
t^pafecu 7 ) crrf J pfTjit r Traxmu is <EAAo £vatv 
p^rapapifnAtvai, ro&e rot 7tdpa t tfak av yt 
pdvhpTpr 

7] aipov % KOikov taros 1 tvpv kijtos 
T ftO* ivQ,p>tTprfotLt&, pioas otk rippaaiv anpats 
uw&popdSas Stcroaev ivros ikfl? xav6vtnv r 
wSf m! y Wpxdntu cpya KvktvBpujv 

pi}Si #fMwo/«ir TpiaSay 

StfijoTj, 41 n EuBafoto 

KapiTTtJAm 1 iy ypapfialg efSoy avaypai^Tdi. 

Tm yap £v TrtvaKznijL p^udypa^Hi a upia Tfr'^CHf 
p€td K€i' ix Tmvpo-u 7rv8p.£vag dp](6p€Pos* 
€»altoV a XlTQ?l4p<M4r 7TiXTqp JtI ISwBi OWrjJJttW 
Traitf, ova *(u Mooffat^ Kal /SaotAew* 
o frris eficupTjcrw* to S 1 fV vvrtpatfi vipdvie Zcv. 
ko 1 GKtjTrrpiiiv €K trfjs dm derate ^cpdy. 

tfeu to {A€v d!s reA/airo, Acyot Sc Tty dtd?e^ia Aeiwr- 

a<uv 

roO Ki'pTjt'atoL 1 tovt 1 ‘Eparooflcreos/* 

Ibid. && 1-1 

*Qs Ntico^iTj^Tjv £v ™ Uapl icoy^o^iStjtJ^ ypctfCfwSi 1 

Vpdtftf i Sc wrii Niao^tJSijs fk Tip eTTiytypapp tVcj 
eturoP Dept Koyx 0€i ^ v myypdppan ipyttvov 
flrarciCTKfl^V Tijl* ayTTp aTranX^poik^ros %p€UlV r ilft* 
aj «ai /neydAa jLirt' V£p.±n.n*op.ti f os ^aivcrai o dvr}p t 

ffuAAa 8* -rotf ’ Eparoo^fkaur sVeyycAtDk cypijpaotk 

■ Of" with e. mull effort.” JlrSberp. 

1 IVrftnji- *a r»tled fc^’au^c thrrt ait thrcr «mk ^linli^ 
fi( nf» ctctitr Hght'*ngtcd mid ufotiise-stngted oooe 

m 
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” UF* good friend, thou thinkcst to produce from a 
small [cube] a one double thereof t or duly to change 
any solid figure into another nature, this h in tliv 
power, nml thou camst measure a hyre or correpit or 
the broad basin of a hollow well by this method, when 
thou t ake&t between two rulers means cimvcrging 
with their extreme ends. Do ii.nl seek to do the 
difficult basinet of the cylinders of ArvhytAs, or to 
cut the cone In the triad 1 . ft yf Menaechmus, or to 
produce any such curved form in lines as Is described 
by tin* divine Eudoxus, Indeed*on these tablets thou 
eouldst easily find a thousand means* beginning from 
H, -small base* I luppy art thou, 0 Ptolemy* a father 
w ho lives his son s life in all things, in that thou hast 
given him such tilings as are dear to the Muses and 
kings : and in the future* 0 heavenly Zeus* may 
he also receive the sceptre from thy hands. May 
thb prayer be fulfilled* and may anyone seeing this 
votive offering say t This is the gift, of Eratosthenes 
uf Cyrune/' 

Ibid, &&* 1-7 

( vii t ) The Solution &fNicomaif£ in hi* Book 
#< On Contkmdal Line* " £ 

Nieomedes also describes, in the book written by 
fiiiiL On Cmrhmd*! the construction of an instrument 
fulfilling the same purpose, upon which it appears 
he prided himself exceedingly, greatly deriding the 

(ellipse* parabola nail J i ype HhiJh S. If so. I his proves that 
M cnacthJnUii dlscovcritl ]he dlEpw as well as the other two* 

* Jl follow* from tills extract that Nirumcdrs wy later 
than Krutoi thenes: ami as Apollonius called a certain cun-e 
“ sister of the eochimd Hl j>. S3 It. hv niuil have h«n 

younger than ApollunfruL He therefore bom about 
iJTO 
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Tf djic t if at yftufUTpiKTff 

C&TfpTJpJvOtS. 

V*VP' CM Lf r hi. ±tG-23 + 4i{, rtj r |luiL-fJ] J fc£, 25 

ter'* EeV tqv SiTrAaotairpdp tou ki tfi&u na.pfiytral 

V7TQ NwcOjUTySoi^ ypop^ tfai y^Pf<nv *£€t 

roiatmj^ 

lifcfa ij ABj koi ayr^J dptfay 

^ PAZ, waJ r lAtJ^Aw Ti <np^£iOi' dm Tig? PAZ 

Saflfj' TO Ej K<U TOLT E crr^lOU eV co 

i 0T4V TQ^tp tj PAEZ fl'flem ^peertfa* vara ttJs- 
AAB ei/fletfis 1 A*OftdvJj Sid tolF E <njjteiW 
tZo-r* Sid Trarrdy tklptaihi to A <V* -rijg AB 
ft'fleias icfti craiirrew dAvo/icn^y ttj? PAEZ 
S(d ruj} E. Taxaur^y S15 Arinjcrcwy yn'o/iA^y 
tvartpa *&ai%p6v St c to P ypdyWx ypa^uji-rjv 

□ia fCFTU' ij A PM, vox loriv auT^y to oJpirrwpa 
TToiodTOM. tuf tip cdfca yrpomTtTrrrj Tiy drri tqu 
E cnj^lov TTpcis Tjji' ypappiqp t ttjv uTroXap^avo- 
pti*T)i ptra^y rr}s rtf AB cuflciW teal TTjy ATM 
ypappljs Srtp thm t§ Td toutin' pei'Ovvjjs ydp 

T^y AB mi plmvrw toj} E arjipfioiJ, mw ympeu 
to A cm rd If. ^ PA eu&tm ttJ H0 e4>app6tj£i. 
Kai TO r iTTJjli LOV *Vi TO 0 (iFHtV^TOl) 1 * iCTFJ dpa 
^OTEt- 7j I A rij H0* ppuuf Kilt £av fjfpa Ttg 

* 9 t 7 ij?(u Add. Kulfcwh, 


* T-iuiaciii.s pnMCTdfl lo describe NfemiittW snlutlon s wc 
'• 11 • • (five aft ikl't-rrMltiTe m^ouril by Pappu* 
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discoveries of Eratosthenes as impracticable and 
lacking in geometrical sense , 0 

Pappus, tv. -JtL *3, cd. liultiieli 

U2. 13 ^. 25 

26. For the duplication of the cube a, certnin line 
Is drawn by Nicomcdes and generated in this way. 
Li t there be a straight line AR, with HlZ at right 
angles to it, arid an TAZ let there he taken a certain 


F 



given point H, find while the point E remains in the 
same position let the straight line FAE£ be drawn 
through the point E and moved about the straight 
line A AB in mch a way that A always moves along 
the straight line AB and does not fall beyond It while 
FAEZ in- drawn through E. The motion being after 
this fashion on cither side, it Is clear that the point T 
will describe a curve such as AF.M.and its property is 
of this nature : when any straight line drawn from 
the point E falls upon the curve, the portion cut off 
between the straight line AB and the curve ATM h 
equal to the straight line FA i for All Is stationary 
and the point H fixed* and when A goes lo H, the 
straight line I 1 A will coincide with lit) and the point 
I 1 will fall upon ; therefore FA is equal to H0, 

m 





OREEK M ATttEMATJCS 


dniy tgu E crrjpfiov npdf ypappifv TrpcKrrreVftp 
rT}v awortpvopJvtp? &tro Tvjr ypapLpiTj^ teal Trji- AO 

cdftftas- tffijr iTQUfuu Tjj FA ^VexSt) Ttttfrft iuai 

€t(Tiv at TrpflcrmVrot/cjat]. 1 koK^gBo} fatriv, 

*7 fitv AB €v&Fia xavitiv, no Be <rrjf±*hv nriAos, 
Statrnj/ia Be Vj f A„ eVeiS^ ravryj Xaat. e tali' m 
7Tpov7Ti77TOVmn -n-pos Tr)i J ATM ypap.ptp^ airrTj> 

5* J7 ATM ypafipi) mKtmj liVei&q mat 

^ Scurf pa Kfil 7} rpiTT] «*i fj ■rfTaprTj tKri&tTW *2$ 
aAAa iWpifjiara 

K *r r 0Tt £e Jpytivi^tZi^ Sm^rtTOt Ypd$€ttOat tj 
yp®f £ l L ~*} K(1(r t7T cAhttw rift clip.TTopEyc t ci i -m 

K*WVl a TOlrttijTi v OTt mitJWV TWIT ttJFO ftw 

OTJ/Ifttov T^f AF0 ypaptpwjs cm tpjv VB tdtfctav 

jcotfeTw jtiEyconj eari^ tj FA #ra0CTOff f dd Be ij 
eyytoy TTjy I A Ka^(TOf rijf a¥WT€pO^ 

fi*tfwv fWa% 5ri, cfe tSv /4fTfifL< noiffit- rau 

*ai'dl r O^ Irt3tt n^7 tfO^AoetSoi/^ fdl^ Tiff jrJ evflcta., 
EK^rrAAo^ei^ T J Lii' J ilb f ?JiTETai otm nfj^ jco^Ao* eSotrf, 
ctyroy uTTeSeiffi- 1 d mil q/ietF €3* TW cfe 

to AtTzAij^ui AEaB&jpou > Tptj^o Tf^tEfr TtjV ycyiiav 

^i>Ad/ifiw* mxpipc^! H? TTpoeip^Ei^ 

c 4 rr* 2 $ * m * wpmrn-iiTtvum* f, c 3 i pmjdmto inept? hue Inin.n- 
Jola M de l. ilulLsch. 

* Let 0 lie ttwi interval or constant iutcreepi between the 
dine mill the luruf* mid ft the? distune? from the |Xi-l-ir io the 
bti-sej IS_l) r If £* is any |j©inl on the t-um, and E0- = i\ 
— * nh then the fundamental equation of the curve b 
t - ft SH?d $■ *• n. 

t f 4 is [iki-jLMLrrtt haekwtirth from the bmsB lawarth the JhiIf, 
n:L ii another conchDldoJ li(j; 1 m ■ obtained on the same Hide 
of the base os the |Kilr* bvinjf for its fundamental equation 
T =ft Mil 

IhLs Ihree forms aowrdin^ hk a is ^renter thnn. 
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Similarly, if imy other st raight line drawn from the 
point I 1 ! falls upon the carve, the port Ion cut off by the 
carve and I he si might line AH will make a straight 
line equal to FA. Now, jiays ht% Let the straight tine 
AB be called the ruler, the point [Kj Ehe pole* TA the 
interval $ wince the straight lines falling upon the line 
ATM are cquAl to it r suid let the curve ATM itself be 
called the first cochMUal line (since there arc second 
and third and fourth cochloids wliieh are useful for 
other theorems)*® 

^7. ^ioomedes himself proved that the curve enn 
be desttrib ed mechanically* and that it continually 
approaches closer In the ruler — which is equivalent 
to saying that of nil the perpendicular^ drawn from 
points on the line AF0 In the straight fine Aft the 
greatcsE is the perpendicular FA t while the perpen¬ 
dicular drawn nearer to FA is always greater than 
t he more remote ; he also proved that any straight 
line in the *pncc between the ruler and the cocliloid 
will be cut. when produced, by the cochlotrl ; and we 
used the aforesaid Urn: in the commentary on the 
AtttiUiiLma* of Diodorus when we sought to trisect an 
angle. 

tqunl to, or than Ik These tho-e forms ore probably 
the ^woond* third and fourth eucdLiuuls. 1 ” but w* hare nt* 
direct informal inn. Mlien a h greater than thr- clutc has 
a, Imp at Khi- pojei whan a equal* fo there Is n cusp at the 
pislc; when o U Elfcaci A. there Is no double poM. 

The original nnmr of the curve would appear to be the 
artihuji («^0u% as it is i-nMul by Puppus, from 

a nuppascd resemblance to a shrll-fLidi Later it was 

tflj Led thr wirWif (^f>y^oe4^lb y paggij ) H t hfe" iiiumh . 1 I -1 Ike" CllrVe. 

* Diodorii* upf Alc^ndrlii lived In the Linic of Caesar and 
b commemorated ie bur (si*. iSU} a. muktr 

grioinonHn I'totensj- also wrote an AtmUmrna^ whose object 
I* a graphic repnsentalion OH a plflUc of parts of the fo-averdy 
jpllcfc, 
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Ala StJ tuiv zipt]{icv<ov tfravtpiw tis Scwtiw cant* 
ywvfos So^f/cTFj-j- (if rijf tnra II AB teal entitle v 
€KTq$ tov V SwCytiv n)r FH *mi m>\ia r mrp 

KH f±sT(z£u rijs ypapp^ toi ttjt AB unp rjj 

Sp0€ i*nj. 


A 



- Hj£0CU K&&£TO£ ilTQ TOU F OtfjLLttuO eVt TTjT AB 

15 re Wat «ai tenj iurw 

f] A@j war tppAoj jUtV T<rj Fj Si^o-nJ^n-i Se tw 

SotfeWi, Tc?^rreWu j A0„ imirppi Sc tt£ AB ye- 
yp<169iu to^AgeiS^ ypa^iji.iTji srpiinj rj ELAH* 
ouji^aAAei, apa ttJ AH Sia to T?po Ae^Wf- ErujLt- 
SaAAtTOJ) Kara ra H r to I €T<£*y^w 73 FH r tenj 
apa toI ^ KH ttJ fiotfcicr^. 

Ttrej Sc r*}? ^/siJoEtuf ere to TrapanSivT^ 

rfarjpa rifi V Kivbvmv avrov, ew? ay eV iSJ? T^eipas- 

t? ^leraft? ri Jf AB eu&ctW «a* 

EAH fotj ygnyrru TTJ %Q&€itT7} m TOI/ToU 

yap oWoy to wpOJVcif4ciw e£ 0^-77 £ Befranmu 
(Aeyoj 5+: KtJjgos kJjSmj StrrAttCrtoj cu/nWer-cu}. 
TTp&7€pQV St flb So^ElOoH' «TJ0C((5 p Stig TOTtt 

to uwfyts araAoyop Aafcj&twim, e5u 6 piv 
NiKopTjtiv)'? T7jr TOra^Keir^r i{j$*Tn pdvov, tjjmis 
SOS 
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Now by what has been said it H dear that if there 
is an angle, such as HAB f and a point V outside the 
angles it is possible m tu draw PH as to make KH 
between the line and AB equal to a given straight 
line. 

Let F0 he draw n from the point F perpendicular tu 
AB and produced to A so that AO is equal to the 
given straight line, and with F for pole, the given 
straight line, that is AB* for interval. Mid A13 for 
ruler let the first eodilok! RAH be drawn i then by 
what has been said above it will meet A H ; let it meet 
it in H, and let FH he joined | KH will therefore be 
equal to the given straight line. 

28. Some people, following [a more convenient] 
ti^age T apply a ruler to F and move it until by trial 
the portion between the straight line AB and the line 
EAll becomes equal to the given straight line ; and 
when this is done I lie problem which was posed at the 
outset i$ solved (I mean a cube which is double of 
a cube [g found)* But first two means in continuous 
proportion arc taken between two given straight lints; 
Nieoincdcs explained only the construction necessary 
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jccti TTji 1 diroSetfey €^r>jp^daafw v rjj ttaTaatmuj} 

T&F TpQlTQV TQVTOV. 

i^Sd^w^ai’ pdp Si?o evtizuu «u T Aj AA 

opSag dAAi}Aeu5 P Sud mdAopwr rfari 

to mrtrtx** tvpztvt Aral Gu^TT^TtX^pwui)^ r& AB1 A 
mpaAAijAdypappoi^j Kvi rtTpvjnBm Bfoa ^ KaTf V j,a 
■rdiy AB. B F Tots A, E aqjjLccbi?. tftti ^li^feLra 


* The pn»f b riven by Euturiitf wills very few variation* 

(ppw ml-lOti! and in nraothef place by FapfW hiimctf 

<fil r X rtL tiullsrh tt, 3a-H-3. 13. with Htvcrrd diib truces'. In 

iii. h 11 it- flruj^ht linrt are ddkd AT* A A. whrrrat hcrv 
and iu thr {HL-i^pr-e fnim Euloeius Ibr mk*. have I A. A A. 
Wliemer we iuivt; A here, it Is n»a«uiNiy certain (list 

Pap ll> vtote A, onJ r if 4 tl? 
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for doing tilts* but wu have supplied * proof to the 
construction in this manner. 

Lei a there be given two straight lines TA t A A at 
right angles to cadi other bet ween w hich it is required 


to find two means in continuous proportion, and let 
the parallelogram AHFA be completed p nnd let each 
of the strnight lines AB P HI" be bisected at the points 
VOL i x 305 
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pkv 7} A A £K^£^Xjja&u/ vat tt} FB 

i'<n| vara to H, tjJ 5 c OF irpo? dp#«s ^ 
EZ. k&i ’ttpactfitjSXrlv&tiu ij FZ itrt] a van n] AA, 
va£ fTftdg^oj ^ Z LI vHi h^tij irapdAA^Aoj i£ 
rOn xai ywi*(W QV&T )5 Hjs Twl^ KF0 thro 
BoGiv TOff TOU Z SinJ^W ^ Z0K Trotaoaa Jenjv r^r 
OK rfj A A tJ -rpj FZ jraara yap iij BwarSv 

tbtixfo} 6ni rijs JCOjAdflSo^sr ypapfi^t), V6U tm- 
£e i/^cton ^ KA eV^fjSAaja'I^o vat 0 x 1 ^ 771^^10 tij 
AB 2rt8\r} Qt itrn Kara to M- A/voj &rt ecrrlv ei* t) 
AF rr po? Kr* j} KF iTpof MA, vat ^ MA rrpor 
r^r AA. 

* Ettc l irj BF rlr^iyrat hixa raj E Kai TTpda vs tTcu 

hi {rrfj ij KF, to apa oird BKF p«Tn rot? oTTO Ffj 

WTOY € 0 T[^ Tip OTTO RK, KOtPDJ' 7 TjDOCni-fiG-i'l l QJ TO 

dard EZ f ra dpa wru BKF jjtcra rtov dtra FEZ, 
TQirTttrrtv to 3 arm FZ, torn 1 ferric rat? d™ KHZ, 
TOE/TfWtr to/ duo KZ r vat sVtL <os tJ MA trpo^ 
AB* i) MA 7T_po^ AK, to? St ij MA 77pds: AK, 
ij BF flpof FK* vai toff apa i) MA irpd? 
AB # flu7u>s i) BF tppjf FK, vat ear* rijs pip AB 
juJoon. ij A A. r^s Sc BF SiirA^ ?J FH carat apti 
ttal cos 17 MA 7rpds: AA. ovtw? ^ HP rrpdff KF. 
dAV cos 17 HF TTpdff PK fl qvtws ^ Z0 irpdff 0K 
Std Tlifi- irapciAArJAotJS Taf HZ, TO' vac OW0£lTi 
apa c£s 1) MA Trp&s A A i tJ ZK ffpSf K0. tcnj Be 
uirdvctrat vac 15 A A ryj 0K P Jir£4 f vai tt} FZ carp 
ccrrir 11 AA t_ tern apa vat a MA 771 ZK’ Eow dpa 

Kill to sro MA rip aTio ZK. vat edTl Tip }i£V (1770 

MA Zvov to i/ird BMA ra tov ana A A. to* Sc 

1 mi . r , AA# HLf]Ui.-h think* thw vani’i are Inter- 
poUted ( tlwf appear In botli ath« vcj^ian^ 
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A, E respectively, and let AA be joined and produced, 
anti let it meet PB produced in H r and lei KZ be 
drawn at right angles to BP In Mich a wav 11iat FZ is 
equal to AA, and let ZH be joined and parallel to it let 
PfcJ be drawn, and, since the angle Kr£l is given, From 
the given point Z let ZHK be *n drawn m to rnqkr HK 
equal to A A or to FZ (that thin, h possible is proved by 
the coehlokdal line), and let KA be joined and pro¬ 
duced, and let it meet AB produtod in M ; I say that 
AF : KV*=KV : MA-HA : AA. 

Since J1F is bisected at E and KP lies in HP 
produced, therefore 

BE. KP + PE* - KK* [End. ii. G 

Let EE 1 be: added to both sides. 


Therefore 

that in 

And since 
and 

therefore 


BK . KT + PE* + EZ- wEK 1 + ESP, 

BK * KF + T7J-KZK [EucL i. *7 

MA : £B«UA : AK 
MA : AK - BF : PK, 

\fA : AB = BP : PK. 


And AA^JAB, rH—3BT* 

Therefore MA j AA = HF s KF. 

But on account of HZ, Fbi being para LI els, 
HP ; FK =* Z0 : 0K- 


Thercfore, dt»mp»unding, 

MA : AA-ZK : Kft 

Bui by hypothesis A&-QK. since TZ- AA; 
therefore MA — ZK ; 

tim rfore SUP-ZIP* 

And MA* - BM . MA + AA 1 [EueK H 6 
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uni ZK tdot' ro tmd BKF too clrni 

ZI\ wy to a 770 AA loot 1 ru> dwo rz (idi) yip 

i/rramirai ?j A A tt} TZ) 1 laov dpi #fai to laid 
15 M A 1 4rj taro B K l’ 1 wj apa i lj MB IT Tpas UK, ^ 
I K upfe MA. qAA* ^ t) BM irph BK, r) AT 

vpd f riv «> * \r Trpoj fk, i } fk wp6$ am. 
AfTI Sf KQX lj M tl tfpO$ BK, ^ MA TTpOS AA* 
«ui ti* ^pa ii} AV 77pof PK p FK irpas AM, #cai 
77 AM Trpor AA. 


H. Ksl AltING OF Till: t;im FE 

{(*) Gkne&al 
PtnL ft* ifaft 17 , 607 k, p 

'Av&pilnmv S* oi^Sd? wfaaipeiTm Tarf&s cv&at- 

UQKICLV, fcKTTTfp Ovb* UpCTl^ QoS! ^pOITJOHV 

’ A la^uyojLKii per tV Tij) Sccrpfrrijpup toi - 1 too 

kvkXov TZTfHiyitiviatidv lypo$t. 

Ari^nph. A m§ 1001-1 

methn, llpoa&tli oSv iyd* 

T 6v KHvdv* tit'iuOtX' TOUTOIfJ TQV KQ^TwXoV, 
n^ti? Stajpujuji’— fiAiSflvaf; tl El iw-ETAiPos . 
itd pavwxrto, 

METfiN. T Qp0iji fA€Tp^mi> K&VQVl 7spvuTr$tU k till 
o jciftcAof y&^rai trui r*rpdywvo£* 


*■ Tills TtU fviicf sltown Ihi* popularity of the problem uf 
■qiiJiriupr Mn fc eiidf iri 414 h-l-, when the {it Mr tnui iirvt 
jiriHlurtii. \l 1 !h iin. tabu U hpnr burErwqiird. is I he p^rml 
n s| ri.iu( 11 nt r wh«i alumt r i.ght* , Tft y**f> mnfer hfld ftHintd that 
niter Any period A Gy M i d*yi (* lUtHe OTtr nineteen fdrtf 
SOS 



SPECIAL PROBLEMS 


and St was 

pwved that 

ZK* = BK .KT + Zn, 

and here 

rZ»-AA* (for by hypothesis AA — T’Z); 

therefore 

RM . HA = HK . K1*; 

therefore 

MH : HK I'K ; MA. [EucL rt. 16 

But 

BM : BK = A!’ : I K ; 

therefore 

Ar : rK -TK i AfcL 

And 

MB : BK-MA!AA; 


amj therefor* AT : TK=rK : ASS =AM i A A* 


2 , squaring or mt circle 

(e) Gc^krai# 

Plutarch, Ott ErUf 17, flOTif. f 

There is no pbier that can take away ilie happl- 
ngjgs of a man, nor yet hK virtue or wisdom, 
AnnxigoWr indeed* wrote on the squaring of the 
circle while in the prison, 

A ristnp thanes,, Bif4* 1001-HWiS * 

Metox. Eo then applying here my He^ihle tin], and 
there my compass—ynu understand? Pckthe- 

TAttiOA. I don't. 

Mirrox, With the straight rod 1 mrnsure so that 
the circle may become a ^junre for you, 

_vmr*J the sun And moon f*vufiy the mme relative praitlmu 
II tt| ||ir beginning, ami hail Just bu£lt a wntrr-dock workrd 
I iv water from a ac^dumiu spring on the Colon m 3n 
dir t then Urn Agora. Actually, Mctort matt* no ccmtrlbEt- 
Uon Cm Maturing the circle: nil he Kems to be rcprc^nT^l n* 
durfnjl lh !i» divide I he ntrdc into four quadrants by two 
iiLa.nkctr-ro at right angles. 
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{£) ApPflOKtHATKUC fcV PoLVGflNS 

(L) Antiphon 

ArlstoL Phi/*. A i 1&5 a 1-HT 

^ *A$m &* ni&i Avtu 1 amm-ti TrpocrrJ^fi, f iAA P t) mm 

“ t*Df rtj ^mSdifvA? ^ei^crat, mra 5e 

oi/^ ofor riv Terpayun/mpov tqv p.iv bta Ton- 
T^ppnrwv yeinptrpiKaC* 0 iaAumi* tqv £* 'Am- 
cfyatrra? qu ycwptTptKOU. 


Them, in Phy*. A t tArnioL itfj a. lib cd, .Sohenkl 
$. 313-4, 7 


E^ret teal tcl ^ifSo^pa^^iara ocra pet 
ri? ytcuptrpiKas tfmHWtf Avt/of tiS yetn/icr^ 

*™" /^i^ rai **/»* cVe/l-CLf, trapatTTjWiJFp oltitr 


q Antiphon wm 4n Athenian .sophist cuii temporary wi th 
SfiCffitnfl* 

* iTir comments of'Jlieiiiistjus, ['hijnponus nod Si nil if in us 
Dn this pi*VsBf(e are ti f licit Iio pOftftfTCe in the JrKlorv i-f 
f.rcck K'SOmetrT. All three Bgrec fSiinplicfffli With n re- 
■STvatmul tluit " the iquadrAturc hy mrtlls of .sejrmcl] ts " Ls 
!(| he iksM lo Hippocrates of Chkw, SbnpUciuta r.-pro- 
.lllrtk'li of the JSWKiue in Eudetmis's titulary of Gtmrutry 
wrhlcfli tells nr* of Ocffnlfi HAa$ sjjtinmJ bv M ippocrjiti^ bos 
iiK-aiJylwen Fivers \wpta* pp T SHI-^.L Tht feu t rnmt\n- 
™n» theft: pbren contain no faitaC?. Whal Chen h ihe 
fiiLldL’T with whidi ArkitoLk imil Mir 1 eomincntntorfl eharEe 
1 ILptiocr^lri 1 ? It » trittMl probably ah nJIr^cd assumption 
by llmpncrak* Hint fcjre^LSe h* Imd ^uurcd a iwtlentar 
imp in tCLch erf fljtwt kintli, he had squared all type-s of 
MinrM; and* its he bad |]» so kinr^d g fapore Mimi-stin^ of n 
liin^ ami u. circle that he lino! i^uarEd one circle. In foci, 
™ tiLd-mf-ntittned 1 title was nul of n kind which he hwl 
previoush Hjairedi afitl so he had not really ?kl Wired the 

c \ n Jjut old Hippocrates thhsk th.it hr had -guared the 
drcre ? I here li HO reiim to aq pjsw,e tha £ he sc? thought, and 
n i* cxlreincty uiihkdy that n vnatheniatkiaa of hb Calibre 
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(ft) A ppmoximation nv Polygons 
(5+) Jntiphm* 

Arintot^ Phytic* A l&jn 14-17 

At the same time it is not convenient to refute 
everything, but only false demonstration^ starting 
from the fundamental principles, and otherwise not ; 
thus it is the business of the geometer to refute the 
quadrature by m tutu* of segments, but it Is not the 
business of the geometer to refute that of Antiphon.* 


Thcmisliia, i’fjwihwflMfy Arit(o4i*i Phytic* A £ 

(ifctf a l4h cd. Schenk I ± 30-4. ~ 

Por such false arguments ns preserve the geo¬ 
metrical hypothecs are to be refuted by geometry, 
but inch os conflict with them are to be left alone* 


(vi 11 id he MJ deluded. 1 leiherg (PhibL ftlili. Ste ^4) thinks 
that In the then shite of logic he may hn*r I height he h*d 
sqnurrd the circle. Hjflmbo (In Paul y-WlsBCM, R*ai- 
f?Hwtopadir, ivL 1787-I7OT) think* he knew perfect}? wd t 
what he had done, hut used tonaungr nateuUbd to give the 
imnTissbn that he had ^quartd the circle. Holh suggestions 
arc hLfrhlv imprcbabh + Heath 1. f^T) to 

t],Lssk tljai Hippoerfttrs WM trying to put what be hud my 
iVTVcred in the fal'oU rablc Light. Ross {d'tittt&t * 

p. 466 ) is of opinion that Ktppoaata* simply proved 
hliViuadmlurO oflunrs Wild the sum of «L June and circle.no 
doubt In the hope of ultimately aquarhur the circle, but 
without im¥ claim to have dome SO* This NppenrS the 
best riow. Aristotle lias misunderstood whit Hippocrates 
daimed to have done. 

Tinrijj^ra means H1 srginenK’ h and h not properly used 
of “illfirs, 1 ' but mjLthem&ttenL tenuinofrifcy was fluid m 
Arutotk’s time* mi d rfiifruL rimy have been used to dermic 
tnv portion cut nut of a circle. I n D* Cotfo IL. 6, ^ a 4. 
Aristotle uses U to denote a Bi sector. M 
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Suo TtfiSS kvkAqv era PTi$ TtTpaytiU’t^ftv 

iTnro^panj? T£ d XtUf K&l a ToV piv 

oSm [rnrotfpartn/y AurtOP + raj ytlp «pj£idr ^uAaTTOJj-' 
trapaAoyt^fT£iL Tqj.pdpop piv c s'€ trcv TOP fAiptt&KoV 
T€7payaA m tao.i of ypaf^Tm irtpl tiJv row rfrpa- 
yqWtj irAtvpdv tqv fiV tdv mSfAov ^yypa^opmju, 
mivra 11 Sf p^vtotfop of-ov rr r?rp^ytj>h{(!ii' 
fi? airoSctfiP* iTjP&j Aut^wiTa St oy^fV ay 
^V e * v Q yrajptVpijs^ Of *yypd^a*i' rpiyrow ^o- 
nvlrupop eii tov fru^Aor rcat tWanjj my 

itX&p&v rnpav hovtctM? mniaras wpo* tjj 

tou xwAoti vai to£to ttpWjV 

tfJ'CTO 77ffTf c^-n/l^iocrtu 1 Toy TfAtUTfUOU Tpc y-£jJl'[jy 

tfAtvpav cdtfttap opera P ttJ 

SimpL in A i(ArialqU 185 n 14), rci. f>lrls 

M. 90* S5. *4 

0 St "Awi^kov ypajja? irtfafAcv mypa^ r* 

XcupiW fif &ut£v TToXuyeiiwv rtuv iyypdifta&aL 

Sl/Pttpei'qjp, itjrtn 5f ft rvftoi TiTptlywwy TO 

€yY^ypafiptvov ¥ * r , tcm StJAoi 1 &tl ij eruvayqjyT) 
170pq xai ycttfptTpiKa? dp#rk yiyovtv o^x ws a 
AAf^orSpof <ft} criVj, orl unoTiOtTiLL juffv & y€ln- 

php*l$ ri TOP xvtcXow T7jf fvLUta? Kara u-rjpuov 

aTTTco^cti <Ls dpx^Vt o St ‘Am^wjuv drotp* £ tooto/' 
Ol> yap VTTQT$f 7 <lL & ¥*wp,£Tpv}$ Tavro t riAA T duo- 
btUpvmv utiTQ fV Ttp Tptraj jSiJ@Aiai. dpcnor Guv 

’ * Jupunei in iJir test b HtlftfrtfariiT 

11 * Scnenk! [Kites, if thru* wards ire! su ppUedi front 

simpikius, 

“ Accent (its differ about ArtlSplicjn'i prmMlnfr, but It 
maHf*5 no ij illioroiit! hi the nr^iiilt, which i-* to (epI u refruJi-r 
poEjgon appranching the eirefe fl* Us limit. TbcmbtEiih V.IV? 
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Examples are given by two men who tried to square 
the rirdct Hippocrates of Chita and Antiphon. The 
attempt of Hippocrates i to h e refuted, For* while 
presenting the principles* he commits a paralogism 
by squaring only that June which is described about 
the side of the square inscribed in the circle * though 
including every June that ran be squared in the proof. 
But the geometer could have nothing to say Against 
A n tip] ton. who Inscribed an equilateral triangle in 
the circle , 11 and on each of I he sides act up another 
triangle, an isosceles triangle with its vertex on the 
dreum fore nee of the circle, and continued this pro¬ 
cess, thinking that at some time he would make the 
side of the last triangle, nit hough a straight line, 
coincide with the circumference. 

Ei itlipliciilA, GHrrmvhfcrfv e» Arixtottr'i Phm n>* A ? 

(165 a 14k rd- Diels 51. i4 

Antiphon described a drek and insrrilied some one 
of the (regular) polygons that can he inscribed 
therein. Suppose, for example r that the inscribed 
polygon is a square* . * r It clear I hat the breach 
with the principles of geometry comes about nertj m 
Alexander fifty's, because I lie geometer lay*. down as 
a hypothesis that a circle touches a straight line in one 
point [onhj T white Antiphon violates this," Far llie 
geometer does not lay this down as a hypothesis, but 
it is proved in [he third book of the F&mtjtU* It 

the earliest fff the commeatmlt'fs. and Heath considcTK hi* 
account " the mithtmtic trriiorb** Phllapomu make* 
Antiphon br^n by Inscribing a square, then an (tefegnn nnii 
so on. Simplicius. as will he seen below* allows him to 
bigin with any one or (he regular polygon*, but si arts w Ills 
thu square o-s an aunplr. 

* rud. El*m> iii- Itf, 
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Acycw apXTjiv that to aSiWror tlvat tuBtlav 
i^appAaai TTcpt^fpeip* dAA 1 ?j ph* £ictq? Kara tv 
tjrjfitiQv toQ kvkXqVj 17 St ivris Kara Sw 

poPOV xui oi nkftw, Ktti >J iit d^rji Kord ffTjjietQP 
yii-mu* Ifni pti^ros id To pE-raft/ rijf 

Kol ttJf mjy kiWAou ircpL^Vps fin.? t^tWSaF 
ai SamvijaH curd ouBe KaTaAtjtft* tcu irore ttjv 
TO V KVK?lQU TTE/H^tpEUlE’, tlTTtp tfl T tZlfttpOV €&7l 
biaiptTov to eVtVfSoy, *i Se KaToAu/i/JdFetj of- 
TjpT^rat TiT dp^j yt^peTptPnj 7} Acyouera «V dirci- 
poF tlra* rd ptyifh} itutpttd* Kid Taurrjv Km d 

EfiftjfJJOS TTfF dpj^TjF CLttlLptiq^at WTO TOtf 

’Am^TilT-q^ 

(ii,) 

Alex Aphr. in $op) 1 . £ 7 r ] 1 (Arts tot, 171 b 7 J. rd + 
W*«lw 9a 10-31 

? AAA 6 Tou BpdcroiTO? TCTpdy£unffpE« too 
HVKAaV ipitrriKQS iuri Km UOtfuffTLKOS, OTl O&K £K 

TioF ouctliuy dpymv T-rj$ yew/tETptas dAA 1 ck rtvatv 

KQtPQTipttfV. TO >'tip 7Tfpiypd^€IF e*TG? TOV IfoVAtJU 

m Heath {UXtfrM. L. comments 1 Lb Tlitr ohjecticm 

to Antiphon's statement i* mi Ely no more Hum ves-huH * 
I'udld n:>f x #K&ctly Hie -wme irototrucHnn in iM. onEy hr 
rtijmsuA the eond Litton in tt different Wny p .say in** Hull, af 
the process be continued fu t enough* the *11111 LI stgmesU left 
over will be togrthcr irs& than nny assigned acta. Antiphon 
in rffrtrt said I he ■wUiae thing, ’fthicli ngiun *'* rapreas by 
taylnfit Hint Hie circle Is the Jfanf of such cm inscribed polygon 
’when the number of itM allies I* indefinitely incmLM*d, 
Antiphon therefore dt-i-rvr^ an honourable platr In fhe 
history of geometry n5 himnfr originated Lhr hiefl tif rjp- 
Aouifi^p an area by oieftlih of lliwzribcd regular polygons 
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woulti be better therefore to say that the principle Is 
that a straight line cannot coincide with the circum¬ 
ference, a straight line drawn from mH>irle the circle 
touching it in one point only* a straight line drawn 
iVeim inside cutting it in two points and not more, and 
tangential contact being in one point only. Now 
run tin tm] division of hhe space between the straight 
Hue mid the drcumfcT+ nce of the circle will never 
cKhansl it rmr ever reach the circumference of the 
circle, if the space is really divisible without limit. 
For if the circumference could be reached* the 
geometrical principle that magnitudes are divisible 
without limit would be violated. This was the prin¬ 
ciple which Fudcmus says was violated by Antiphon,* 


(SO Bryjm h 

Alexander* cm _f ritfort/r Sop hi* tic 

ifr/uMfeiu IE (IT t h i), rth WbJUcs GO. 10-21 

But Brysons quadrature of the circle is eristic and 
sophistical, because he proceeds not from principles 
peculiar to geometry but from wider principles, For 
to circumscribe h square about the circle and to 

with an eVcr-Lucrt^Elig iniultn-rof ■Hides, an ktf-a upon which 

Budcoci^ founded his epoch-runking method vj rxKamtfan* 
The practical value of Antiphons construction is lUwvtrxbed 
by Archimedes' treatise «n I he MtomrttPtnt 0/ a Cirrit 
[reproduced below] . . . r llm same construe! con starting 
fmni a scjLrnre Was likewise thr husiy of \'ii-la r .% expression 

fur namely, 

Si ITT & & 

-=co (S , . , 


Vi. Via * Vi * v'i(i+v r *ct+vf) 

k Bryson was a pupil either of Socrates or of Euclid of 
M eganu 
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fitpdywvQV tfeti cvtoct iyypdjfatv crrpnv wai /itraf v 
Tmv tog T€Tp&yt£mtv ctmof TfTpdytDwr,* tlm- 
Xiytti' 5 ti (j twV rrrpn^tu™^ tffcwAo?* 

Apato#$ Koi Ts ptra£u t&v 5ro rtTpa ^wv 

T€Tptiyu}vov rov p.lv ixrvs t* rpaySfVOV tAarrova 

ttat tqO St 1 Til 5e teIil* cti/roii 1 

Kdl &TO £(7TiV, [fffls (Epfl o KL'kXo? Kiil 

TirpdyuJi’O^t fff tivwv KQivtov oAAci $evj}£tv 

ion, kqivwv per „ 5 ti x<d £w' aptOputv tfoi. XF°™ |F 
if-ai ’fi&m&v ifal fUAti}ir fcwnSv apfubrac dv t iptv&wv 
ari wrw ural StKa fcal rflrd Aarmw 

*«u fi€{^o*^? cfn Arm d/iais ouw 

(til-) ^reAiwtfrfw 

Prod. in EacL L, ml. Kn>H t 39 * - I— 1 - 3 . 5 
t Ek ravrpu St olpa* tou irpoflXqpa-rQS 
oE xraAatol *ai. tuv tov kvkXov Tirpay^mpov 
i^Tjrqtmv, *i yap mpaXkr^yp^pov Itmv evpi- 
pvrcTai ira^Tt tiffaypiipjup, ^ ££tfnV J*V 

*<u ra tvOiiypappa toe* mfHtftpoypiuiia^ i™ 
SfiWmi Sifl^S^ mi <> 'Apx^i*#^ 
wdf KifwAdS Ians iwrl Tptyiuvm Qp&oytiivUp t ^ i*v 7J 

juft EFf preWpou fcrpj ioTiF pt$ 7&v w*pi rt)p JpAjv t 

tf M Treptprrpas rtf j9aa«i.. 

Artlilm* Dink Opw* Archim* ed. Hrlbcig L 
* 
a 

[Ids’ KvtfAo? lew fVi Tpty&ivtit op$ayti*vupt oS 

■ Brnoti m»rks A Strp beyond Abbott btrrau-* km «TO; 
rM the ef refer ti* mlennediale !o mren betweeni nil ^writid 
and att i^crihrd pci]Vfnntt P am Idea whtdl wfi* powcrtullv 
developed by ArrhbiSrtii-h. The iimmn-f in which he to«k 
a square LnignurdUlte between the Inscribed and escntwl 
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inscribe another a within and between the two 
squares to lake another squnre T and then to say that 
the circle is intermediate between the two square?, 
and similarly lhat the square between iistt two squares 
h less than the outride square but greater than the In¬ 
side and that, since things which are greater and less 
than the same things arc equal, therefore the circle 
and the square arc equal, 13 tg proceed from wider 
principles (them those nf geometry) and false ©lies ; 
wider, because the argument would apply to numbers 
and times and spaces and other entities, false, be¬ 
cause eight and nine are respectively less and greater 
than ten and seven and nevertheless are mi equal. 

(til,) Archimedes 

Frodiui *Qm B*did L p td. Krall 4i^ H 2*~*33l & 

I think it was in consequence of tliuf problem * that 
the ancient geometer were led to investigate the 
squaring of the circle, for if it parallelogram is 
found equal to any rectilineal figure, it is worth 
inquiring whether it be not nlso possible to prove 
rectilineal figures equal to circular, Archimedes 
in fact proved that any circle is equal to a right- 
angled triangle wherein one of the sides about the 
right-angle is equal to the radius and the base to the 
perimeter. 

Archimedes i*faanir»M«ti of a C$rtU w Archinn 
ed* Heiberg L 
Prop, l 

Any circle it tquni to a rigM*anglwl triangle in if hie ft 

jqimrvs h unknown. Some have nssumed that it wa» the 
arithmetic mean, inhere the grcunctrlc (sec Heath, /I.G.JL 

l saa, 21 Ik 

* EucL L 4J, M To construct, in a priverL recliJineal an^ie, 
a ji&mlldijgrarii cquui lu el given rectilineal fij£iiM. +b 
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jLifT -' 1 itc rat? ten; pi$ t£*v tt cpl tt]v opb^\ 

ij nepiiitTpQZ Ttj jftdtfeu 

'Ex*™ d ABB kvkXo? TpiytLwp rip h, wi 

ui?tjh m €nai r X%yu* m an Zuqv iortv* 


Ei yap Bvvar 6 v> fffrw ,ufi£u>F o ktwtAos, k<& 
fyytypHMti* to Af rrrp&ywvm* t ml r*Tf.tyo 9 wvt& 
at Tfrpn*jW/m<u Jcai f<?m Tii T^ij^ara iJSjj 

f AuCTOarci Tljf V7TC | lM^T7 e: > 1? L W £ y* ° Jf ifrfAof TOU 

rpiyt&vou- T& evflyypa^^o^ ajpa err tov rpiy&vov 
ctrrt peigoi/. ttAiftwoi ME^vT^xiir ro N wal KaStros 
SIB 









SPECIAL PROBLEMS 

one of ihc tides about (he right angle it equal to iAe rudtUM f 
and the base it equal (a the circurajerenee m 

Let the circle ABFA have tu the iriftliglc E the 
stated relation ; J say that it is equal 



For, if possible, let the circle be greater, and let the 
square AT be inscribed, and let the ores be divided 
into equal parts [and let HJL &A T AM, MA, cfce< t be 
drawn]," and let the segments be less than the excess 
by winch the circle exceeds the triangle.* The 
reel ili neal figure is therefore greater than the triangle- 


*'HkdbcrgV note U; "Talc ^liquid Archimedes stnedulvip 
addidi-mit i Omni no in l ido lute apusculo gr-mts dictrndl el 
esponrnrii hreribifc tam bbopal. ut mntiuin 

excemturts jutjiis qiiim ArcllJmrdte ttftfLUACK*/ 1 

* That this cun be dime ii shfiwn in Eud + Fitm* xiL 9 m 
depending on 1 . The latter theorem was probably div 
COVcred by Eiidosui, bid U con imoolr kiiEhr ■* Axiom 
iM AnJiiinctles Tl fnmi his rcj^akd LLMc of LI 
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ij NS- iXdoa^v ctpa tJ NH tow rpr/wi-ou 

TrAfiipfe- coru" St #cat 17 irept^eTpos tow ciiffy- 
ypdfAftov Tirjff AotTri^ iXafrmv p circi k&l t^.£ tgv 
nokAou mpipirpav* iXaTTQv dpa to tu^yypa^tf iov 

tow E t piywvQU* amp tLTonw. 

'Eotuj Sc o JtuWA#$ k «t jfovetTmv cAiwui' too E 
Tpty ^vay* teal ntpty*yp6.^8w to TZTp&yu*i’av M km 
TtTptjuBw&ixv ai irt^^pcitu Si^a, Knt Tj^QoMtav 
i^Hm-rapiyai Sea tw»' cnrjpifcVrji^ opfr?) apa tj wri 

GAP. 17 OP cijtKi -rjjf MP cortp jicffw 7j yap 
PM TjJ PA rorji £{rrt + KQi TO P0I1 T plyi&VQV flpfl 
TQiJ (IZAM UX'T}piiTQS jpClfdp tfrtlV tj TO ijpUTU. 
A»r-Wi^9aitrtLi' ot rdi IJZA ropci ^±oto4 eAderooyr 
Tijr ikfpo^fj ]J to E roy A UFA kwAou- 

CTI apa TO ^eptycypafi/ieWW t L^l/ypuppOl^ Too E 
eotiv Smooii- 6mp drtmov' 1st iv yap 
5 ti r} ptv NA Itnj cor 4 ttj woS/toj toe? rpiytiJt oUj 
^ Sc wtpifiMtpas frtlfctiV Arrt TTjf pattUif row 
rptytovov* toor dpa o kokAoj ™ E rptyt&vcp* 

f 

r 

!T«iwA^ *fd#fAoy ij mpipiTpo* ScapcVpau 

TpLwXtiulbW Arrl tfal rrt tkrtp^ct fAdoaoii jico 
tj ifS&ofup ptpet rrjb' StapeVjMy, jjet£opt Si ij ScW 
l^&oprjKoaTopovots. 


1 ij-* tlir spue* betw«n the art! ZA of the circle jichJ Lhc 
skies _ZTI H HA i*r the CKribcd pulygon* The name .pern to 
this h^uie* rtjiutiL^ b miire property used of a urefor of n 
circle* Atld Mdkfg notft ; ‘ tv^iu Arcihuit-Jes non s^rlji-it 
pro The proenss, it is oot quite dfeaxty stated 
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Let N be thi r centre * and XH perpendicular [to 
KA] ; is then lass than the side of the triangle. 
But the perimeter of the rectilineal figure is also less 
than the oilier side* since it is less than the perimeter 
of the circle* 'Die rectilineal figure k therefore less 
l\um the triangle E ; which is absurd. 

Lei tlic circle be, if possible, less than the triangle 
E T arid let the square be circumscribed, and ]et the 
ares be divided into equal parts f and through the 
points [of divlyksiij let tangents be drawn ; the angle 
<>AP is therefore right. Therefore OP k greater 
than MP ; for PM Is equal to PA ; and the triangle 
POTI is greater than half the figure QZAM. Lei 
the spaces left between the circle and the circum¬ 
scribed polygon, such as the figure® IIZA, be 
less than the excess by which E exceeds the circle 
A UFA. Therefore the circumscribed rectilineal 
figure b now |k=h ihuti E ; which k absurd ; for it k 
grcatcr p because XA is equal to the perpendicular of 
the triangle, while the perimeter is greater than the 
base of the triangle, llie circle is therefore equal to 
the triangle E. 

Prop. 3 h 

The circuinference qf any rircle nr greater than three 
times the din meter and exceeds it by a quantity lei* than 
the tevrnfk pari of thr diameter but greater them ten 
ttventtf-Jtrjt parts, 

in thr Gr«k + Ls to be eoniinutd vniil the «crlW polj'Ron 
Is sudi tiiat Uir spaces left between It and the circle an* 

Ilian the esc™ of K over the chute. Ibftt this Clin lie 
dune follow* frum the ” Axiom of Archimedes, ,+ End* Etem* 
x. u 

1 'the order of the proposition* in the tn aim script* la 
nunUktly wrong. Prop*, 2 and & miut be inlerehangedr 

vol- E if S£i 
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“llerruj os tcai Ski pi*Tpa$ t} AT ical KivrpoP 

*- j E *at tJ FAZ t^aTrrojuA^ Kai ij uttd ZIlF 
TpZrotf 6 p 0 rjs- ?) KZ apa.irpof ZF Xoyov 


Ti trpos ply, ^ fie EF vpos [rqt h ] FZ A dyoV I^C 1 
ov a£< TTpQz pyy r TtTptfaOui qvv ^ ilifi ZET Se^ct 
rr] Kib lariv dpa, eiy Tj ZE TTpa? EF, 17 ZH irpeis 

Hi [tfdi evoAAaf Kdl orui^oTt], cSj a^a am r afJL- 

ffuytepi js t) ZE* EF irpo$ ZF, ^ EF irptj- Fil- 

tiK7T^: ^ FE tt po? Fll Ap*/oi' r ^ei 

poa jrpoj pvy. tj Ell dpt , 1 TTpoF HF Swd^et A&yuv 

ab _ a 

cjffij g'v M Jfuv Ttpos M ]yutf" 


apa, ov 


" As Eutodu* r\pJ,niri^ in hU cuammtnlary on I±lLs passant 
fArchim. «J. Hrsltrrv ilL £S§4>* if I* fcp™rntt?d tv 
MUfi and 1*Z iiv li;i, t tic n lif I'vllwfmrftVs tliramn El'* = 
#Hi s -J5S» - 70227- Sinre !#«A* =70225, EF la tlitrcfore 3« 
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Let there be * circle with diameter AF and centre 
I'!, nnd let FAZ he a tangent mid the iinglc ZK1* one- 
third ijf n risrht angle. 'ITicn 

EF : V?. [=VA : l]>3« :153 a . . (l) 
and EZiZT[=2:l] = 3ufi:l53 . . (SJ) 

Now let £ZK|' be bisected bv Pill. It follows that 


so that 


m : F*r 

[ZK + ET : EF 


ZE + EF: zr 

Therefore TE : TH 


=ZH :HT[Ead. vi.S 
= ZH +HF!HF 
«ZF : Hr, or] 

-t:r : I IF. 

t-Er+ZE : ZF 


>2E5+S06 : IS3, 

by fl) and (*)] 

> 571 s I5S . . (3) 


Hence Ell* : 11 F* [-EI’+FH* : HF* 

>571* +153*: 153*] 
>340+50 : 234&B, 

and n “minute and imppretipEible frnrtion 1h 
tfoJ As the ijd« of Lhe triangle are in thi- 

ratio ]„ Vi* this equivalent to savin* 1 that J Vs>fil, 
hi the second port of the proof AmhimJt-.'i nwunicfl that 
<ViV. The %ny 1 n which he mtk» these assnmptkin^ 
without explanation of any kind, shows Hint theV were 
cnumioik in hi Sr day, anil much ingenuity hu been spent in 
dmsinjr procesw# by which they nuiy pit* btea fetched. 
f* Hfflh, Tfa I Verb* of ArehitHfihi. ]\ss4vnir t sr-sdx- 
Eutociu-s fully explains Lhe nrithnidicil working where 
Archimedes merely wt?i down the rolllbi. In the EriuiatattDii 
the necessary working, where not (fiveU by Ardifjnnie^ h 
ahown ffi square bnciieb. In tbr brtffk tent a* wc have ft 
ji few equal Hits are |pvcn whore the argument requires 
InqiuUtk. “Hit transition reproduce* what Archimedes 
must Lave uiittcn* 
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t}* i rpof piy, TFaXiv oi^a 15 urrd 11E T rij EC) ■ Sid 
rd aura apa 17 EF tfj ms FB Adyw 

7? ov /tpffl V *pds p'y rf OE dpa irpo^ 0 F petfcii'a 

Aayov ij m 1 t apo j& i{ Tipo-z piy. tri t] 

utto 0EF ttj EK x *j EF dp a Trpdf [ K ^trcot'a 
Aayoi/ ej^( tJ oy JJtAS S f rcp&s 1 pi»y 4 ij EK dpa Trpo£ 
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so that EH ; HP > 501 } : 153 . . ( 4 ) 

Again, let -illEF be bisected by KB; then bv the 
same reasoning 


[HE : EF 

so that ME + EF : EF 

'or HE + KT : HF 

Therefore] EF : 1*0 


[Hence BE* s 1 * 0 * 


^JIB : BF [KiieL vi. 3 

=He+er: or 

Hr t re, 

= Er: re. 

[-FE + KH ; Hr 

>371 + 591J : 153, 

by (3) and (4),] 
>116*??: 153 , (3) 

«=Er>+re*: re* 


>uea|*+l53*; 153* 

> 18505S4ff + .33409 : 

23400 

> 137294S||: 23409,] 

so that BE: OF >1172}:] 53 . (6) 

Again, let 0EF be bisected by EJC. 

Then [BE : EF -UK : KT . [End.si.3 

so that OE + Er : EF = 0K + KT : KF 

=Or : FK, or] 

EF ; FK [ = Er+ OE:Or 

> 1102} + 1172} : 153, 

by (5] nnd (0),] 
>2334} : 153 . . (7) 

[lienee EK* : TK* —Er*+ FK* : FK* 

>3334}*+ 153* : 15.S 1 

> 5472132 T ' T ; 33409,] 
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FK juW£oi>tt 5t> ji tXB S' npos pvy. rri tj VTt& 
KEF Tjj AE’ 17 Er elf a t rp 6 $ AT fjmjKei] 

AoyaF ?x ei $X°Y pry- cttci 

tJ ■J-JTrj. ZEF TpiVoP ouffd Trr^l^dt TtrpdEffi? 

Seif a, tJ vt?6 AET dpfNjff €<TTi jLi*/. ifeiVflftl pi5v 
<urn] renj 77po a rdji E tJ vvq TE\F rj dpa pjto A EM 
dptfijS ittrt icS^" ^ AM opa cvfltia rod irCpL 

tov kvkXqv lari TroApydjvou 7 rXw.vpd. trXtup&s tx nv ~ 

TOf £f\ i-nti qjJv 7} EF irpos TTjV FA iBnlx&V 
fmi^am Adyor fjfoiwa rjirtp fix°Y P lf Y> 

JAAa Trj$ juei- EF SittAt} 77 AF f ttJj Si FA St—WaiW 
17 AM, Koi 17 AF £pa irpoe rijv tou ^sr-ytuFow 

TTiTpIl'jLl^TprM- jLL£t£wfe Xayav TJTTCp H S^y ^ 7Tpd$ 

d __ 

M xat iimv rpmMma, xai vrrtp^xpwnv 

xiZ & * &7?tp rti*v ,S^oy Z/ iX&rrm sE £&riu ij to 
ZB bofiov* £Sfl7( rd flipAtJydi^if stc^J tow 

Stapdr pou €fT7i rpiTrXnatm* tent iXdrrovt fj rai 

ifjSSdjCtCp (titpet jLifL^OI- 1J TOP tfLrjfAop up* ff^jLteTpd? 

ttoAo pdAAow sAcidpxutf ^trrb ij rpurAcurupp fim 

J jULFjCUfi JK€t£wV, 

"‘Etrrco micAcw mi Bid/jerpu^ ^ AT, 17 Sc dird 
BAT TptTou tj AB djEHa ixpds BF iki&QQWl 

AdypF «^ct tj cv t arvn irpas ifrtt [?J Sc AF irpas TB, 
of 4 a$§ ~po$ i/rTr] + S/^a i] mo BAF rfj AH. 
inti o 3 f Imj eortw 7 } rao BAH ttJ dnd HFB, dAAi 
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*0 that EK t FK > : 153 * * (#) 

Again, let ZKEF he bisected by AIL 
Then [KE : EF —KA * AT [EucL vL $ 

so that KE + Kf ; RF - K A + A F : AF 

= KT : AF, of] 

EF; AF [=EF+KE:KF 

>fiS84j+£339} : i^3 P 

h> (7) and (B) J 
> 4673J : L53. 

Now since *Z¥. KF, which b the third pari of n right 
Etngle T hit* been bisected four times, ZAEr Is one 
forty-eighth of a right angle. Lei ZFEM be placed 
at EL equal to it. ZAEM Is therefore one twenty- 
fourth of a right angle. And AM h therefore the 
side of a polygon escribed to the circle and haying 
ninety-six sides. Since EF : FA Mas proved in be 
greater than 4673 1 : 15S and A F -SKX\ AM—5tPA, 
the mtio of AF to rise perimeter of the ^fi-slded poly¬ 
gon ts greater than [46734: $6. I53 t ur] 4673f : 1468#. 
And the ratio [I46BS : 467#J] is greater than 5, being 
in excess by 667j, which is less than the seventh 
part of *6?#| ; to that the [perimeter of the] escribed 
polygon is greEiter than three time* the diameter 
by less than the seventh part; rj ffirtiori therefore 
the circumference of the circle is Jess than 3i Limes 
thy diameter. 

L<-t there he a circle with diameter AT mid ZliAF 
one-third of a right angle. Then Afl : HF [ = : l] 

<1351 ^TSO* Let BAF he bisected by AH. Sow 
since ZBAH^ZHFB and ZBAH = Z,ll Al\ them- 

■ Srp Mnpm, p T 3K n. a t 
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xai ttJ ut7o HAP, Koi (n to H FB 77 J i mo IIAF 

€OTtV WCHJ. KU.i rtottrr) ^ VfTQ AHF dpfllj- l«J TfiiTIJ 



up** eSs ^ AH ■srpo? HT, tj PH rpor fl Z urai 
AT t rpn$ rZ. oAC cLf ij AF irpoy FZ f [*rat] 
<rwaittft6r€po$ t) TAB irpos: BF _ kqi <h$ 0uvup- 
#rep<*s npa y} BAF tt po? BP a ^ AH HP, 
Sti rtsijTo r ^ AH irpar ti^J [IF 

Adyoi^ €^ei ijir^p TTpip i/oTj ij S<3 AF ^rpos njv 

FH cAamoua ^ 5v ,yiy Z/ S' Trpir ^ us'd 

FAH ttJ A0“ i§ A0 a> h* TS flUTO; TT/JOff Tf]V 

BF Aoyoy 5^1 tJ av ;<V$ £l 8 ' F/wi-F ^ 1 T 

77 w ^aw^y irpdr 0 ^ itiartpa yip >SttiTtpa£ 5 1 y f + 

wore ^ AF Ttpos njv T 0 ij 01^ pioj^ S ya/ trpdj 

S2S 
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for* ilM'B==ZHAI'. And the right angle AHr 
com tmin. Therefore the third angle fizr is equal 
the third angle A1 M, Hut triangle A HI 1 is therefore 
equiangular with the triangle VHZ ; therefore 

AH : Hr=PH : HZ-AT : P2. 

Ar : rz=rA+AB:ur, 

Therefore BA + AT 1 HP-AH : HI’. 


|But BA : flr <1351 : 780, ns stated above, 

w hile AT: Bf =3:1 

= 1560 : 780 .J 

Therefore AH j HF [ =1651 + 1360 : 780 ] 

< 9911:780 . * . . ( 1 *) 

1 fence AF* : PH* = AH* + HP ; HI* 

< 9911 * + 780 * : 780 * 


so that 
Let ' 


reasoning 


< 908*331 : enawo,] 

Ar : PH <30131:780. . . . (Sd) 
FAH be bis eel ed by AO. By the same 

AO: 01’ [=AF + AH : TH 


<30t.lj+3fm ; 780, by (la) 
and (Sa),j 

: 780 

< T V ’ 5 ^+i i T \ ■ 780 

<1898 : 940 , , . . (3a) 

[Hence AC* : CO* =AP*+ FO* : HP 


<1693*+ 340* : 340* 
<3380999 t 57000.] 

Therefore AT; TO < 1838^:340 . , . ( 4 ^) 
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op. In Si^a 15 wo 0 AF rg KA ■ teal ij AK irpas 
TTj>M KT tAiicrcrora [apa^ XSyav 7) or ,af rrpiy 

£r- yap cKarfpa? m p'* tJ AT apa trpo? 

[T7]v] KF l) Of .rst? £"* TTpO£ tTC. Bljpl tj 

KAF ttJ AA- y} A A upa rrpos 1 [tt^v] AT iXdaaova 

X6yav £x* 1 V & v ra ,jl& r' Trpor £r* ^ Be AT Trpor 
< 

FA fAdacroivi tjf ra S' irpiy fr* draTmAir 

apa tJ wepL^fTpOi' TOU tfoAuyiyuOO wpo? rijv fitti- 
prfpar p*i£om Aoyor ej^i Tprtp p”rAr rrpds ,0i£ 
£'* <l 7 Tep tw ,j 0 J L S' pet^o^d (Wtlr ?J TptTrAtiOrWa 

ifai SeVci da'- *ul 15 irepipErpi^- apa Toy fr-ywi'&u 
too tv Tai >aVAep rsjf Stafierpov TpijrAaoicov 
Kal pc*£W tJ it m j - hat a j^yVAos Iti paAAo^ 

TptTAaoui>r cWf Kal pet^air tJ £ cm'. 

H apa tou JcthtAou mpiperpas njs Scofi^TpQflf 
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Further, kt ZlOAF hi- bisected by KA« 

Then AK : KV [-AT + AO : FB 

<1338^ +1 MS : 24, 

by (3o) and (4a), 
: 24£] 

cji-MBl* :-)^240 
<1007:66 , * ,. * (5a) 

[Hence AF* : K F* - A K* + KH : KP 

<1007* 4-fcP :C6* 

<1018405 : 4350,] 

Therefore AT : KT <!«>&} : 60 . . * . (Oa) 

Further, let Z.KAT be bisected by A A, 

Then A A : AT [-FA + AK : FK 

< 1009 } 4- 1007 i 06, by (54) 
and (6fl)j] 

<2010| i 66. 

[Hence AT 1 : FA 1 -AA^-hAF* ; I A* 

<S0I0i" + e^: 00* 
<4069fiS4^ : 4350.] 
Therefore AF : FA <£0i7j- : 60i 

and in \crltttdo [FA : AT >60 % 301 ?J. 

But FA is (he side of a pKjlypjon of 06 sides; and 
accordingly] the perimeter of the polygon bears to 
the diameter u ratio greater than [96. GG : ^017 J, or] 
0336 : ^01 Tji which is greater than 3]^. Tli erefore 
the perimeter oft for tjb-Mfkd polygon is greater than 
3times the diameter, so that a Jbrhori the circle 
is greater than times the diameter. 

The perimeter of the circle is therefore more than 
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tfiLTrXamAov lari ™t iXaouoit fiiv ij ij3£6f±tii pcpctj 
Sc TJ i da' jA£i£eur* 


F 

T 0 hlfhio? TTpoy TO <1770 ir^t S<Q fitrpQU T£ip- 
yojyoi 1 Aoyop qv ta irpof iS. 

'RoTnoj jctbrAofj o5 SiaittTpo? tJ AB, wat mpt- 
ytyptl^&oj Ttrpdytavoy to FIR jcat ttJj FA SpirAi} 
At!,* ipSojtov Si i) RZ Tfjs 1 FA- itrtl oeV to 



AIL 7rpa$ to A FA Adyot 1 ov Ka tfo&s 

T?po* Si to A E Z to AI A Adyoi" t d? fVri trpif 
ri F ? TO AIZ Tfpd^ TO A FA tcrrt^j X0 rrpns £. 

aA\fi roB At A T^rpaTrAdctdif con to FH rer pd- 
yojp'or, to Sc AFAZ Tpiyonm? rut AB KVK&m iot>v 
ctrriv UttgI* tJ jl«v AF «d^Toj unj cW* rjj itc rou 

Sc jSdotir T^f SkmcTpoo TJIMrAtto/otf 
*“ c £yy«TT<* mTfpfyoima ^J 1, o *v- 

kAd^s- our rrpds- to FH rtTpdywiw Adyrn' o la 

wpo? tS. 
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three limes the diameter* exceeding by a quant ity 
less than tht- seventh part bat greater than ten 
seventy-first parts.® 


Prop, $ 

The circle hears to the square nn the diameter the ratio 

11 : Ik 

Let there he a circle with diameter AB P and let the 
square I'll be circumscribed* and let AE =. %V£ t 
EZ = IPA. Jhen, since ATE : ATA=£I : 7 + while 
APA : AEZ =7:1 [Euclid vL J] + it follows ihat 
AFZ : ATA-as : 7* iJmi the square VH = * AT A, 
while the triangle APAZ is eqiiEil to the circle AH; 
therefore the circle beats to the square FH the ratio 
11 : 14. 

a We know friani Ih-raii* Metric** L dti (ttd. Schrtne firi, 
SS-IT), thlt Ajchimcdei fnndc a still efoftrr appfftfcini&tlnn 
to it. 'I "he figure* iti thj’ Oiwk n-xi nn- lmfortiinqtriy 
enrmpk but ji nLUJ+iblr- ennretion by nriben t.Vr?Pvii*i: 
Tidtfokrift for f iUAnt}i t 3 n S£r. Fa>t 1 - 3 ) would (jive 
the approx i eihlI inn 

frlHItiT ».*>*> 3WU35 * , . 

Ptolemy* %nfoxjV vE„ 7 (ed. Heiberg SIX t-5) f j^ives the 
take of win sexagesimal fraction* as 8 t --■ or 3-I4I& 

L I ’or AHZ : APA= I ;■ 7, amd A J "R : AFal - 

aia7 T anti thercfijM XVZ i AT A i \EZ \TE) s 

jVTA =33: 7. But the same remit Could br obtained 
hinn rdta bdy from Euel. ri. k 


1 11 Hlc locus r=rii, h .tagAftiraii mire confumu tra Tip¬ 
ton tribueadus, qui emu add kill, pratqivitm prop, d ct 3 
petmatSTil i ncqur enim Archimedes ha nr propodtlniiem 

ante prop. X qua nitiLur k posuit ” (I Id berg), 
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(f) SoLVTIONi nv IlitmEH CUBVM 

(L) 

Sjmp3. in 7 f ed. KtflliHri^ch 11*2. I j-i3 

"E&rw Sc Tcrpayoii'iff^QS kijkXqv, orav tw So- 
ff£vr% KUifXitt icrcfi" TCTpdywmv avtrrrjmopefta. tqutq 
Sc f Api<m?rcAiJ£ pcp p * tiy *5«JCfV f oihfu* 

mipa Sc rOiS TIt?Sayopefoif 

jSAc^os, " iLz SiJAof iorw ttsro t£v Icfroit rau 

0 u^ayflpfio y airoSftf^tuFj ?S Kartt BiaSo^l^ 

Tiu.p4Xa^€Y tt}v pi&c&av ttJf aTToSctfcwy. km 
Hot ipbr S^^acVp Wp^p^Bijs Eta tr?S Auttop^Sous 1 
ypapjLTjs kqu Ncic&ptJ£i?£ Shi CBu^s tct/w- 

yciiiL^oi-ar^ ffaAouptnjr KQt 1 AmjAAcS^a? Sio TtvQ$ 
ypaptpijs, ^ ttytos p.iv tfo^AtociSwsr eiStA^ijv irpotf- 

ayuperfct, i) uLrrrf St Arrty -nj Nttfo/^Bous# * ai 
KapTrosr Sc- Sta rivos ypapp%* ^ amX£& cV 
KUTyrtaK KaAttp aAAot re iroAAai imtirtAtvS ^rpa- 
jSAijpa k aT€CTKciJaaav/" iSs l&raptL 

1 Ko incanln^ cbii be cxtrfcdLrtl from AfKO^^Swr, w’hli'h 

Is chi oil k rft-ise unknown word. Th* wired read in# ifl 
probbly ckaattSw, “ aptrd'5-heped.” 
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SPECIAL PROBLEMS 

(r) SowmoN* hv Higher Curves 
(I.) General 

?3mplkr]lJ% Commentajy m Grtit wrier 7 % 

cd. KalL&kdL ill?, 15-25 

The circle is squared when we construct a square 
equal to the ^iven circle, Aristuths it would 
apjn-or, did nul know hoiv to do this, hut Lim- 
blicbus saves it was discovered by the Pythagoreans, 

as i< plain from the proofs of Sc \ his :lir“ Pytha¬ 
gorean* who received the method of the proof'from 
early tradition. And later (he says), Archimedes 
effected it by pir&m of the spiralshaped cum,* 
Nicomedcs by means of the curve known by the 
special name qunilmtri. r, Apollonius by means of n 
certain curve which he himself calls tisirr of" the 
t&rrhloid* but which is the same as N Scorned es' curve/ 
Carpus by means nf n certain curve which he sunpiy 
calls that arising from n dun hie motion f and many 
others constructed n solution of this problem in 
divers wavs/" tv? fumbUcbuft relates. 

4 Scsiu* (more properly SeJttfta) lived In the reign of 
Augustin (or Uberiiu] and there b no valid reason for 
believing the early PyrluLporeans solved Ihe problem. 

1 A n-li Lim^es himself in his bonk On Spiral *, which will 
tie nntiifd wlum we coinr to him, merely U*cfltfae spiral to 
rectify the circle (Pmp. 10)* Out the quadrature follows 
from Jhfififrnpuni of u Cirri** J'rop, J, 

4 Noth lug further b known of Apollunii^^ " sifter of the 
cwA/yftf/ 1 nul Until (fhG,. If. i. £$3) points out that 

ApnUonills wrofcr a treats- rin the flrtAffiU, or Cylindrical 
belli:, that thr subtangcut to this curve can be Used to square 
thr circular section of the cylinder, and that Ihe lianic is 
KUtTicienll v akin to justify Apollnniua in npcakiiue of it as 
thr 11 sister of the ®dUflidL l+ 

4 Tannery thought thU was the cycloid, but there Is no 
evidence. 
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(il.) Thf Quatlrfiini 

Fapp, CoU. iv. sa so, «L HolUch S50. 19 


CfrMfrtfCtfon a/ fAr Ct/rrr 

A". I".iff tov rerpaytmuapoi* ruu tftrivAou 7rapsX^tft07} 
riff vtto A^iJ/flOTpxTQy Njxo/irjSoyff ypa^if 

teai TIVWV dAAcov VUiuT^pan* utto tou jrepL uirr^v 

avpvrrw jLKtroff AajSovcra TouvapLa* KaXttrat yap i/jt' 
aimwi F T£Tpaydi>i-i^ot«sfa hrni ytVrcjw e^fi Tawiifr^F. 

1 Rx-h-ff iVflw Terpayaijw to ABF A sett 
Kivrpov to A t Tspufitptm yeypa^ffw /} BELA # teal 




*ii¥igffw ij ,riti j AU aJrwy i5ore to 
/uev£i^ to hi H ^fpeertfac. koto. 
^f>€ tai'j ^ Se hir Tra^xiAA*jAt)i 
AA Tip B ^pdpsVip' 

KaXnwVtiTtUt feat «■ lcoj 

ssti 


A 

BEA Trtpt- 
TR 
trura- 
juvdt/^dH] 
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(ii.) TAf HuadrulrLz 

Pippin, ColUction to, 30* 45-$?. 50, nl. Huilbch 
250* fc) 

Ojjit-Jrurfipji ( r Mm- 

3u, i' or the squaring of the circle a certain line was 
used by Pinos trat us and Niccmcdcs and certain other 
more recent geometers* and it takes its name from 
its special property ; for it fa called by I been the 
quadratris,* and it is generated in this way. 

Let AIIIbe a squares and with centre A let the 
arc UK A be do scribed , and let AB be so moved that 
the point A remains fixed while I! is carried along the 
arc IlkA ; furthermore let R[\ while always remain¬ 
ing parallel to AA P follow the point El in its motion 
along I3A, and in equal times let AH t moving tuki- 

- Hf'fiLh {//, G. M. L $25-2210 show* thtil the qaadratrix 
Was dEjtfoneral by Hlpplas and that he may himself hare 
LiiSicd it (though this Lft not absotutely crriatn) to rectify, and 
fco to square, t he d rifle, 

^ipov e In tin* h hs. was corrected by TorellL 
vol. I z S37 
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OjfjcnAt^f ttjv utto BAA ywviav* Touretmv ro B 
U7jfi€l0v t^i* BE A 7tipi<ft£p€iav, ksJ ^ 

BT rtp BA etrtfadv TrapoStv^Tw, tcji/Wotiv tq B 
VT}ti£iQv Kara ri}^ BA tfctpttidw* m^^iJercTai StJ^W 
rfj A A eti&tla Jpa 4if>app6t* iV ftfaT-epatf n}p re 
AB Kdi rip BI\ TotauTTjis yivopdmfs 
T^poutjt I' ilAAljAaS' (■' T?J pq. Cii BI\ BA evthtm 
Kura ti tnyfulav attl ^^c^tflruuMiP aiJrm^ 
oy (jTjfisfou ypdl^crat Ti£ tv rw ro^up 

T€ BAA e j.'ti’f ^ H*ji' ,Kal ri§s BE A ypapft^ 

tfffi ru &t/ra ktoZAij* mci ttrru' tJ BZli, tJ ftrat xpttuj- 

&7Jf tTl'CU SoKtl 7TpG5 TO Ttp So BtVTi KVtfAip T*Tpa- 
ytuvuv IUQV cJpetM* TO 3e «pj(**Oi' a. (/rip tnjpITTCi^a 

toldOt-o^ iartv* -qris yap av hm^B^ ru^ucra 
(TTpOtf T^V TTifH^tpttaV t lif vj AZE # IffTSi W£ oAl} 
tJ) 1 mrpE^epeLa Trpoy TTfr tvA p T} BA IT/KJ? 

np ZB' rotjro y«p cor Wp yei'tWtuf -rrp ypappijs 
</jui'eprn* imv* 

fytvwf’r CnViViJi/zJ 

iy(Fapeo7sijai St aimj o tuAayw? 

&*a Taimi. flp&VW ptV yip TTpa? 6 &OK€i ^p€l(/jS>|ff 
*lw vrpdyjtm, rafrr' & y?TO0c<7£i Aap^dvet* mw? 

yap Bumro^ Si/o tnjip£«in opfapAtav diro tow B 


fffwf hjv ~ * frq 4 wJd+ Hultach. 
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family, p tm through the angle BAA (that is, the 
point B pass along the iu*c BA) P and RF pass by the 
straight lino BA (that is, let the point fl traverse 
the length of BA). Plainly then both AB und BF 
in]I coincide simultaneously with the straight line 
A A. While the motion is in progress ihe straight 
lines RF t BA nil] cut one another in their movemetifc 
at rs certain point which continually changes place 
with them. and by thfe point there is described in 
the spare between the straight lim-s liA+ A A and the 
are BE A a concave cum-, such as BZJ4 P which appears 
to be serviceable for Elit- discovery of n square equal 
to the given circle. Its principal property is this. 
IF any straight line, such ait AZE, be drawn to the 
riraiiiitferriicct the ratio of the whole are to EA will 
be the same as the rit ; n of the straight line BA to 
Zt?; for this is clear from the manner in which the 
line was generated,? 

Spurns'3 Criimtmt fr 

51. With this Spams is rightly displeased for llnrse 
reasons. In the first place, the cud for which the 
const met ion seems. to lie useful is assumed in I Esc 
hypothesis* For how is if possible, with two point* 

m if A^=p, AB cf k then Like equation of Ike 

curve is 

|y_ _*i _ 

f P sin £ 

or trfi sin ^ = £<J^. 

* These acute yriticb.rn.h cif the quadra trlx as fl prnctiiral 
toefbod of hqunrinjc thr circle appear to he well founded. 
Sperm, ivbo ru.'t much uldcr t han I'appim hicu.^ tf. 
lived townfttn Ihe end of the third century a.jh. H t: complied 
a work called gMng extOiCb on the quadrature of the 

circle and duplication of the cube. 
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jrtvria&u, to jllcp tear* ciSttas ttrl t6 A. to 

KOTO, 7r cp [^€p£ -la 9 £771 TO A £!■■ tCJ(0 !7V^ 

airommerr^ffoi 1 jtiTj wp&ripQp tdv X6yov AB 

cGGftas 1 upas ttjv BEA Tnpt^ip*tap eVtora/tevw; 

tv yap to irroi tiA Aoy<p if at to tw tfinjcrtuy 

ctrayjnj JmE. esrfl irw? olois re ctl- rairoJftrra orijvcu 
Ta^Fjjxy aKplrctix xpi»p.eva > ttA^it cj cr Kora 
"or# toOto Be ttws ouk aAayar; 

errara ol to it dpa.% ai rrq§ tit ^pwrrai -pos tov 
T*Tpaywvu 7 }t&v tqv kvk\gv> rovriunv kq.8' 5 

T^rei fn}p.€iot r njjir A A cA&clov, qvx fuptWtTn. 

tJTi ttjj ra ileyo^'a 

Kataypa^' Air6m yap at FB, BA ^fpopcvai 

QVVQ.77QKa7aGTO.0wUW,, f^Qpp 6&0 fltliV 77} A A KOI 

TOjIJp QUKITt TTOijJcrOLWl^ £V EiAAtJAcHF' irai/erm 

yip ^ rap.?) Trpo T7j5 IttI A A i^apfwym rjirep 

top.Tj Titpas au iym no rrjs ypapp-fjs, kob o rjj 
A A £u&€i^ ertfreVtTTTev. rrXrjv ei ^ A/yoc rtj 

npQtjtKfi aAAo/iti'ip ttjv ypapp^ji^ (Jj 

vTtort(tifitda to* eftftgja?,, &i£ -rijs A A . tolVo B* 

oi/)f twtrai ratf ci^at^ aAA* cos- a* 

Xyi^SeIt} to H oTjpetav irpociA^pjwBy row ttJs 
: repL^€jpeia^ tt poj 7tuffricj-v Aoyotr. Be tdu 

So^rptii tov Aoyav toGtdv ou ypfji rfj twv rypoiTwv 
ttvS-ptSv Sofft mareyovraj TrapaBex^oBat ttju ypa/A- 
jUirJt pTjya^SKcjjrepa 1 ' ttm$ quvqy [#rai eiV ttqAAA 
irpo^Aijpara roif /iT^av^ro^ ^ 

aAAa wpoTtpov vapa&€Kriav tori to Bi 1 aGnjr 
BtEKfl'pfi'OL' TTpo^Alrjpa. 

1 tfajramopfitrier^i-ai GOEII£Clt HuLl&ctl. 

™ * * - jjitcrpdnlurl IrJhuLt Hultsch, 
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beginning to move from B t to make one of them move 
along n straight line to A and the oilier iking a 
circumference to Ain equal time unless first the ratio 
of the straight line AB to the circumference HR A is 
known * For Jt is necessary that the speeds of the 
moving points should be in this ratio. And how then 
could one* using unadjusted speeds* make the motions 
end together, unless this should sometimes happen by 
chance ? Rut how could this fail to be irrational : 
Again, the extremity of the curve which they use for 
the squaring of the circle, that is T the point in which 
the curve cuts the straight line AA + is not found. 
Let the construction be conceived as aforesaid. 
When the straight lines I'H, BA move so as to end 
their motion together, they will coincide with A A 
and will no longer cut each other. In fact, the inter¬ 
section ceases before the coincidence with A A* yet it 
was lhis intersection whEeh was the extremity of the 
curve where it met the straight line AA„ Unless, 
indeed* anyone should say the curve is conceived as 
produced, in the same way that we produce straight 
lines, as far as AA. But this does not follow' from the 
assumptions made ; the point I f can be found only by 
assuming the ratio of the circumference to the straight 
line. Bo unless this ratio h given* wc must beware 
lest. In following the authority of those men who 
discovered the line, we admit its construction, which 
is more a matter of mechanics. Rut first let us deal 
with that problem which we have said can be proved 
by means of it. 
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GREEK MATHEMATICS 

AppticitiiQn of Qttadratrix to Squaring of Cirrle 

TiTpaywyav yap mTOf ruv ARt'A wai -nfc ptv 
utpi to nevrpav to F TT€puf»cptm$ ttJs BRA, rijs 


Sc BH0 T^Tp^^rifoLtr^y tly TTpQ£ipvj- 

Ttttj SfiJCL^yrou, tJ AEII 7Tzpt<l*ip€La. Trpdz Tip 

Bl t'L'f^ UU’ f OlTTCOf Tjf Br TTpry? TTjV J 70 

*J W pjl /™ t irpis fonu tfjj F 0 

17 TTpos- ^Aaowra. 

Eoteu iTjDOTCjtwiv €t StTvaroi-'j 7TpA$- ptt^ova Thv 
I ]v r ft fit TTCpL xivrpov TO I ' Z H K 

ycypa^io T^jUPOfXra ypojipW waro to H, 

™ hrrifieTos 17 HA* ifcii r) FH tV T 

fhfSX'^aptu fill TO 2E. €7Tti cn5i' €EITLIi F <OT TJ AEll 

-cpifa'pe ca JT^y djy BP oihuis 1 } BF t 
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Application of Qvadratrix la Squaring of Circle 

If ABl'A is a square ami IVEA the arc of a circle 
with centre F f while UNO Is ft qiindratiix generated 
in the aforesaid manner, it is proved thnt the mlio of 
the are MB toward* the straight line it!" is the same 

as that of Hr towards the straight line TO. l'or ifit 

Is not. the ratio of I he arc AEB towards the straight 
tine BI T will he the same as that of Hr towards either 
a straight line greater than T9 or a straight lint less 
than Fi>. 

Lct it he the former, if possible, J 
straight line VK » find with centre 
he d rnw n cut ting the cum fit 11 T j 
diciilar HA he drawn* and let I li 


diieed to E. Since therefore the ratio of Lhc are 
AEH toward* the straight Sine EtF i* the snmc as the 
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T&yr*<7Tir ij I A s TTpQV TYjv PI^ £* ?y FA STpoff 
tt ^ 1 PK, tj BEA 7rep(^€jpcia ? 7 pG£ njy ZIIK TTtpl- 
f&€p£itLi' (-Cyf yap V} IkdfltTpO? TOV KVkXdV 7Tpa$ TT]V 
Sia/icrpor, ^ TTepK^EpEm rat* tcvteAov rrpor rr^ 
repiOfpetar) r tfnvepov on tmf iorlv ^ ZHK nepi- 
&*pt ta tj| Bf teal trrrtiSif fixa to 

iTTcup« TTjr tWiy apir t] REA rrcpt^epcia 

W Trpy hX oi Jnuf Br *p<k HA* *di ^§r 

?J1 K T7 7 1,1 HK irtpufrtpemv, oiktus 

^riiF €3J ^ fta TV)* r HA. KCtt i&tf ij 

ZiiK TTfpifapzux T 7 J Br nW*£a* Icrq dpa real tJ 

HR Tttpuptpna rij HA euflfia. ow*p dronov. ouk 

zpa itrrn- w ^ BEA ^p*(W« w i trp6 v dpr BP 


iArwffora. tfi 


■aroy, ctmu 








SPECIAL PROBLEMS 

rati* of HP, that is PA* towards rK,'nd the ratio of 
1 A towards FK the same os that of the arc REA 
towards the are ^Jj h (for the arcs of cfrrlcs are in the 
***** ratio as tin ir diameters), it is clear that the arc 
ZHK is equal to the straight line UP. And since by 
the property of the curie the ratio of the are BEA 
towards EA 1$ the same as the ratio of UP towards 
HA, therefore the ratio of SfMK towards the are EJK 
k the same m the ratio of the straight line BF 
towards H A < And the arc ?A\ K was proved equal 
t" the straight line Br ; therefore thr arc E E K 1$ 
flKo equal to the straight line HA, which is absurd. 
Therefore the ratio of the are BE A towards the 
straight line BF is not the same as the ratio of RF 
towards a straight line greater than T0 m 
S*- 1 *ay that neither h SI equal to the ratio of BF 
towards a straight line less than TQ, For, if iI is 
pebble, let the ratio be towards KF r and with centre 1 
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r it epi^pcta yzypdtfiOti} nj ZMK^ kqu t rpe? £p8ag 

77 J r A rf K 11 T(ti vnttra r^i 1 t e Tpo y oi v t£o 1 a v 

KUTii TO H g (TOIL ij Fll C HT^Jf 

ttti to E* ououof &?) TOtf trpoycypa.^fieicus 1 *W- 

foxier Koi ttjv ZMK 77fpi4*fp£iixv Tp BF wv9n^ 

Ecrjpv teat <bs -nrji> BE A irtpuf>ip€tay xpo? r^i r EA, 
tovtcWht' to? rijy ZMK TJpas r^r MK, cit ftums np> 
BP 7TpO!f TT^r [IK t tf ^UlrfpOt 1 Jri iff!) 

ecFTfii tJ MK ircpa^/pcui- 77 ] KH ctJSc^j, a?rep 
utoitojj. autc dpa coral oj? *) UK A 7T#pi^ep«Mi 

TTj-k 13P 01 TTu>S r 1 ) BP ff/Mf cAacrffOm 

PH. fSeifttflj Sc r>Tl oflfie TTpOJ jUCl^Ol^* TTpoff 

aprj TT^ P 0 * 

"Edti Be nal rofrro ^u'tpoi/ on ^ no^ 0P, PB 
evtfeuSv rptnj avoAo-yaj' 

torai tjj BE A 7T€pi<ft£pttq, M jfal rf TCTparrAaeriwv 
aoiijs' tjj Toy JAou kiJkAqu rrepi^e/jeira . f i3p ?^j otj? 

Sf TTj Toy KtPtfAou EcrfJS" ClHfeia? Ifp-oS^Aoi* 

dis «at cyrtp rco kv h:\ii) pfi&tov icroi* rcrpiywiwv 
awnfoa^cu- to yap 6ri t7}> 1 irtpifitrpov tqv 

KtlHXoV Kill T>j? ENT TOO K€l*TpQU 5(irAdot{iP EcTTI TOO 

jftwAou* tiy nir£Sci£cv» 


3 - TKI 3 BCTT 0 N OF AN ANGLE 

(a) Typo ok’ BEOMETjitf al PftoiiLEias 
Fnn* CrjO. SV. 3 l>. n\. Hldtreh 270 , 1 - 273 . I L 

A- . Tip 5o0e«ray yuji/utif fjjOirypafAfxoi' ft? Tpca 

£*ja Ttpuv m ttoAouk yecjj^cVpat ^cAiJffaireY rpro- 
prpmv S: aijtW Taidunjr, rpla y4vnj tfnifiiv flrtu 
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r let the are ZMK be described, and let KH at right 
fug^s to FA rut the quadrat rim at II. and let FH he 
joined and produced to E* In similar manner 1 1 > what 
has been written above, we shall prove abp that the 
are EMK U equal to the straight tine BP, and that the 
ratio of the arc BE A towards EA* that is, the ratio of 
J£MK towards MK>. is s the same as that of (he straight 
line BF towards IJ K, Frrnn this it is clear that the 
are MK is equal to the straight line Kil. which is 
absurd, The ratio of the are BE A inwards the 
straight line BP is therefore not the same as the ratio 
of itl 1 towards a straight tine less than F0. More¬ 
over it was proved not the same ns the ratio of BP 
towards n straight line greater than P0 ; therefore it 
is the same us llii- ratio of BP towards l 1 © itself, 

'Phis also is elenr, that if a straight tine Is taken as 
a third proportional to the straight lines 0P N FB it 
will be equal to the are REA, and four rimes this 
straight line will be equal to the circumference of the 
whole dicle. A straight tine equal to the circum¬ 
ference of the eirrli- having been found, a -square van 
easily lie constructed equal to lhe circle itself. For 
the rectangle contained by the perimeter of (tie circle 
and the radius 1$ double of the circle, as Archimedes 
demonstrated.* 

3. TRISECT!ON' OF AN ANGLE 
(ii) Types of Ci eometricae PimL£H& 

Pappus Colt&tu** h f + ed* Hiilbeh 210 + l-*;?, 14 

S6, When the ancient geometers sought to divide 
a given rectilineal angle into three equal parts thev 
were at a loss for this reason. We say that there 
* See jflgm, pp. 310-itJJ. 
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twv rv yetufitrpia xal Ta fjei 1 avrdjv 

^LtfSa, Ti Sf QTfptdf TO, S-l YpUfljllKi 1+ 

T, i ^fv oi/k tfiJicAgu 

Swfl/ifid Aptaiflai A c.'V olt' Sv CtKOTUff WL 7 T?fe T xal 
Y**-P t 6t’ cjV tupiaKtrat ra TOihvra irpo- 

fiXijpara yfww e^owtv A* i-nnrJBcp* nm 

Se Airenu ffpD/JA^aTa -rrapahapfiavQpJi'T}? «tf nip 

jtiiar TiAJV TQU KitlltQl* TBp&V n Kdt TrAtiWWUj 

c rrepta TaOrn HcK^rp-at + irpo$ yap nip imra- 
UKtmjv xpiiriaii&at a-rtpturv er^pdratv Art^avctfu?* 
St rah ^amtfaiir, ai-ayKciIo]. 1 - rpirav 5e Tt 
TTiPOjSA Tjl ^ca T< iJ Jr 1 iWoA^tTTt TClt to koAqiI^oof 

ypajifiitcSr ypa.fip.al ydp ircpai irapa rds tip*)- 
ptvas tt? T7}V Karan KrufjV Xapfldvavrai ir&iKiAfo- 
repay iftctuaai rip ytvnatv Hal fi*f}taapJvrpf pdXXov M 

■f ^TCIKTOTfjpCur ZTTllfHXV£U±i V Kffli KWrf&€UtV £TTt~ 

TrtTrXrypimiM? yiwtipwu, ramftrcu 5 c tiem 1 a' re 

*■' T °^ rrpoy intent '*(tu$ KoXovpdto Qtf Tairoij 

* uptax op fttn ypappal It fpal rt rourcu^ 70^iAt5- 
TfjfKit h-cii TroAAat to trAipof 6™ d^rmiJW tqu 
AAt^avSpcats iv Tdiy rpapfiiKals enrurwcm wai 
^flwroj rou I imvfwf AnrrAafcHJf TrAfirroftSwF 

TC teat ^reptny rrnvTaiwv Aft^ttl'Efahi C VplOKapt rdt 

TiroAArt KCU ^Ct Vp a .u r ft CfliUTtfijUttfl TTf^J t ''If/TG-F 

Hat TtK? avr^ urrq TtoV VttuTspWV 

ttittfhjmv Myov irAcuuus, pi n fhf ftf cf adraw 

Zerror tj k at tapaSofof lW tqu MckUou 

too if afroE yei^uj fTtpai eA weV fiVu^ 


* TO**" ™* ,*?** i ^^w-W n« ^ |ad n hich are ?ur- 
a er joci on Miifuu " (* t!jp , Hie cylindrical 

hrju) is n. tuwt point Eticlkl i^rott tfro books ttiidrr the 
title* 
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art.; three kinds of problem* m geometry, some being 
called pin fit r some solid, some jf/amr, Those which 
am be solved by mentis of a straight line und it dr¬ 
ew inference of n circle ore property called ptane ; for 
the lines by whkb mieli problems are solved have 
their origin in ei plane. Such problems, however, m 
are solved by using for their discovery one or more of 
the sections of tile cone are called solid ; for in the 
construe? Eon Et is necessary to use surface^ of solid 
figures, I mean the conic surfaces. There remains a 
third kind of problem called linear ; for other lines 
besides those mentioned are used for their construc¬ 
tion, having a more complicated and less natural 
origin 05 they are generated from more irregular 
surfaces and intricate movements. Among stich 
Hues are those found in the so-called rvrfact-foci * and 
ninny others more complicated than these were dis¬ 
covered by Demetrius of Alexandria in hb Unrar 
Considerations and Phi Ion of Tyana * as a result of 
interweaving plektoidh and other surfaces of all 
hinds, and they exhibit many wonderful properties. 
Some ef these curves were investigated more fully by 
more recent geometers, and among them In the line 
called paradoxical 'by Mmdaus/ Other lines of 

1 Nothing further is known of tllcw writers* un\ ess 
IJcmctriuH be the Cynic, CMntioaed by Diogenes Laertius* 
who lived about 300 nc., or thr philosopher *ha flourished 
in the time of Seneca. 

* MflttlfUJI l^uri^hol a.it. !fW and hbi name is pre¬ 
served an ft famous IhcOtvEii in i-pliriical trigonometry, 
i'rannery ( Jfriiimw mnt{|ffTrn JL b, 17 ) has Suggested that 
the cone eallrti paradorititi was \ ivtanl# Curve of double 
CNn-iituie* defined as the intersection of n Sphere with a 
cylinder touching it mlcmnlly and having for its diameter 
tbv radius of the sphere. El is a particular case of Eudoxus 1 * 

A I ppvptds (see in/™, p r 4l4j, and the portion lying outside 
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T€Tpttywju£oupeLi T€ Kai KofcA&ciSer? xai Kurm€Sets* 

boKtl hi mus to r oioGrav ov piKpov 

ffi-cu TQtf ytaifvtTpWXt oroi r tfftirfSav trpo^Xjj^X 
Oia TWV KcnliKOtV ij ?&V YpaflftiX&V U7TQ tivQ£ 
cvpiuKifraL, Kai TO avvuKvv £rrui* i£ dmxiiov 
Ai/^rm yivov^t olov iuriv to €v Tip nipTma tw^ 
^A-oA-ViiifiVjLf KatnrtKwv cm -rij^ zrapa^oXTjs ^p^ - 
pAtj/iu ku! Tji eV tip t Tip l rij^ fAutof vtto Apx i E - T jSouiff 
Xap^fxvop e^ ffTfptw cm *flftAw p 


the cums of the surfoce of the hanbphvrt on which Si lies 
i> i l|LL d.] In the M^unrv on the dlurnclrf or the splits : the 
fncl: thnl this (m-a ran be squared Is thought Id justify the 
imiiic j>c 4 roi/ti/hrsih An Aim hum iMidLli <m that MiineinilB 
jvpruduml in his Elrmtrif* 0 / .-Vichytos'B ^lutiun 

of I tic problem orduplbtii^g the cube iLneoLirltig the Inlrr- 
^rL’tinn of a. tore, cylinder and C«w) lehtE a certain plausi¬ 
bility lo the su^tiun lleuth* \L Lort» t 

L* tcimz* l'P- 5ifcl-JwG), .. . , 

■ lirtith hlentlfie* tlib? (. i^Uirniut 0/ Firgti taofvil-rabi) 
as Cotur* Tj 5!?p where Apolktfdu 1 Imtl- the- f«ft of the 
normals to w parabola pacing through a given point by 
constructing a recta n+ru lor hyperbola whose Intersections 
with thf purtiWn gfre Hie required point** Thr pet of the 
normal* could b* found in Lhr ca*e of the psrabok (though 
not of the dll|w* or hyperbola) by the intersection of the 
parabola with a certain cirrfr. j . . . _ , 

11 llie itfkb-nmptiori modi- bv AachtmedeA iiUpi w.\ntar 

0. 4) Is to the following effcetj the r«ileriint portion of his 
figure l*clng detached t 

If SA+ KM me two ciiordn of n drrb% meeting al right 
angles nl l\ bo Uu.L Et^I'A, then It 1* f»BS&k tadnv 
another LS incasing ^-\ in L such lhal IN =M1 

(or, as Archimedes rsprfc^i the matter* ft « lo 

tht tlmipH b'hi LS i^ual to MX vnd tmtanfa Kj. 
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this kind urc spirals and quadratics and enchlordi 
ji iid cissmds, It appears to be no small error tor 
geometers when a plane problem is solved by routes 
or other cun c-d boes T am In f?eneml when MJ P r °" 
blem Is solved bv up Inappropriate kind* In the 
problem concerning the parnliohi in the fifth book t*f 
the CWj of Apollonius a and the vi sing of a solid 
character with respect to a circle assumtd by Archi¬ 
medes in his Ihvdk cm the spiral * ; for it is possible 

In prenomh the I in* 1 KS ts drVn. k| hy the blersectlon 

of n hyperbola and a po|llwlR 4 a^ I'jipppi hill!^C-Jf &hpws in 



another place fiv.I Eultseh ^JS-SOfl), The particular 
awe where sA is A dlfildtiff blstttibg the chord KM in 1 
con l>e ^livrd bv plane methods* namely, by Efic " aptih^thin 
of anus"; the solution for ihe case wlierc IN 1* to lie made 
equal to (radio* of the circle) Id assutm-d by Hi^perrales 
In the fragment from Kudeinti* pn^erved by SirapMus 

, . B , . t 

Archimedes prves no indication of the «=ohiluon lie had in 
mind, but all he require far bis purpose lit Sts ytviiibiiti* ; 
and Lti possibility c-m W drmonblratvd wilhout Any |j»e of 
ConUs. For thi-i rtnsOfi Heath ( J'f\* II wkr vf AtchwwHw* 
df) ij a ink.-; that Archimedes U lo te«3#wd from Pappiue. 
a-rnjurc that he had solved * plane problem by*oUd methods, 
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yap ortpctjj fiurarot r to iffl 

ovtqO ypa^d/iow flewpTJjtia, A^yti fir? to rijv vfpi- 
tfrtpttnv tqv iv iSJ Trpthrr} ztepufropa KiJtfAou ItT7)v 
amfcZfat 77) r-po? aptfnr ttyapw] tv&eia ttJ €* 
r^i yfVfcrEw-? &»$ ttJf f^urrop/wj? r^ £At*or. 
TOtai/T^r Tiffs' fitO^opa^ TU4Y rrpoflhlfi&TWV 

wirap^aiKnj^ ot jrpoTfpoi ytwji/rpat ro wpoeipj^ 
pA-ok CTTi ttJ 5 - ywraif trpcijSA^pa ttj ^Wi crrtpcov 
urrap^oM fiia tiL^ cmire&wr Q^X 

ijutii? eupuxwff^' oi&iTTiu yip cu rou kwkw rociai 
owlets iJmw atVroZf* nat S*a toutg ijn-opiyrav' 

utfreptu- 1 poTai Std r^v h{ji>rw:cut h 

yetfVtOF f£ff €vp£tnv rjj utto- 

yeypajap^vjj vfwa, 

(A) Solution by Means of a Verging 
/frpU iTj 3S + eo. cd, Hultf^h OT. 15 h?T 4 i 
napaAA^Aoypapipoti' Bo ffcWo? dpJbybpyiav row 
ABTA Krai tJf^A^flefcTjs r^r BF > Jkov tOTiy fit' 
ayaydvra t^y AE ttouZv rip* EZ tv&ciuv httji 1 Ttj 

fio^iarj. 



FeyoriW, Hair-air EZ, LA irapdAA^Aai ig^ftwaP 

352 







SPECIAL PROBLEMS 


williGiUit using anything r^di! Eiml tli*r theorem 
stated by him, I menu the * hwv-m proving thut the 
cireumferenee of the circle it-i-lic fir-.t turn l s enjiml to 
the straight line drawn pt (Szht joules to the initial 
line to meet the tangent :ci the spiral r * Since 
problems differ in this >\nv.-. tht.i earlier geometers 
were not able to solve tl* ^ir^montiorud problem 
about the ntig]e t when the? flight todu w- by means 
of planes, because it is by -'i attire ■olid ; for they 
were not yet familiar ivil h i v* sirt-tinn* nf the eone, 
and for thb reason were a lowy, Later t however, 
they trisected the angle fy mtj^s of the conies, 
using fn the solution the ^^ng 1 described below. 


(i b) SoLVTSQSr UV M= V'. or a V r Ki»tsco 

;^pW. IV- SH, (Mi. ^1. |l:HN li etJ. 15-^1. i? 

Given a rigbt*angled ARI A, with 

ni 1 produced, let it be reqa to draw AE so as to 
make the straight line K£ fc^il ty the given straight 
tine. 

Suppose it done, and let AH* HZ tye drawn parallel 

■ Archhuedo 1 enunciation I \M** 1 st El *a 

£W.r Tftf O' Vfl ir^hiffl ™*4#^ ptWtrt rfOUjui 
^sngtawj JCUTTI TO T7«>u* rflF ^ O^iLffru, <3 ffJTir 

™t i.Wi-DT. 77uT* OfifliiT W r*i (Sp^rf Tfif 1T€p*iWds. JS 

d\l^[i£m cft'^TT^Mtrill rq Cfti 4 jlSStia rat 

*Vjiiat*1«Ja ? tfaa Tttf ELjpjpSr xfif fra frauruL t£ tcieJ 

wsfcA&ti 

* Is i* net, ill fact* ftrCt-.r*lf that the parnltdo^r.un 
shunfil be right-angled. 
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a* AT!* HZ, i ofiv Sofetfri «mM sj ZE *>r«l 
tony Jertfl t?i AH p Bo&tlaa Spa im* q AH, «al 
Softer to A ro H Jp«i Trios' $£a*i kvkIuiv irept- 

Kal cWi TD L'TTO Bl’-i K 3 t ^CTTtF 

LOur TO! V 7 TP BZ* EA f upa icai TO VTtO BZ 

EA| Tl&LifTCOPTt^ TO liflo BZH- TD H ftpa TTpdfi' 
mrcpjSoA^, aAAd xai irpar ^saet kitcApo ircpt- 
+ oo&ly dpa to H* 

I 4 «i, iv. 3 S. 62 , HulMi * 74 . 1 ^* 76 . !4 
Atj'. AeS^iy^iA^oo St) tpotou rpiya t^*v*to* tj 
BoSwum ytp^a. tv&uypntiiLOS qvtujs. 

Totcp ydjp ofeta ij tr^o ABI\ Kal airo 

TtVQS crr^jH-f iqu xd&tT&s rj AT, xal mp- ttAijjCnjj 

toij FZ TTQpaAA^Aoypa^fiop 15 ZA ftcftifiA/iuBw ihrl 



TO E. h-ai TmpaA^^ypd^ou on-pff opfloy^ixou 

tou FZ pffMjtfpj prafi; rwi? EAI ei 1 ^^ EA 
vtvav&n (iTt to B ccnj tt) StirAacr^ Trjf AB (toDto 
yip tor SuvtiTor ymcrffai wpvytypajrTai)' Atycu St) 
ori Sofffi'qTjfS' yPii-tas rijr virp ABl rplrov 
fit pox ifrrlv 17 wire EBF. 

SH 
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to EZ, EA Since ZE is given and is equal to AH, 
therefore All Is also given. And A is given; 
therefore I ! is on the circumference of a circle given 
in position. And since the rectangle contained bf 
BT, TA b given and is equal to the rectangle con- 
tained by HZ, KA [Eud, i. 4 S], therefore the rectangle 
contained by WZ, EA is given, that is, the rectangle 
contained by HZ, Ztt fe given; therefore H lies on u 
hyperbola. But it ts also on the circumference of a 
circle given in position ; therefore H is given." 


/W<f. tv, Stl. tii. «i, I lultach. 274, la-A'U, 14 

sa. With this proved, the given rectilineal angle is 
trisected in the following manner. 

First let ABF be an acute angle, and from any 
point [of the straight line AB] let the perpendicular 
At' be drawn, and let the parallelogram TZ be Com¬ 
pleted, and let ZA be produced to K, and inasmuch as 
rz b a right-angled parallelogram let tlie straight 
line KA bo pluced between EA, AT so as to verge 
towards It and be equal to twice All—that this is 
possible has been proved above ; 1 say that Elir is a 
third part of the given angle ABr. 

■ The format synthesis then follow* U Pappus b. ST. 
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yap EA St^ti ti£ H t w cu eVeJtt 
^ AH' <u rptty dpo cu f All, HA* HE iCFo i ri&ar 
SttrAiJ a pa >5 AE AH* ctAAd kq* ttjs AB 3utAtJ 

tmj apa iarlv ^ BA xij All p tfai 15 ui to ABA 
-rfj V77& AHA, ^ Se vttq AHA BtTrXama Tvjs vrrd 
AEAj toe^tcoti.i' ttJf foo ABF' Kal 15 vrro ABA 
apa BittAtj fan ! 1 rifjj vtto A13I . k<h edv tt)v fco 
A BA Sij^a TfftajytfP; iu~ttu ^ ibu AIM yaivia. 
Tpix a 

(e) Dinner Solutions bv Means or Conics 

md. iv_ 13. er-u, m v «a. iwtedi sak so-sw, so 

^4,y\ Kai dAjWr rigs SafoiVr^ rfepi^fpcLaff to 


* We may rasUy .si low with Heath (JAG. M.i. how 

the iohltkin of the Hr&Jir is eqiitvalrnl to the saluttda of a 
cubic quitiun. If in the danmuiiyln^ itfcur* ZE* ZB are 
tlie n*eft of J-, V respectively* Anti 3$A = n< zii A, the point 0 
jriviuit E ti drteriuinrid the Intenu'dkm of the dftrle 

(»- nj a + O-tF=!(«■ + &*) 

and the hyperbola xy 

By elimiJVitirL|T r from the*? «jUAtio&f we may obtain 
(y * ^ - 3V- &**¥+ o^=CX 
One of the of interaction of the drelr and hyperbola 

Is therefore siren by y = - h k x *- a. 

The other three are determined by the equation 
y - - &*y*- ii'y + u^ = 0 P 

BM 
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For lot EA br bisected at H, and let AH be joined; 
the three straight line* AH P HA, HE arc therefore 
equal ; therefore AE is double of AM> But it Is also 
double of AB ; therefore BA is equal to AH, and the 
an^le ABA Is equal to AHA Now AHA is double: 
of AR&t tJwtt U, of ABE ; and therefore ABA is 
double of AI1I\ And if we bisect ABA* the angle 
A BI + will be trisected r a 

fej Direct Somrmfi mv Means of Comes 
fbifi. Sf, 43- ftfi* Hultoch *60- S&“2£4. 20 

4^, Another way of cutting off the third part of a 

4 

If jlABT = so that lan fl = - t 

t^ud t — tail ABT* &o that V 

then flM - Su*r 4- - O 



i, Ph Eir 1 - 3&T 3 - 3ar + fr=0 

wheat* ^0 “ 3t1 ) = ^ r " 

c b_%*~ r 5 

wid tflu 

Accordingly. by a wrlhkaown theorem in trigonomElry, 
T = til a 

and :.A3T U trisected by KB+ 
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TfitTov a^KupfiTcu ttJst wyww?* S*A 

OTf/KOi? TQ1TQV TOHH?ray t 



0fVci tj Tfiv A, F, mrai iitfq Sq^^vtwv eV 
a orris rt2u-' A p F irairAfkrtftd ^ ABE SwAmui^ 
TToioutjfL Tip T/Trr? AT B ytuf p iar ttj<t o?ro 1 AB f 
on to B jrpos 1 t!>tr t pjl5o AxJ, 

# H^Sai Kfl^fVpy ^ RAj ,kgu t*J 1 A -unj airfiA^^ 
ij AE- fV^eo^etaa dpa tj BE iotj trrrtu rjj AE* 
K€tafia* Kal -rfj AE dOTjl 7 } EZ* TptTrAaota apa 7J 
FZ Hjj FA. IcTTtiJi rfal ij AF ttjs 1 rH TptTrAwHl" 
e'trrm Sij So#<V TO KflU Apt7rrt AZ riff HA 
rpwiapta. koI €tt£i TtSi 1 dffp BE, EZ yTrepo^iji 
etrrn to dm BA* fcrrir St tfat to vttq AA > AZ run* 
uvTwv viTfpojpJp tcm!n apa to ™ AAZ. Toi/r^ariv 
to Tptf tmo AAHp ifruy n£ dm BA r ttpos vw^p^oXq 

a pa. to B, irAaym piv too rrpoff afoi^ cuSoo? 


* For bv the equality of tbr triwn^Ses BEA, Rf^X we Jwvc 
iJ&E r - , fens = 2 U\\t l#e hxpvthti o. But -i BBT = t FAB 
T i~ ABE, 

Tlkere/urt t. TAB - ^ ASH, and bo BE = AE. 

> i.i. nine* rH = JAI' End ra - jr£, by auhlrMtion,. 

rH- ra=i(Ar- rz», or ha=4\z. 
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given arc is furnished, without the use of n verging, 
by this solid locus. t 

' Ijct the straight line through A, F be gt™ Jn 
position, mid from the given points A ,,T upon it let 
Alii' he inflected, mating the angle AFH double of 
TAB ; I sov that B ties on a hyperbola. 

For let ISA be drawn perpendicular [to A1J and J« 
AK he cut off equal to T'A ; when HE is joined it wiU 
therefore be enua! to AE.« And let VA be placed 
equal to AK; therefore rZ = SrA. N°» l«f 1 J* 
ill need equal to JAI‘; therefore the po,nt II will be 
given, and the remainder h AZ will equal ,iilA. 

Now since * BE* — KZ* = H A a . 

AnA liE*-EZ»-AA . AZ, 

therefore AA . AZ -BA*, 

that i* 8AA * AH = BA*; 

therefore B lies on * hyperbola with transverse axis 

■ The ttAMHllnff h=* Is much abbreviated, <mtl in full 
nifty be written as fttltows t 

HF" 1 - EZ a = BF" - EA S Iirvet 1 KZ l>S *r kj^poikiti) 

-IS* (KucLi-4T) 

NW BE 1 - EZ*=A£' az 1 (since BE w proved «q«»l 

to AE) 

= AA , AZ (EutL 1L S) 

AA - AZ =BA* 

3 A A - AT 1 B A a (feirtW AZ was proved equal to 311 A) 

A HA 1 s AA . AH»St I 
3 All 3 
= All 1 5 

b H» oft a hyperbola with tnm*i*M* *ds AH *nd 
conjnpie mss 
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AHj, 7} np&ia. TpnrXa&l a ttjs All. «ru iftayepov 

on TO 1 ftITOAn^lj3ar€l 7Tp6<? Tl} H KOpV^fj 

■HJf to^s t7)v FH p'ffHci' Tijf irAayui£ rou 

fiSavs TrXcvpiit tt}$ AH. 

Kat ij mh'Sems yap ttjk AT 

re^frr £r>ar« SittAhuiW n) i- AH ■nj? HF B *™ 
wtpl a^om rav AH ypaiftat Sta raa 11 iWp/SoAi^, 

opBui toO ftSoLv rpiwAoffta r^f All* 

Scun^W wataikrtx* a^ir to^ cl/nfpAiw 
SiTrXfiatov Xoyov raiir yamdiM* teal on riJ? BdAe/ot^ 
JcTJ^rAe-f TTtpf^fpgm^ to y' aTro^iwc pi/pos ^ toutqm 
ypn^^f fri rp&ffov (rrf^o^ tniv^Sciy pafiiov 

Tatv A p F mjijtif*4ur mjKfriifM rijff t?Ep^ept&cc £• lwo- 

/J'* ^ TTjy dvdAumv tuu rpt^a rtpxw 

Tr i v y&viav :} irtpi^epnav i£i&*vr6 tjvcs Sv€V ny: 

^ ifldi ti>£* ttfTW 3c £T7i mp[^f|3ttaf j Aoyof- 

ov&cv yap Bta^psi ywnai/ ^ ^£pi(f*€p€tav T€f*eZv r 

Ffyflj^fTfiU St| ( wni Ttj^ ABl Jfpt^Epe/a; rptrui? 



oTreJ#^ ^pos ^ BFp K*l iwwinfx&w » a J 

AB P BF # FA* StiT^afftajr <spa i} ltt<> AFB HJf l^J 
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AH and conjugate *jd$y$AH* And it is clear tlmt 
the point I' cuts off at the vertex H of the [conic] 
section a straight line FH which is one-half of the 
transverse axis AH, 

And tbit synthesis is dear ; for it will h c required 
so to cut AP that AH is double of HF, and about AH 
os nx is to describe through H a hyperbola with con¬ 
jugate axis V§AH, and to prove that it makes the 
oforamentiHini d double ratio of the angles. And that 
the hyperbola described in this manner cuts off the 
third port of the arc of the given circle is easily 
understood if the points A t F are the end points of 
the arc. 15 

41. Some set out differcBtlv the analysis of the 
problem of trisecting an angle or arc without a 
verging. Let tin' ratli* be upon an are ; it mnkt^ no 
difference whether an angle or an are is to be divided. 

Let it be done, and let BF ( the third part of the arc 
ABf, be cut off r and let AR* BT, FA be joined ? then 




* For Irt Q be llie centre of a eirde of which AT is an 

arc. Lei AT be cU- 
7jfh.1L at II so that AB 
= *HT. Let the hyper- 
Win be constructed 
which lift! AH For 
tjnnwrrs* axis and 
ys AH for conjugate 
axis and k-t thil hyper- 
bold cat the nrc of the 
circle in B. Tbm by 
F&ppin'i pmpr*itifin + 

lBTA=SlBAT. 

Therefore their doubles are e^utd. 


^DO A ^ 9 dL_POr p 


and SO OB trisects the anglr AQF and Ihp are AB. 
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BAP. Tfrj4ifarfifr 8*™ ^ ikfo APB PA, KQt 
oi AK J ZB j taij apa ^ AA rfj AT, &trrc 

HUi A III Tjj EF r ilpct TQ b, £Tt€l DU|’ 

tir 7; AF frpfe PB, a irrws n A A Tipos AB* you- 
Tttrriv tJ AE wpfc EZ, finAAif d^a e<rrty tij 
i5 PA ffpdj AH, BP T7pif EZ. rSc ij FA 
T }} AH' 5*tAtJ npa xtit 1 } BF TTjiv EZ' t€ rpa ttA dtitor 

nptt to dvrfy Bl j ToyriWiv ra iffo tufv BZP, rou 

cittq nj? EZ. 0 S# B 60 Soff/rra iarlv rd E, T t 
teal ap&Tj ij BZ* mil A dyas iarlv nC ana EZ tt pa$ 
ru otto wvBZr, TQ B Ipa n poy {mepfioXj}. dAAd 
teal irpd? 0eW 7?€pt$£p$iiy BoBlv d/ja to B, iad 
71 rnwQtuts iftavepd. 


/ Thu ration Bi =iBZ Mkus trmf B He* On a hypcrbpli 
wjlh fix i A, F, dinrctrix lij<. and r^qtrioJty 5?. J Pappus 
prwi-ds So turJl thb into the n^Lnl ferns ££*: DZ 1 - ZH 
= I = * vrliich vm more commonly used by the Grtx-k^ hi 
f - H. thrre art only two other eift&nl piswipes k whkh tk- 
fth-L^-dinrclrli property is used One of them U iko civen 
hy Pappus (nfL. «L Hultsch ItoMOU). who th<-rr pruTed 
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ZAFE=2.AHAi\ Let ZAPB be bisected by TA, 
Hud let AK, Zll be drawn perpendicular; therefore 
AA is equal to AI\ so that AK is atsft equal to EF; 
therefore E is given. 

Now because Ar : FB=AA i AH [Luc!, w. 5 

hAE ; KZ, 

therefore alternately TA : AE-BF : RZ. 

Rut I'A^SAJi: arid therefore Rl’ 2 LA; tlu-re' 
fore BH-iEZ*, that is, BZ* + Zl' 1 = 4BZ*. Now, 
since the two points E, V are given, and BZ is 
drawn at right angles, and the ratio RZ 1 : UK*+ 41* 
is given, B lies on n hyperbola. But it also lies on an 
»re given in position ; therefore fl is given. And the 
synthesis is clear. 0 

ffrni-rallv that “ if the distance of* point (wnt a fiitd twin* 
Bln a given ratio to its distance from a fised line, the locus 
of the point b a conic wctfcn which b an ellipse, » pan h.i* 
or n hvpcrbot* according as the given alia Is lew Uwn, 
equal to, or greater than, unity. I hf P™.* f >' among n 
hUuther of lemma, lo Sit Sur/W for" of Euclid so prr- 
«i,ruah]y the focumUrTctrlx property was already well 
known when Euclid wrote. 
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Ariaiot !'h*- £ o, b r, - io % ia 

, Zt 7 iw S * irapaXoyitfTai- ei y&p del, jmriv, 
W**«f if&r ij HirdTtu 1 J-uj,. ,} K aT i ^ £o 0t , i 
S ’ x «« rd fepdfixvm, iv ta> m', turu^roi' njv 

efi-at Jkjtov. T*stm> S' to-ri iftf S&os' ov yap 
<tyy«*irai 6 jtpWf ix r&v Vw <rmv dStaipirtiJV, 
Ui&Tfep PI'S riAAp j((y(So[ oiS^k. 

1 tTTvptf S’ ftuii' o\ Xoym iTfpl Kurfatcut Zij- 
ol vapd^yre; riy 5uoxflASa F roTs Xvouatv, 
upwroi* pen a iff pi t at prj ntvcialfai Sid to ‘nponpov 
TO x 7)fU<Ttr fee To 'fcpdptvQp jj Tvpo$ 

TO T<Aoj f T>€pt av SiflA QfifY c I‘ TOiS 7TptT7(pOl r 
Xiiyo tf. 


nl!H& u ? u Jl l bnektt ^ *•"*«■« nnd he is followed iiv 
*L 0 *; '* B " n ^ '<> m *< Willi sufficient rcMoa. Diels, 
followed ™y ttn '’ the unnecessary addition of vj&fr at 
th f? The P^pe fc" it Halids Is 

r„ -^ rly r l ’r!I ’" 1 BwhwJtlSifcf d* phii.t.ophit 

til •r”If * A mwftmt, p. H) „ml by Heath 


„ L? ffyj f ®2V*h° ts wiprenentcd by F lulo (/'a™, 1ST t| 
^ £■**■** ^h™ Smites ™ n “ very yi.unjt imkd rt 

.ff J hi fi n ' t ’ J ' *“ 11 di *<5p J « of Parmenides, The object 
S.I.m.l "T’” 1 "' 1 ' mr "^ n - hem reproduced from 

dodrinenfTh^.^ Ti “"‘ l h “j"' r ^™ tic>f » o{ Parmenides' 
doclnnr (if the unity ul beinn kd to seif-conlradiefory results. 
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Aririatfct A 9. 23ft b 5-^ iii a 19 

Zsno' 9 argument is fallacious; for, he says, if 
everything is either at rest ur in motion when it 
ocnipies a space equal to itself, while the object 
moved is always in the instant, the moving arrow Is 
unmoved. But this is fake; for time is not made tip 
of indivisible instants* any more than is any other 
magnitude. 

Zeno has four arguments about motion which 
present difficulties to those who try to resolve them. 
The first Ls that which says there is no motion because 
the object moved must arrive at the middle before 
it arrives at the end, fc concerning which we have 
already treated. 

A vast literature has grown round these arguments, but the 
Student will find mralhripln W + IL Rom* AriitotU's Phygiet* 
II. D. Pi Lee. Z*nv and Heath, //,(A M. 

L 271-363, 

^ Xot only hru it to pass through the half-way point, hut 
through half uf the remaining half, and so on to infinity. 
If a la the length of the course measured from the goal, 
then the moving object before It reaches its goal has to poM 

through the points ^ j| - * - ami so on through an infinite 

*erka which cannot be enumerated. Aristotle’* answer in 
that Mac moving object hoa. Indeed to pash through an infinite 
number of position*, but in 0 finite time it ha* an infinite 
number of mutants in which to do So. 
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*Aid tfeu o ZijL'iLuro? Adyo^ ^-cuSof Aa/ijfJaFft TO 
/it) ^I'cV^CCftW ra fLTTfipiL tIL- t} TIOF 

aTretjpwp fKaoror tV ircircpaffjtimp ^pd^i 

BlX&S y&p A/^TCU KCli TO piTjKQS *T<U O ftpoVOS 
d^rcipoi^ Kai o&txis irav to miFf^cs 1 , ijroi Kara 
Siaipeotir yj TO is' CO^iTOtJ, T<OF fiiv oov Kora TO 
ttoo’ov airc^KoF oJk ci-Bc^cTai Vfwritm A* i7c~ep£i- 

aprVcp ^jP^Vco,, tojv St Kara Btalptmr T0U+ 

Kttt yap atJTOf e j£pdfo£ pittoj? aTrtipos, djorc 
fF Tip Anttpip Koi QVK £v Tip TT£1T+:patroltvtp 
jiSaiWi Sif^Vai to aTicipor, «rcu armLO&ai twf 
wrrztpwv tqls an*Zptn$y qu rats TttTtepaaftivots * 
Acdrcpoy &* d KfiXovpcvo-i T A^iAAcLfj j eon £* 
ojro&^ oti to ftpa&A totof ov&£jiote tco.juA^Oj'jaeTai 
Otvv diro rot? ra^tWou’ ipirpoa&tv yap umy*<UOV 
iXiftlV TO $l&KO F* Q&fl* tiLtpp.1fG£ TO (f}€Gyoy w (Jc7T P 
de* n 7ipotx* iy dtayKOtoF to fipmvr€pQtr t Itm 
Sc Kai o^ro? d aurdf Adyo? t<£ SijpTQ/icTF* Sia- 
S’ eV t<o Biaipetv p. 7 f St^a to Trpoo'AtipL^ara- 

J&ctof jityeflof, to ^cf olV jrx^ KaTaAapjSd re(rtfai 

to ji^paSirrcpoi' cRj/4jlj€y3>jKti j «V rod Adyov, yiytcrcu 

Sc Trapa T«i*rd tt} Si^ora/aa (cf d^^OTCpOCS yap 
FC4 pij d0cjfi^uT^ai irpoy to wepa? Statpou- 

■ The l>c^wi*n the asterisks. to which ArUtotJc 

srfcrs the reader* h J%i* Z ?, 933 h ^l-^l nnrt Is reproduced 
here for convenience. 

* ArL^d^iA^uftitlit h CoiTt-d. The AMlIfi h a. more 
Frnrrul form of the If the speed of A chi] le* is 

* Hines thni of rhr tortoise (we learn from Thcnjistius 
niu\ Simplicius that the tortoise WAs the object pursued)* 
nlkd Ihe tortoise stalls a unit ahead* then when Achilles 
h*4 reached the point where the tortoise started the 

sea 
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* Zeno's nrgtimynt makes n false assumption In 
not allowing the possibility of passing through or 
touching ms i m iIni to number of positions one by 
cmr in a limited time* For there arc two senses 
in which length and time, and. generally, any con* 
tinuum, are said to be infinite* either in respect of 
division or of extension* So where the infinite is 
infinite In respect of quantity* it is not possible to 
tnake in a limited time an infinite number of contacts, 
but it is possible where the infinite is infinite in 
respect of division ; for the time also is infinite in this 
respect. And sn it is possible to pn-s through an 
infinite number of positions in a time which is in this 
sense infinite, but not in a time which is finite* and 
to make nn infinite number of contacts been use ils 
momenta Are infinite, not finite,* 41 

The second argument is the so-called AcJriile *; this 
asserts that the slowest will never be overtaken by the 
quickest : for that which is pursuing must first reach 
the point from which the fleeing object started, so 
that the slower must necessarily always be same 
distance ahead. This is the sainr reasoning as that 
of the Dichotomy < the only difference being that when 
the magnitude which is successively added is divided 
It is not necessarily hinted,* The argument leads 
to the conclusion that the slower wilt never be over¬ 
taken, and it is for the same reason as in the Dichotomy 
(for in both by dividing the distance in some w’ny it k 

tortoise is J ahead = when Achilla has reached this point 

fl 

the tortoise is Jj ahead ; and so an to infinity. Putting 

n=£ Wf pet ihr special conditions of Lhe DirtintoTny. Holh 
argn im-Ti is emplubUEt I fml to Ira TrtM a. finite dktanew nieaus 
passing through ah KnhlfiEr number of positiaiu, 
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fifyov moy Toy peyetW?' oAAa npoaKfirai £v 
toutw ort ouSc to t(i^[otoi j rcrpayoiB^peVor £v 
toj Si<£jf€iF to ^puS(fraror) p <Sot' drayif^ *aJ rf^v 
XvCxf that -rip* ayTifjF, to S' afioiJv art to 
oi3 icaraAa^ctFtTa4 > i/Wt-Soy ore yap vpo^gft, ou 
aAi-V o^ti/r jc-riToAcip^SdrcTat, tt~ 
TTfp OtjuCJii 4 j£^l<Tu{ TTJ1' TrCTTepaapen^ 

Ofroi oi^ a* 8Jo AJyOEj rpETD^ fi T d yQp 

prj&tii, oti tji mordr ^po/i^Vjj ctmj'rt.-fv, cup^dtrci 

Tapa to Ao/ipaiitU' tof t*t 

*rwv vBv m f£ 7 j SiSojiitVou yap tol'tou ay* iVeia d 
pyAApytopd^ 

Tcroprar S* d iTtftl TwV tv Tip tTTiihtm kivqv- 
peV'c^r e{ dramas 1 EbntuiP oyKtav trap* ioatf$ a Hwv 
plv arfQ reAous rod oraStW tu# S* Atto peVo^j 
racp m^e*, dv <p aupjSaiWtF oimu liaoF cfi-at ^pdroF 
Ttp SitrAacrfw tof rjfumrv. t&Ti S T A irapaAoyiopJs 


* Arhfclk* OTcrtiitrs the Im-tnlsc when he bu travelled a 
fl b t ia PB 1 + ■■ + ^|+ * * * ad !*/■ 

This is a fqmeitfM wha&e sum is —— * The oneU-nts 

fl — I 

did not know how to sum ail infinite seH<^ a but they knew 
that Adiifira would cutch the tortoise and that the problem 
ptflvf^r um&ufaado. 

1 E -AOht-lier (Jiff uf d* r n rVopA H v>iffW* #* <J# f&Prab, SVhi.. pj>. 

34fi-347) and Ko** ^spkisji tjyfct i^p raw fiJauu mram from 
the lunuiijr jKnnfc in the double ecursit or &at*Aotf. The me*? 
was from the t 4Ms to the p/par nod back a^in to the- WApj- 
On Ibis interpretation it is mMisihle lo Irnnsklr easily and 
naturally. Gave* the Oxford tramlafne* and 1^, who da 
not qgrapt thk intcrprctsLlijun, tut bdkve t* jinVai 1 to refer 
S1Q 
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concluded that the goal wil I not hr* reached \ but in 
this a dramatic effect is produced by living that not 
even the swiftest will he successful in its pursuit of 
the slowest) and so the solution must necessarily he 
the same. The claim that the one in front is not 
overtaken is false : for when In front he is not indeed 
overtaken, but he will nevertheless be overtaken ifhc 
give his pursuer a finite dLsUtnee to go through. 3 

These are two of the arguments„ and the third is 
the one just mentioned, that the-dying arrow is at 
rest. l"hts conclusion follows from the assumption 
that time is com|>osed of Instants : for if this is not 
granted the reasoning docs not follow, 

The fourth is tlmt about the two rows ofeijmiL bodies 
moving past each other in the stadium wjth equal 
velocities in Opposite directions, the one row starting 
from the end of the stadium* the Either from thu 
middle. 1 This, he thinks, leads to the conclusion 
that half a given time is equal to Ltii double. The 

to the middle of the As, &JV farced to piragihnviv t “The 



otie row originally *lrrrchin|i: from the goal to the middle* 
point of thC- -tadiutiir the other from the unddk-jjoSnt to 
the *tftrHng-pOkt.” Bo*a has to admit that t& pimv Is 
ftnfyari-rtlEv nut u^ed rLsewhere of lliv middle-point of the 
gfoiAtt* but lie rightly emphiuiLfea the unnaturalnetis of 
any other interpretation. 
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€V Till 70 /it! 1 TTtXpj. rtiVaiffLXVOV To Wap* 

t6 '&$l' fA€Y*.da£ ifio UP TW irjill Tfl^ei TOl* OJOjy 

r/j/pt^at ^ioW 1 T vitro S’ ierrl ti* v&as r otov 

forwav Qi cVrwrtff fm>i Sytcoi i<f? ^ tA AA, o' 

S ^ fi*ir r« Ltjl rjpj^OjLLfvot arro mjy l u<aotr > Tool 

™ r dpiflpdi' rodraiT «wn$ to pfyi9a£ M ol S p 
ojp Ta FI a?ro tqO ia^aTov, tool t&v apiOfiav 

dirrfj tvvtg i? jtat rd pe^-cfto?, j?at laora^ts TOif 
ii, uvfifkiiyf i St) to TTp^Lrov B ^ia fVl tgj ta^aTtp 
€&Ol wil ra TTpafTQV V , Trap* aAAtjAa Jt4V0Uf£ fViVV. 

vup^atW & to T jrapa «njvru [ri B ] 1 

70 ^ B tHipS TOi fiJort 

ffrai TOV xpoyov* fmjM yap fKdrfpdp im f rap" 


1 xa B deL Rosa, 


There flfrms little doubt that inltklfy the roui of bodies 
* rT * \vmnierrk’ilty etrmii^l in the following way (w& will 
A«S4J ifeitr half a rion-ri 4if mrh for convenience-): 


A i 


























ZENO OF ELEA 


fall/icy lies in assuming that a body take* an equal 
time to pass with equal speed a body in inotiori and a 
body of equal size at rest ; but this ls untrue. For 
example, let AA be slationary bodies of equal suzii + 
let BJl he the bodies equal in number and size that 
start from the middle p and let IT be the bodies equal 
in number and slue that start From the end, having 
a speed equal to that of the Els. 11 In cortseq lienee t 
the first 0 nml the first I 1 move past eaeh other and 
come simultaneously to the end. b It fallows that T 
has passed all the bodies it is moving past* though B 
has parsed only half the bodies it is moving past p e 
so that B has taken half the time [taken by V] ; fur 

and that the final position they Nike up is * 



Bui there Are great dlfficultta* Ell (tic lesi. Ross's ioter- 
prciatfcui seems to me to do least violence t« the Greek. . 

* i.r. the first & w under the right-hand A el the *ame 
time that the first T Is under the left-hand A- 

" Ross explains* to my mind judiciously* that the B* ere 
thought of primarily as moving paat the As and only 
seconder!ly ns moving past the 1*$, white tfke Psare thought 
of primarily aa moving past the Bl and only secondarily 
past the As. Zeno wishes Lti point out tErnt the first B has 
moved post only three An while the first V has moved past 
six Bs. On Itie ground that to move pa-s six Bs require* 
twkf tlir- time needed to move put thr** A s. coupled with 
the ktruwlcdgc that the time taken is in fact the same in 

$n 
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XL THEAETKTUS 

(o) General 

Suidas. t* *v. 

QtaiT-riTos, (ioTpoAoyos, <f>t\dcro4w t 

pa&T)TTjs ZojKpdrout, i& «$a£tfV iv 'H pa^Xtlq.. 

TTputTat Si tcl TTtvTt KaXavpcva crrtpza eypa^. 
ytyovt Si ptra ra OfAp^^cria™. 


(b) The Five Rkiulaa Solids 

Scfcol. I. In Eud. Elm ft. sfiL* Fudged. Hciberff t. ££i 

T Rr tchttu t(J> /hj&Uuip njurcWt tw ypdtfrtTOt 
ra XfydiLCva HActTWTOff e ffytjjifltra, 5 ai/Toi? uet' 

I * If! ™ * T. # 

qvk fDTiWp rpt a on fmr 7rpeiftp^tfi/£i>[' c 

™v flv&ayopeimr i<rrk\ 5 re tcu^os *ac '■’j 7ivpap.U 
*ai to bwonpeanEpoitt ©ceutittoli Si to re d*tru*bpol r 
mol to tifcroffafSpuv. rtjtr Si wpouwwfttav iJmSev 
HAarairo^ Sia to avrdv iv rip Ttjuauy 

uepi aurwv. 


* Thwiftettis fived about 4 X b + c. 1 k k the reu bjcct of 

* dissertation D* Thrnftfto Athmitnti by Etb Sachs (BtHin* 



XI. THEAETETUS* 

(a) Gf.nkh.al 
Suldia, #.t. 

THXA£rt£TUfl, an Athenian, astronomer, philosopher, 
a pupil nf Socrates, taught in Hentcfeo. He wi$ the 
firet to describe 6 the five solids so-cxtl3ed. He lived 
after the Peloponnesian wars. 


(t) Thk Fivk lUiouiAH Solids 

Euclid, Eitmfni* xiti f Scholium L, EucL 
«t. HcliHiy t. &5-I 

In this book, that Ls+ the thirteenth arc described! 
the five Pin Ionic figures* which are however not hJ_^ . 
three of the aforesaid five figures being due to the 
Pythagoreans r c namely f the cube, the pyramid and 
the dodecahedron* while the octahedron and icosa¬ 
hedron are due to Theaetetus. ITicy received the 
name Platonic because he discourse in the Timaeui 
about them. 

1 Poshly L " construct." 

1 For the relation of the Pythagoreans to the five regular 
hoUeLh, see Mvprti H pp. TheaeLettia wan probably the 

first to coastmcB nil five theoretically : the PythagorrirLS 
cop Ed noil have dnhc ihnL For 0 Full discussion, see I’vi 
Sachs* Dif ftinf I y lat&nwchfft Bk&iptr* 
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(e) The Irk at i oval 

k[i. m Pud. A’Vm. y tl Eurl* d T Hfjbfrff 

ip. 4J0, lti-lfl 

To tojjt-q HcairtjTiMSi? ia-riv *upr}pa. M 

ftfai fit^iV7JTa.i avrou a 11 Aa-fcy V ff' HfaiTlJrw > JAA* 
**f*P /itpiKcir-rpcu.' ly^trat, Ara^a Si JtaSdAou, 


Pki r 147 p-J44 » 

(i£Mruroi T Eltpi Si^ciyiecjV n OcdSaipof 

oSt cypa^, ttjs t€ rpimBo^ mpi «ai 
iroSof fc or* jisrjtftr ojJ m^icrpot tt} 

7ToStaia M koI ovtxj Kara, play itfdimp i rpaaipov- 

Ttijs fTraKaE^KaiTa&j’ cv Se ramj 

TTtu$ ivea^rrOr rftitV ovv tlaTjXflii Ti TQW®tmt t 
air-ftpoi To at S^rijuay €^atmirTo t 

TTf-tpacn^Kcu. i7i/A\u5e tv ctp €"S> J h otilu tTacFu.^ Tcttrrci? 
vptxmyqpt vtrofmv r&i Awap.zt*, 

1 am^nW scd, Burnet. 


■ the cnundattao is: The equaret on itrtuaJit tin** 
nmmriuwrnbU in teopth hare tomcatwther the ratio irhirh a 
a •{ ri-rj re HwmfiflT tuiw ft/ -ri ftijitar* M u t.Wi T u‘ r ■ rjn/i equar*M which 
hat-* to Ofte another the ratio ttAiVA ft *q urtnr rairm^rr hai ip a 
tywr* uii??i^r re iff atfv hare their titUi etmim*n*nrahl* in 
tenet h^ Hut the iJ«wa on straight tin** ineommtnenrabU 
in renrjfA ftcii-# nut fo p*# (tnother the ratio lr^irfc a tqnare 
nwrater Mr to u iyuur* number ; and iqimrti which hart ntA 
to one another the ratio which a njuar* nnmher hue tv u tqmtr/ 
humter i ritl nut hate their H4t$ tammtrtfUTQHt in length 
titter, 

„ 1 Thwdoma of Cyrtne, claimed by lambhdius ( \*it, 

l ythap. M 4 iJ m a Pyfc hn^rtii 11 and sajii fo have- been Plato's 
feather in mmtVi 11 a tics | [) Eng. Lnn-rt. iL I0S}, 

f Several conjetrturc?, have l*ceEi yul forward to explain 

seo 
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{#) The t »national 

I'lii'Jinl, Rlrtiwttr Sclid Lum bciS,, ed. Heiberg 

Vj 4:V0. 10-11» 

This theorem [Eneh x,!)] “ is rhe discovery of 
Thcnctetus* and Plato recalls it in the TAeoffetus, 
but there it arises in a particular case, here it is 
t tea ted generally„ 

Hato* ThmfMu* 147 D-US If 

Tit&irnrtm. 'Oieadoni* * was proving to ta a 
certain thing atautf square roots, 1 mean the square 
roots of three square feet and five square feet* namely* 
that these roots are not commensurable in length 
with the foot-length h and lie proceeded in this way* 
taking each case in turn up to the root of seventeen 
square feet j at this point for some reason he stopped.* 
Now it occurred in us, since the number of square 
roots appeared to he unlimited* to try to gather them 
into one class, by which we could henceforth describe 
all the roots* 

how Theodorus proved that y^- y3 . . ► \/Ti are ln- 
cymtocnsurtblf, They art- Mnumarked by Heath 
1304^0$), One theory that Theodoras adaptrrl the tradi- 
tkuiqj pfdof(*«pna + p. i IOj of the incomtnci^urnbilil v of ^/5i 
Another, put forward by Zcuthro Sur I a COnAtihitipn dr* 

Urns arithmetkiu^ den Elfmenti d'Euclldf * m t 3eUr rapport 
h lo question ik nmEUmnlit£ 14 in Drtffipl anr rffi fyi. 
/Juarfiv rUl* a / W+ rnr* iSWnt cr&* Foriutudlia^r j-, hi |.-,. | ■ | :._ 4 
ff,) + depends on the proem of finding the gimlet common 
mea.Hu re as stated In Eud x. If two Epagnitudes oj\- such 
Lhai the process of finding their G.C.M. never eu-mr* to an 
eiid, foe two magnitude air incommensurable The method 
is simple in theory H hut the geometrical npplkaijan m fairly 
compikated + though douutl^s not beytmd the capabilities of 
Theodoras* 
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ZGXFATtfl' *H tftft IjVplTt Tt TatO^TOF; 

SKAi. 'KjUOiyt bQKQV}l&r UKQ7T€i Sf Mi COI, 

in. A £y*+ 

flEAl. To i 1 aptB^iiv snxvra Sn^a £uAdj 9 op fv 

TOP t±€V SvvdjltVQtr TouJ-' CCJa^t^ ylyWG&tU TLu T£Tp«l- 
ymvto to s^jia dimKao-ut^res 1 Ter/Hfytuiw T€ teal 
laQTrAtvpQV ^pofrcnropePi 

za + Kai tS 

GEAh Tnt J TQ&rm p.ZToj$ TOVTOV, JiV KCU TO 
Tp*a urai Ttt drcVrt ieai wfe u£ dSt^aTO* urns: Ahiki> 

yattidai, dXY tJ frAEUUK tAamoraKiff ?) eAdrrwj' 

-irXttn'izKi* yiyl^T0.i r pi*i£aJt r 84 ko,l eAaTTait' del 
nAewpa airror m/nAs^^Lj tw Trpo^Ka aS 
OHijfcan aTrfEjfdaaiTff jrpQprfHr^ iptOfiov ixoXi- 
m{M\ 

5H. KaAA« 7 ra T aAAti Tt jo pi#rd tolftO; 

b£ai . - Omi ypafipal top laonktupcw xal 

emWSoy dprfptav t tTpaytui'i{otHJtj prjx&z dpard- 
jjefla, 5aai Sc tqv crepc^*^* Swapteis 1 * /iijwfi 
p€V qV cnytpt/rpOVff EAstvms, rah S' inttri^Ois tt 
Sifrwnu. Kai Tcpt ra oreped riAAo toioutqv. 


■ It is not possible to tfivt the full forte of the Greek as 
hmfpiiS, which litt-m]Jv UIcOTlH “ powm, M has to be traits- 



thrartetus 


Socrates, And did you find such a class ? 

Thuvt. I think we did ; but see if you agree* 

Sot. Speak on. 

ThkaET. We divided all numbers into two c]smses. 
The tine, consisting of numbers which can be repre¬ 
sented as the product of equal Factors, wc likened io 
Elinpr to the square and called them square and equi¬ 
lateral numbcrS- 

Soc, And properly so. 

TktiACT. The numbers between these, among which 
arc three and five and all that cannot be represented 
as the product of equal factors, but only as the product 
of n greater by a les* or a less by a greater, and are 
therefore contained bv greater and lesa sides, we 
likened to oblong shape and called oblong numbers. 

StH\ Excellent. And what after this ? 

Tiieaet. Such lines as form the sides of equilateral 
plane numbers m e called lengths, and such as form the 
oblong numbers wc called roots, because they are not 
commensurable with the others in length, but only 
with the plane arca^ which they have the power to 
form-* And similarly in the case of solids. 

[nCcd h moti hl to conform with mathematical usage, 
5viwprcj + it will be noticed, art here limited to the square 
ruoU of oblong numbers, and Art th^fefone alwup in- 
COmmrrLfiurnhlp. 
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XII. PLATO 


(a) General 
Tsetses, CAi7 + viiin 973-9T3 

Up 6 t wv TTpaffuptev T&v avrou ypiljifia& uTrijpx t 

HAaTtuk- 

** MijSeIs' ayf^tVp^TD? tLGtTiu pov rijt' OT^yr}!?* 1 
Plui. QwhKi Cmm Mil. 3.i 

'Ek St TCHVTOV ytvd/itVpjs tfaAik (J Akj- 

yfl'iflk&f apfa/itws ^ jSoJAtO'fl */ 1 elffer, 11 tirti Aayai 
fltrcSk yeyoi/MEk, tv rot? [JAaTbwo? ycvc^Auus* 
aUTOk IlActTtuka rtOlVun'GV TrupiAa/ioJj46v p Art- 

owsiiQ^fvoc rtVa Aajfftik yvoi/A tjv aTTti^Jkar 5 «€t 
ycw/ntrpcik rev 0toV ; <l ye dtn&v t'tm rqr 
aTTo^Wenv rtufrijk IIAiMiiwff/ 1 t>«ju St -mUr 
eliravTQs yeyparrrat p.h* tv otfStvi Ttiv 

fKttvQv e^et SI Trtonv nVm^v Kai, row 

nAnma-ufot* j^cLpcucrijpd? ianv. 

Evfluff ujroAa/Joik J TutStijnj? " olet yap, tftrtkj 

" tJ Ateytveav^ rwir TTfptrrwv Tt *rcu Siro^LJpTjrojV 
GLi'i-ntnOai rok XoyQVt osjj^ &7i€p avros €tprqK* ifat 
yiypafc ttoAAukw, fywfip yw^fp£dK t wi tiira- 

* For EVocWi nolfc* of Pluto. «e -nrpftt, p. ISO, a Ed Ibr 
S&G 



XII. PLATO * 

(a) General 

El k>A vf flitter Us till !>p^97$ 

Over his front doors Plato wrote: " Let no one 
unversed in geometry come under my roof.''* 


Plutarch, Convivial Quuiim it vlti. i. 1 


Diogeninmi* broke the wiener- which followed this 
discussion by saying : " Since our discourse is about 
the gods, shall we make Plato share in it, especially as 
it is his birthday, and inquire what he meant when 
he said that God is for ever playing the geometer— 
it this saying is really Plato’s ? " I said that this 
saying is not plainly written in any of Ills works, but 
11 £ * ‘Tedihtr saying and Ls of a Platonic character. 

j Tyndares took up the discussion and 

said : “ Do you think, Diogenianus, that this saving 
implies sonic subtle and recondite speculations/and 
not what he has so often mentioned, when he praises 


tin: pseudo-Platonic Instrument for finding two nwon vra - 
portiomik. lupra, p p . 3^67. The mathematic* in Plato in 
the subject of dissertation* by C. BU** ( D* P/ciloai math*- 
,JJ Ho™. Ml) and Seth Der,„:| {Platmu VtrhaUiti* 
it*r MaJfirmuUk' Lcipily, 

a Twlies, Bw j*d* n \ who lived m 

“* ™iury ^.u, + Lh ml the b»tof authoritythis 

rfaymTn g stqry m^r br accepted with caution. Tbe dour* 
art presumably (hose of tht Acdoinyi 
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tiffftiiffav tfp&S TTpfHItaxOfttVQVS ttJ atcrOi^o^i Kal 
aTTOOTpd^QVtJQV €77 i TTjV rtWjrflv Km til&iOV tpVOl¥ t 

7fb- 8ia t£W iarl olov eironrEta neierfs; 

. . . Sto .vat riAara>if aura? ipMfUparo rovz mpt 
EiJSdfofc 1 im* 'Apj^wav Mepnu^/tov *as J/^rtt^Jcas 
Ktti pTwaviKa.? vaTacweuas 1 tov tqv orepeatf StffAa- 

CFEUtfppI' aTTayfU- atOTTtp TTttpw- 

pcvaus &t dAoyoy SeJe> pJaas draAoyw, fj myKtMolj 
AajSctv p diroAAircnStu ydp ovrw kqi Sia^ySi IptGffui 
to ytujptTpias aya&£v a 3&*s cm ra afcrft^u 
TTaXivhpQU&vm}? praJ fiTf ffxpofiivTjs diw p-Y)ti r aiTi- 
\ai±fittVOp.€irqg TuH' diStCiJl" *Mi OfTOipATitiV ftKQVWV, 
TTpos a ttTTTip 6 $4og dei &c6s £uti” 

AmLoi, Harm, jL ad, inif M cd. Muuilu 122 . 3-16 


BAtiov Taw? cWi ra TTpciSf^A^r^ rcit> -pditoi/ rjjs 
ffjMLYp.a.Tiia? t<V W ecrrtV, u'a irpoyvywtLaKQVTfs 
wmrcp <>8dv yj jShSioTeW paStor Tropci/cope^a tcBdfCff 
Tf Kara ri p4po$ zvph r aimj? ifai Adftypei' 
-rjfiaf avrovs TTOLpVITok&pfi&VQVrtS to irpayp±a* kq.6- 

dirtp ’ApiOTti-TcAnjr dUi SiTjyflro roif wAffUJTtws 
rwv i^oiwniTaiv rrapn IIAanu^ tij? Trepi rdyaffau 
urfp&amv mBcly —poctidvai piv yap ttcaarov ftira- 
XnpfidvQVTa Aij ifttaffai n t<wm vojuloptvwv tqvtwv 
a vQpurttlvubv dycL^th" ofay whourtiv vyi*t<& i&xm 
to 5\ov epSaipaytay Tii*d tfappiaffrjp* &re Si ^a- 
vetifow oi Adyoi Trepi pafljj|xdrojk vat dptfffuZv va< 
yt<ap.*Tpias vat doT/KjAoyias 1 teal to mfpds; &rt 
dy&floy iam el, wayreAdj? alpm itapa&c£6v 7t 

m The pEflj cm the words dAayou, dratayw cannot be repro¬ 
duced in English, but we may compensate outlives by 
pbyirtg on thf words lb means,* ia menu pn)p«rt]c&Ak tr 

3*8 




PLATO 


geometry as a science that takes men away from 
sensible objects and turns tin™ towards the'intelli¬ 
gible and eternal, whose contemplation is the end of 
philosophy tike the final grade of initiation into the 
mysteries > Therefore Plato himself censured 

Eudoxus and Andntn and Mena echinus for i-ti* 
deovonring to solve the do ubling or the cube by instru¬ 
ments and mechanical constructions, thus trying by 
irrational means to find two mean proportioink/ so 
far as that is allowable ; for in this wav what is good 
in geometry would be corrupted and destroyed,'hill¬ 
ing back again into sensible objects and not rising 
upwards and laying hold of immaterial and eternal 
images, among which God has his being and remains 
for ever God," 

Arbtaxcim-, tiltmrnU $/ jTorw.ny [j. , 7 rf faU 
cd. Macron li>i, B-|$ 

It is perhaps well to go through in advance the 
nature of our Inquiry, so that, knowing beforehand 
the mail along which we have to travel, we ma y have 
an easier journey, because we wilt know at what 
stage we are in, nor shall we harbour to ourselves a 
false conception of our subject. Such was the con¬ 
dition, as Aristotle often used to tell, of most of the 
audience who attended Plato's lecture on the Good, 
Every one went there expecting that lie would be put 
in the way of getting om- or other of the things 
accounted good in human life, such as riches or health 
or strength or. in line, any extraordinary gift of 
fortune. Hut when they found that Plato's arguments 
uere of mathematics and numbers ant] geometry 
and astronomy and that in the end he declared the 
One to be the Good, they were altogether taken bv 
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ilfrtllVtTO *10' at p*V VTTOKaT{<j>pG1rVUV TOV 

irpdyparo$ ot S* KaTtpift^oyro. 


(6) PHILOSOPHY OF MATHEMATICS 
Pint, Rrp* vi. 510 e-r 

Otpai yap u* clBevai cm c?i Tttpi rdf yeaj/MTpcW 
TC Kal Atjyfojuaus: *ai Ta TOiatfTa iT^y^arcud/ievOi, 
TO Tf IT^ptTT&V ^al TO ffpT(0^ tf(U Tfl 

ff^T^iara ™l yu>vtwv rptTra efSij ko.1 eiAAa TWTftiP 
dStA^o w0 r eVdtrnjF p*0o5ov* ravra p*v *L$ 
f* iroiTjoa/mm firoffeafif avis, of&W AcJyo^ 
qvt£ aurois ofr* aAAoi? Iti dftotfm -tpi avTutv 

Sc&orOt OJf Titll-TL €K TQVTWr qprWfyicvoL 

ra Aotira SiefjojT** rttavrdjoiF OjttoAoyoi^ 

€77t TOUTO of CIV *Tli VK&fnv oppijotUffU 

I Jaiu /.ut ovv f Tofrd y* ol&i. 

0 vKouir' Kal ori role Spenpims *tO*at Ttpau- 
Xpon^rai *ac rom \6yous irept afrfjF muswraii 
of ir^pE toutcov Biavoovp*PtH? aA^V fWtVair Tr^pi of? 
Tatfra tfoturc* row TOTpaytiWp atVrou (VfAra tqv$ 

Aoyoy? TTotof^tKJt Kal Sta {lirpw auTtJ? t riAA 1 of 

rafnjs ypOifvovow M tfcxi reJAAa ofrtcjs, airrd piv 
Tofra a TrAtiTTOumV t* Kal ypdfatmv* woi 

cfKiai Ka.1 £v &&&CHV *IKQV€¥ titah?} Tof™? ptf.v fjj£ 

ctJ^oaiF atf ^pcfp^voij, fijrofFr*^ £e airra £jc«efg 
p ovk of aAAcuf tSoi ti$ tJ tv; 


Pint. £j>, vii. 3*9 41-343 b 

"*E(JTtF TsliV UYTWV £Ki\U 7 U} f St' | 5 f T^F 
dvdyKTf TTtipaylyiwOiti t rpla., rirapro^ &' awing— 
390 
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surprise. The result wtt that some of them scoffed 
at the thing, while others found great fault with it 

(£) PwUMOfmf OP M ATI JEM AtICB 

Plato* R*puMk vi + -510 c~e 

I think you know that those who deal with geo¬ 
metries and calculations and such matters take for 
granted the odd and the even, figures, three kinds of 
nnjrhs and Other tiring* cognate to these in each field 
of inquiry ; assuming these things to be known t they 
make them hypotheses, and henceforth regard it as 
unnecessary to give any explanation of them either 
to themselves or to others, treating them as if they 
were manifest to all ; setting out from these hypo- 
throes* they go at once through the remainder of the 
argument until they arrive with perfect consistency 
at the goal to which their inquiry wm directed. 

Yes* he .said H I am aware of that. 

Therefore I think you also know that although 
they use visible figures and argue about them* they 
are not thinking about these figures hut of those 
things which the figures represent; thus it it the 
Square in itself and the diameter in itself which are 
the matter of their arguments, not that which they 
draw 5 similarly, when they model or draw objects P 
which may themselves have images in shadows or in 
water, they use them in tarn as images, endeavouring 
to see those absolute objects which cannot be seen 
otherwise than by thought. 

Plato, Epitlb til, d 

For everything that exists there arc three things 
through which knowledge about it must come i the 

m 
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irt/iTmov d Himo rttfcvtu Sci a yvaHTTOv re teal 

Cdrit 1 qv —ft 1 ^4^ Smpja M ScCh^epoi 1 Se Adyos* 
to Sc Tpirm* ethb>Xot r r TtTnprov Sc tTiKm^Tj. tt tpl 
^(JU^Q/ifyoy fia&tTv tq i-w Acyoperotv 
Kai -n-aVmW QUTiU TJtpl VOIJff OV, JEVJfActf iariv T i 
u tpPt avrd carir oropa- o vOv £- 
■^fleypefti, Adya? dr ai/rotf to Scvrcpor* ef dropdruw 
p^judroU' ri yap fV f(5j r fg^Jriw^ 

crrL pdoQV Tcror a ni^py rrdi-Tjp Adyotf dv €*t} 

i^fu-oy EpTrep orp&yyJAoy xnt wcpi^cpls oi-opa 
icai kvkAq^ 1 ,, Tpirov Sc to £coypa^oupcydr tc jc ai 
cfdAct^dpCi.m- KCU TQpV€tj6fitVQV tttli d.7tnXXvp€VQV m 
iav tuTO? d ^wA}?! or i7fp! ffdw* ram # 

ouSti" Tn&jffi^ tdvtojv diff brspov d*\ rdrupro^ Si 
teal Moflff aAijtftfc tc Sofa *repi toCt 1 
ccttAv <Sy Sc si 1 tooto aE war 0 eth»», ot3« cy ifnvvm^ 
at/S fl' ocuparwr dAA > ci' ^afj ciWp 

<S St^Aot Irtpnv rf or a ejtov Toy wuVAoy ttJ? ^vatui? 
tojK' tc cj^-fTpocrfler Ae^tffFrcoF TpsaitN to dreor Si 
( )7 t/Tlll,a j^- 1 ' oivyycrcja kri dpoidi-^r* Toy ?7cp7rrou 
rdt^s TTCTrA^dtd^cr* fdAAa Sc ttAcot . . » 

kvkXq^ f*fa<pro? Tofi' cv tq^ T^id^fc?i Ypa^ofLti'iov 
^ ffnt Topptv&tvrtoiv ^ifOTOf T0y eva CTtblji COTir 
Ttp Tf^.iTTcp -—too yap fvB/as c^diTTerat ™vt^— 
adTOf Sc, ^apeV. d kvkXbs ovtt ti opftfpdrepar 
OE?TC pCt£oy T^s* CtWTiaj c^cs fV Ol'tOj ^LNTCOJj. 

oropa Tt aifTPk tftftpfv ot/Sev oJScri fjij3titai T Efim* 
JtttfAtvtp 6 oySir -rd tw OTpoyydAa teaXodp^a 
tv&ta Kt*Af)v8m rd tc evdt* By arpoyydAa, *ai 
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knowledge itself is n fourth ; and ftS ft fifth we must 
posit the aetuni object of knowledge which is the true 
reality. We have, then :—finest t a name ; second, a 
description ; third;, mi image ; fourth, knowledge of 
the object* Take a particular esse if you want to 
understand what 1 have just said, and then apply the 
theory to all objects in the same way. There is, for 
example, .-oinething called a circle, whose name is the 
very word I ju^t now uttered. In the second place 
there Is a description of it, made up of nouns nod 
verbs. Hie description of the object whose name is 
round anti circumference and circle would bo ; that 
which has everywhere the same distance between the 
extremities and the middle* In the third place there 
is the object which is drawn and erased and turned 
on the lathe and destroyed—processes which the real 
circle, in relation to which these other circles exist, 
mu iJ3 no who suffer, being different from them. In 
the fourth place there are knowledge and under¬ 
standing and correct opinion about them—all of 
whkh must be posited as one thing more, inasmuch 
ns it is found hot in sounds nor in the shapes of bodies 
hut in souls, whereby it manifestly differs In nature 
both from the real circle and from the aforesaid three. 
Of these understanding approaches nearest to the 
fifth in kinship and likeness, while the others are 
more distant. . . , Evverv r circle drawn or turned on 
a lathe in practice abounds in the opposite to the 
fifth—For it everywhere touches the straight, while 
the real circle# we main tain, contains in itself neither 
more nor k ^ of the opposite nature. The name, we 
maintain, is in no case stable ; there is nothing to 
prevent the things now called round from being 
tailed straight, and the straight round ; and those 
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Ol'Sfr ^TTOF TOiS *£Qt 

cmwtW KaAoijrtit' 

A/istoL M*L A A 967 b I4-1& 

Lta Sc Trtjpa Ta aia&rjTa. ifa! rd tt^Tj ta 

txSii Trpayfidrwv th-al ifam p (T a^v t Sm- 

ffjt^OtTd T(Sr jWO' T£jJ Qrt&UL k€lI affLHjntt 

^ KQ *' rd) Ta jist* tto^X* cTrra o/oxa 

* iVCU T0 S fJiSoj aW & ftdiwv. 

(c) The " DiOnisMo* pt in the -< Meso n 

PUt MttUt Be Jv-tST II 

Atyw Se to e£ Lrjroflecrf^ c£Se p ticMip at yew- 
/itrpa* ttoAAul*:^ umvwrm, tWt£<fy tij ff»prat 

O&H ffCfH JfCUfH QV r (l qUy T€ fV ToVSt rOV 
kvkXov TidSf TO xwptnv -rpiyoivoY ^vraBjjvcUj ttnat 
av rip oTt iJ ow£o oKSa ct iart tqutq Tmoihov, dAA* 
uxrmp pli* Tlva i itrd&tuiv Tfpovpymi otpai jrx*tv 
trpos to Trp&yfM tou&B*. jdy Jon to wo to 
ffcv imps njr afrri 

ypapfi^v ^a/xir£ [ffrrra roiow^j jpwpuoj 

oioi/ ar nJji r<J irafATfTa^miy ^ dAAo rt croji- 
A 1 **™ ^ &>**h **1 dAAo of, U dSvvarSv &rx 
Tau ™ Tradin'- ofy cWAcei oitfi*" oot 
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who transpose them and use them in the opposite 
way will find them no less stable than they are now, 

Arintullt\ .VWnpJiy* £r* A 5, OUT b EtrlS 

Again, he [Plato] said that besides perceptible 
objects and forms there are the objects of mathe¬ 
matics, which occupy an intermediate position ; they 
differ from perceptible objects in being eternal mid 
unchangeable, and from forms in that there are manv 
alike h while the form itself is in each ease unique. 

(e) The kl DioniSMos H is tbm ** Mfivo n 
I Hu to, -MVrto y^S h 

I mean ,L by way of hypothesis 11 what the geo¬ 
meters often envisage when they arc asked, for 
example, as regards a given area, whether this area 
can be inscribed in the form of a triangle in a given 
circle. The answer might be. “ I do not knoiv 
whether ibis is so, hut I think I have, If I may so put 
it, a useful hypothesis. If this area is such I hat 
when applied [as a rectangle] to the given straight 
line d in the circle it is deficient by a figure [rectangle] 
similar to that which is applied, then one result seems 
to me to follow, while another result follows if what 
I have described is not possible. Accordingly, by 
] trying dot'll a hypothesis I am willing to tell you 

* " Tht ^dveti ■vtmijdit JLmz *' can only bp the diameter* 
The ** application of'ureas So ns to be 11 deficient " in a given 
way is explained ah.n r, pp. I&ti-IBT, 
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to trvpfidEvop nepi atVrot! et$ tgv 

KVii\aVi <UTl[ dSlJi^TOi' €lT€ filf/* 


* If AB h Hi? dimeter of a circle of centre O t and K is 
ft point on the circumference* and the rcctAn^lef. At El", 



FUDF. a tp completed, and the chords RFG. AG air drawn, 
then the rectangle ACEF ii " Applied " to the straight tine 
AB and "‘ ftps short" by the rectangle FRDE which is 
similar to the Pi applied " rectangle for AF: FE = EF :■ FR* 
Moreover AEG tl an Lwwdw I Handle equal in area to the 
rectangle ACEF* 

In order, therefore, to inscribe In the circle an Liascrlo 
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what La the conclusion about t he inscribing of the area 
in the circle* whether it is iin|Ke-^iMc or not/' * 

triangle equnt to ft given AJVft X we have to find ft point E 
on the circuntlemCe of tine circle ndi that if Eh' fcx-e dropped 
perpendicular to AB 

Ihe rectangle Af, FE = the gfrcq area X. 

Clearly E lie* OH ft rectangular hyperbola of which AB, AG 
are osym ptoles^ If i 1 is equal to the given area, the equation 
of the hyperbola referred to its asymptotes 41 axes E jy = fr*. 
For a real elution It is MCea$ary that 6® should out l*e greater 
(han Lhi) equilateral triangle Inscribed In the circle* U| not 

greater than ^, where ft is the radius of tlve circle. If 

fr 1 is equal to this urea, the hyperbola tHKhc^ the eirejin and 
rhrrv U only' one solution. If I* greater than this area, 
the hyperbola doe* tint touch, and there Is no solution. If 
is leas than this area, the hyperbola cut-* the circle In two 
points E, E\ giving two solutions. It is to thebe fools that 
Plato refers. 

The parage is an example of ft giving the con¬ 

ditions for the possibility of the solution of a problem, 
PnjeliiS Is therefore in error when lie Sij'S that Leon, the 
pupil uf NeocUdet, who w*a younger than Pinto* 1,1 invented 
Zhapujjioi («iprtr> P- 1*50)- 

The above interpretation was first given by E. F. August 
in It «independently discovered by £ r H, Butcher 

\n Journal o/ Fl&lfsfp, JtVti., pp, and is accepted 

by Heath (ILG.M. L whose nposJtkm t have 

closely followed. Many other explanations have been 
offered* the b*st known being that of Adolph Bencckc 
(Uwb*r dfcV p-iomitrisvh* Hyp*tth^U « Ptaf™ Jfrs^n), 


GREEK MATHEMATICS 

(d) The Nuptial Numucr 

Pint, Rtp. virL J’Wf i d, 

'Eort S£ feico 

fff/jJa/ipflWi T^eioij Hi-&pL otteUo Si eV cy irptirtp 
at/fijcrfis Sw'fl/iftai Tt Kai S^aorey^iitfai* 

qircorap^^ Tfirapflf St Sp&vs AaJ9oucrat o^iouv’ 

rttPif re tfoi ai*opoiouirnuv j™ cnjJfdiTWi* am 
fffwoirrunr, naira Trpomjyopa *d pvpra it p6? 
aAAijAn £nifapxtv tLv irriTptrcf v THpira&t 

avjifycts 1 StJo appovia* mpiftmu rpl$ aufrj&iV, 
Tqp plv ta-rjv itMiirtf, € Karin- Totraindtas, t^v Se 
wopT^trrj piv rg P TtpopjjtcTj St, 4khtov phr dptBp&p 
d™ Ziaplrpwv pjjTwv rtepTrd&os, Stopdmfr eitif 

cVd ( 7 T£ 4 »% Si Slru^', fKQrTQP S£ 

TptqSo£, 


* The passage la ind ud«l hm because of Severn! Intrmt- 
ing points for the hbtory of Greek met hematics* Plato’® 
“fME* » fancifully phrased th-Ll 4 complctd* Mitb- 
k*™T elution is difficult to get. The literature which has 
grtiwo round thl* 'nuptial number" b vast, hut the most 
“tWV«W discussion* fire those by Adam, TJW HcpuUit c / 
nerfo ll. t pp. 2 CU- 206 , 264 - 314 ,srf 'A, G. UEnd, PfaitiV <£#£ 
irulruwi AonWaiarf fftji OVipj^n* <?/ Froct\i». 

Swm^irai b a 5^ ArymirW. and its meulfi# is 
uncertain, :\ Slight line b said SorariW r to he capable 
'f 1 an area when the sqttarr on it is w^liil! to the nn-n. 
Hence fcva^mr shriLitd uit-an the Mdc of n square-, as it dw* 
in End, \ r Dtf. 4. b a kind of rm^sivt of 

NP^ilr - tL - - - A" " - r ~ 


meaning presumably that of which the 
capsi.iIt, and to could EUtan the square itself. It b 
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f*f) Tiie Nuftiai, Kuhuea 
E'Jnto. Rf}ntfdvr vili. J&tfi u-n m 

h ] Tie divine raw has a cycle comprehended hr a 
perfect number, but the muubcr of the human rnlVs 
cycli- is the first In which root and square incruase#,* 
funning three intervals and four terms of clemt-nK 
tEiiL! make like :md unlike and wax and wane. show 
alt things agreeable andTalhnirtt towards one another. 
Tlie base of these things, the four-three joined with 
tive f when thrice increased furnishes two hjiminrrk's 
tiie one a sqtiare., su many times a hundred, the other 
a rectangle, one of its sides being « hundred of the 
minibt i s from the rational diameters of five, t aeh 
diminished bv one (or a hundred of the utimbers from 
thu irraiioiiiil diameters of live, each diminished by 
two), the other side being a hundred of Ule cubes of 
threes 

lemyrarkm* In try an d g< \ a precise- m easing out of uufijrwtf 

*L'L^€i-tu T# Sb^auriL^Mnai, and perhaps w'e should 

an! J Enquire too dowdy Into What U IllOfr rnvslksd than 
nuLnefluiticai + l^ird thinks it means ,fc if a squire is equal 
to a reeLmgCc/' 

* The chief mathrmnlbfiE bterest of tha fms^ge Ik* j& 
the part most easy to decEplu-r, that about tiie trvn " har- 
niHjrm-v" T!w JL irrational diameter of five M h the diagonal 
of e side of Stuart- 5. i.f. VfiO, The “ rational diameter 1 
of five to th e nearest integer to the -* tmitLormi diamEter / 1 
J>« Vm^i. The "number" from the "rational* or 
irrational" dianieler is the iquure„ A “hundred of the 
numbers from the rul tonal dlamt-tiT of fire, each diminkbi-d 
by one” is therefore! I'KJs.fpj l)-=4SOO T arid the Mime 
number is expressed u* +l a hundred of the numbers from the- 
irrfltjniiftj diameter of tiva, each diminished bv two." for 
this is MX> -:{jO -) — I£00, This number givesone .side uf 
the Oblong and the oilier Es "m hmtfml of thr cube* of 
direr-/ 1 y r 100 s stt - if TOO, The rutrtxmgEe of which these 
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(c) Generation or Nuuuerh 

Fiat. ftdtlc-tol a 

did juatfypaTOJu Seow av zt7 }’ to Se T€ 

teal TTpanov tail apt&fulh* auTnji% oA.V ov autpara 
e^orrwF, oAAa SAjj? r% to£ ircpiTroo re wat aprio 
ytviatutf T£ Kai &m r dp.*zu$, otnju Trap^crai -npas 
t£>v qftwv tjfwrtv . raimi jiuddin-i roimHtf 
^Wtv 5 kc tXnv&t ph' u4*66pa ytXoZov uvopa 
yetaperpiav f ~7(ijy ouk oiTujr St 6fi&ioiv dAATjAais 1 
dpiBfA&v opiQUhwts rrpoj r^v rail' £nm&u*v 
potpav £tm Scaj^UFijs' g 3^ 6avpa ov>e 

av&pwmvQv dAAd yscywoy tffiat* rfxtvtp&v of ylyvovra 
rip Swapiwp uwvQi-iv* p*ra $>* t(xvtt}v rout rph 


a n sides is thmfflrc 4300 rt ^70(1 - i ^ObCMKHi, and th ts Id 
3600*, Which b the other " harmony." 

Theje IH rational ' 1 ntul 11 inutbtm] ri diamt tc-rS an a d^r 
reference to- the " side- 1T and Hb diameter- numbers ,! nf the 
Pythagoreans, fi>r which «e supra, pp. 

There is fairlv W$3efiH«d agreement that the geometrical 
fiucnhrr S3 U$mMQ^SGQ&-miQ ■ .'Ttw. but on the 
method by which thb number b readied the widest diver¬ 
gence cjdsts. 1 lultw-h and Adiitti S-lipjXHC that two numbers 
an obtained, one in the brat sentence down to aiM^rar, the 
other (l£ f &6QjDttt) in the reminder of the pusMge. Fifth 
aare* that the first number I* 16+ but Huftach obtain* it ns 
- * 3* and Adam an 3 1 + 4^+ 5 l h HulLnch then takes " the 
four-three joined with a five 1 " to mean 4+3+5=11, which 
h then multiplied by three (tjoif ajfqAtfrjt giving 36, and 
as this has to be taktn “ so munv times a hundred M we get 
3600 os the side riflhr^tmit which b one of the L “ ha mi on ka^" 
and therefore the final number k 3600*. Adam bikes “ the 
four-three joined with n five ** to be- 3 * I ^ = 60, and rpit 
to luejin midtiplkd by itself Hirer- times (it, rai-.i d 
h> the fourth power, which giye* u% itnJdetlliitdy 00* ±=3600*^ 
Laird, on Ule oilier lumd + bdkns there is dnbf one number 
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{tf) GEXERATIOV 0^ NunjJEM 

PJjito, £pitoOm%M &90 C-!»LH n 

Tlirre trill therefor* be need of studies c ; r hr 
first nnd must important bt of numbers in themselves, 
not of irorporeal numbers, but of the whole genesis of 
tlu- oild nnd even, and the greatness of their Influence 
on the nature of things. When the student has 
learnt these matters there comes next in order after 
them what they call by the very ridiculous jmmv of 
geometry* though it proves to be aii evident likening* 
with reference to plane*, of number* not like one 
another by nature fr ; and that this h a marvel not of 
human but of divine origin will be clear to him who 
L* able to understand. And after this the numbers 

indicated (which he in thinking to be KdOO* = *000 * 

8700). He maintains, with the help [if PrtdtLv that the first 
c^ntence givea a jztneni method nf forming “ harraonhis " 
which Is then applied to the (rmwjlt of sidles 3, 4 and £ to 
glvfl the grtflictriail number. The jippUcitfon givr-s the 
'■er]4-T -iT, "iti, E s , W (with four term/- nod three intervals},* 
nnd tin- first Ihrve numbers multi piled bv 100 g(v i; the 
elements of the geometrical number, 360o a Stoo - jgno, 
Lad] solution has merits hut each raises problems which it 
Is btosftihle to discuss here. I fijwrvi.r. wc mav be fairly 
ty.uifnk iit thM tite final numlier obtained la 12,M<VK>0 + 

* In Plato the ward ptftuia Lh u.wd ge nr Hilly nf any 
study. belt the particular subjects here menlionrd are all 
miiiinmaatiraJ. nod the WOfd VU already getting the Special 
significance which it attained in Aristotle 1 * time. 

* 'Ibe most likely explanation of “ number* not like on* 
•ttOther by nature PT is ” numbers inconftirieiuunibta with 
cocli Cither 11 j drawn as two Ijiw-s In * plane, e.p, as the side 
and diagonal of a iwtuarr:* llicy an- made like to one nnothfr 
by the geometer's art, m that there is Fid outward dilfVrtiKlr 
between them as there is between an integer and an irrational 
dumber. 
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TjvfcfjfiA'Qrjj ffre^ei dpmaus, tovs St 

QPQjiQiov? ai? yey&vorcLff €T€pq. j rc\vT J | OjU«H t rauriji 

ijv 6^ (TTfptOjUtTpLar eVtiAttiav tii fljJrjJ 

ye^Qydrfff 1 o £f ffcidv r* * eem tfai ftnupaarov rdfr 
£yKa.8vpwGi ?* #tai SttivoovfUi'oi^. tiy ttpl to &i- 
ttAooiov afi <rrp€<f>0$Utni$ rijff &vvdp.€w^ *at rrjc 
if cmu^-taff ravr-fl Aruf? 3 ejmcrrtfv muiAoytav elScn; 
j<Qt y£VQ< n-n&TVToihai mi era 77 ^octis 1 - ^ 5 ^ 

irpiTj-nj tov SiirAficrctJu tear* dpiOpov Ir ttpos Siw 
jsnxTa Aoyor SmAtiUtotf 5 tf 15 Kara Sorajur 

oJaa 1 ^ 8* fij TO UTtpZQV ff ICtli dffTOV 7T(L\ll' dlT 

StTrAa&cov, cu£ T Ivniff tuff oV™ BiancpcufleFini* ^ Se 
Sim^auiou fiiv nV /Xr/<jds r ( sjjyjff &€ too lXuttovo^ 
wAeor eAdTTo*.' re T-otJ jue^<H ? Oij to 5 p ertpo^ ftp 

tiimti jttpft TtZv awpair ffifj^DP Tf 

% T m€f&x&fA*VQY m iv ptuoj S £ too 8f wpfif Ttt ScuSerta 
aw/jjfy to T£ ^pidAiw #cal lwirpiTOV r toi/toh' aArtuV 


* Three arc probably cubes of talent* 

* These Kill he numbers wilh Irrational cube roob. 

* Wfiat ha- been solid about line's in the plane applied «Ko 

to tines in thre-e dimtnnmoL Kuitibew tncaDnieiiinnhb 
with each olher, mil' h p<- I and ,%/?, ;jfe made like when one 
Li represented a* the bide of a unit cube and the other n> the 
side of a cube twice as preat. We know that this problem 
uf doubling ttn- cube was brought to Plato's notice {funru 1 , 
pp r 2fi84n}< The pruit tense that I "la to had LED 

mind certain defintlt who Emitted the WOnJ 

xrttA4tnj*tfilti i Lbe Pythagoreans, 'lln-aetetua, DeinocrUus 
and Eudoxus had all advanced thr science. 

* Whit follows cannot be translated literally, and It is 
innre 1 ban likely that the text Is corrupt, or that it has 
reached us llij revised from Haro's ftn& draft But the 
general seme is dear. Successive multiplication of 1 by i 
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thrice Increased nod like to the solid nature, 41 find 
those ngain which have been iLinde unlike* 4 he likens 
by another art, namely P that which its adepts called 
stereometry p ; and a divioc tmd marvellous thing It 
is to those who contemplate it and reflect how the 
whole of nature is impressed with species and kind 
according to each proportion as power and its con¬ 
verse continually turn about the double 11 First the 
double operates on the number 1 by simple multiplica¬ 
tion so as to give £» and a second double yields the 
.square ; by further doubling we reach the solid and 
tangible, the process having gone from 1 to S. Then 
comes the application of the double to give the mean 
w hich is os much greater than the less as it is less than 
the greater, and the other menu is that which exceeds 
mid is exceeded by the same part of the extremes ; 
betw een 6 and H come both the tuqwaiter [@] and 
the tfxqwtfTiitiM [flj ■ turning between these two, to 

gives the *enes S T 4, 0. which represent a point, a Mar, a 
square and a cubs. This is a in geometric progression, 

S being a geometric] menu between J and 4, and 4 a geo- 
jiidtical mean l>etween 3 and h. Two nlhrr meana were 
known (O the Pythagoreans (jopra, pp, 110-11,5.}—and thr* 
whole frfussige b thoroughly Pythagorean—the arithmetic 
unci the harmonic. The arithmetic mean is cqu Idldant 
between thr two term*; the hmrmutiic exceeds one term h 
and is exceeded hy the other, by the same fraction of each 

$ 

term. Thus the arithmetic mean between I ami 3 b and 

the harmonic mean b clearing of fractions, the arithmetic 

m> an between *'* arid 12 is !l and Ehc h.irnnmic mean ft, 

,r Power and its converge r " ij wai q if 

TatVjj- | lake to mean number and it* reciprocal "j we 
havt- | cp multiply hy 3 to grt the series 1, 2, 4, tl and then 

take ^ of G+ 13 to get the arithmetic mean. 
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<V Tip €7 T* C illtfiOTtpa fTTp€^H>^JvT) TOtS 0.v8p&~ 

ttgu? trvfi^iiYtjy xpttqv *at uvfjJl^Tpov nwittiftaTO 
TfiiiSiris- pD&jiou re teal ipfim*ia£ X&ptv f €MSai)ioi*c 
X&pein MatNJWK ScSa/teVij. 


m The r^fcrelKe to th ti choir of fcho Muses makes it 
In mV opinion* that the niimkr £1 is referred to* Lhau^li the 
construction of the sentence does not ntcessarifr Involve it. 
So Ws H, >L Lull I Li in the Loeb version of the L'uimmiw, 
p. 4&3’. 

h The whole should be Compared with Tihntnu* 

34*—34 HI ee \ i.0- Bury + S nut** in Hie 1 K'li version, pp.SB- 
T| f or A. \L TayJnr. J Co^mrnMry nn Plato'& Timarv** 
PSJ- 1 36-137 ;i, There Hq to wri to dow 1 1 the series 1, i + 4 H & and 
1. d, 9 + 5*7, and then tills up the intervals between Hscmi 
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one side or the otlier T this power [H] a fumLhi,-ri men 
with concord and symmot ry lor ^ he purpose of rhythm 
:md harmony in their pastime*!, and bai been given 
to the blessed dance of the Muses.* 

numlvn willl arithmetic nud harmonic mrnna m m To ^rt 
ft serif* of St terms* 1, L Sh b b H- Til- ^ * - - *t b which 
Is intended in rrpresent the not^ «f o musical ■scale liavinjr 
a coinjuuiH of four octavi-,-, and a major “sixth.* 1 

Much prominence is given to this po&itge from the 
Epirwmi* by A. EL Taylor, J/tnd, v*\v.< up. 4Jlt-ilu. 
f™, xxxvi, m*. 12-33, W£T f and D t Atcj Wentworth 
Thompson, i&K>. xxivlii., pp, 13-53, 1090. 

Fora further dbcu^ton uf this side of PJatn's philosophy 
see J LiJiLLS^ten^el, Zvkl anti * Jew fait M Platon und Aril Intel* r 
(Leipzig, m*h 
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XIII. EUDOXUS OF ON 1 DOS 

(a) Theory of Phoportion 
SdaoL L Ja Eucl r £trm* v., Eud. «L v. 280 , 1 -E? 

ExotTiJ? Tell 77tjiTTTiij fjijJXitu 7T€pl draAoytfor Sea* 
\n($£Ll\ , * . TO St B18XI0Y CijSol'OU TH'tfff euptifiV 

cfrai A/ppWl TOO HA«To>ro^ SiSGoxdAoy, 

(6) Volume or Come aku PyF t vmid> 

Arch im* frt Xphfi&n 1 ft Cyl, l, E*rcf., Art-hint. c*L Heiberg 
i 4 , 8-13 

Aioirep q&k ar ox rijattt/ii ai 7 iTa/?!ijJaA(;^ tiord 
np&s re ra toTy dAAot? yeup^rp-ou? TetfecupTjjicVrt 
«rai irpoj t« Sdfarra ttoAo dtrep^^r rw^ utto 

iLoSofotl ^fpi Tti rrrzptfl &fO)p7f$4vtWVf 0Ti TTGOa 
TTUjM^tij TpiTOP 1 £OTi tltpQS WplOpaTOS TOO fiduiY 
€X ovto $ T'tJV ^UtT^V Tjj IWp&pL&t XOU ViffOS ml 

otl -rras Kuims rpirmr p.ipo$ iarlv too KuXivBpou 
too $amr €%ovtq$ tv] r aiJrjJr ™ Kmvqt Kal uiftos 
iejos' 1 teat yap tout tor 7Tpat>7w.pyniTUtv <j>vuu<ws 
trtpj Tavra ™ ayijp.uTn., ttqAXuH' ttoo EoSofow 
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Xiri. EUDOXUS OF CNtDOS" 

(«r) Theory or Proportion 

Einrtid, Kl/rnnitlf v„ Scholl um i,, Unci. ed. HtiiMRr 

\\ S«O r J-9 ” 

The aim of the fifth [book of the Ekmenls] in the 

treatment of laoporttonals. . - - Some say that the 

book is the discovery of Eudoxus, the pupil of Plato, 


( 6 ) Voiuvtt or Uos'E and Pvrahid 

Archimedes. On ft,, Sphrr* twuf Culiat/tr, Preface to 
floofc L, Anrhun, cd. Heiberg j. t, Ms 


Idr this reason I cannot feci any hesitation in 
setting these [theorem*} side by side both with the 
investigations of other geometers and! with (those of 
the theorems of .EliiIoviik on solid? which seem to 
stiitid out pre-eminently, namely, that any pyramid Ls 
a third part of the tirinm having the same base ns the 
pyramid and equal height, and thjit anv cone is a 
third part of the cylinder having tit*? same base a* the 
etm-' and equal height; for though these properties 
wen; naturally inherent in these figures all along, yet 


■ Ettdo*u® lived from about 40* to 935 so?. For Procha'a 
nobre of him, scctupm, pp. 150-959. 
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yeyci^tfAoyOP yfw|wrp^ 

l^TO 77HVTWR 4y^'Mlrf£li 

(c) TktEonv ov CoNtrESTRic Sphere* 

Ariftlot. Mii, A 8, SOTS b IT-33 

EiJSofosr flip oSv ^Atoo Kal atX^^s in^pou 

-rrjv <f>opav tv Tpujiv irifcr* e^ r uc cr^ct(pftt? f 
TT^j li 1 " WpWTTjV Ttj^ T<OV ■HffAcil'Uill 1 flOTp^l' ^ _ 

i di. rijv Si B €U7€pav i^ara tqv Sm ^wv C^- 

Suor, Br Tpir^v *am top AcA^tojtAw iv t& 


* 1 n fat* pretoce to the J/sitadfiR fwjpru ■ p. #30) Archimctl« 
say ?t that Democritus eniiDeiAtoa th^'wr llieorc^nii bu.Mvitru.nkt 
proof* It nifty safety be inferred from Afftlmde> preface 
tni the Qwdrfnifwri 0 / Pttraholu (A return. edr lirjnrtjf n- 
9B-i sb/it Eudrau* used for the proof 4k lemma return- 

lent to Euclid *. I (w/ra, ]> P . fcS 2 ^»> ( Md ttvit the rr«hl 
belongs to hita For having made the whaMt tm of ftDBrea 
by mean* of Inscribed polygon* a re^ifar method to L*reek 
geometry: to some es Bent he had been preceded by Antiphon 
and Hippocrates, 

» Wr are told by Stmplkius* on the authority of Eudciim v 
that Plato set astronomers the problem of finding wliftt are 
tJ-M- uniform and ordered movements which will " the 

phenomena"’ of the planetary motions. ttTHi that Eudoxus 
wu* the drat of the Greeks to concern himself with hypothec 
of thl* sort. EudDKii* liellcved that the niotmrt of the Min, 
moon find planets emild he aocornibd tor by * combination 
Of circular movements* a view which remained uncballengrt 
till Kepler. To acCmtol for the motion of the snn itod 
m*m he needed to use only three concentric tpherea. but, toe 
motion of the planets required In each case four rotvcentric 
spheres, thr common centre being the centre of the earth. 
The inheres wrnr of different sixes, not- ppHflM g the wtlwr 
Each planet wjp, alOsehcd lo a point on the equator of the 
innermost sphere, so that by the motion of this, sphere alone 
the planet would describe ft circle. But the poles Of «*» 
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they were in fact unknown to the many compete tit 
geometers who lived before Eudoxus und had not 
been noticed by anyone.® 


(c) Theory op Coxc^NTftic Spheres 

Ari.HtoC.3e, M*taphy*fa A % I07S h 17-3^ 

Eudoxus assumed that the motion both of the *un 
and uf the moon takes placse on throe spheres,* of 
which the first is that of the fixed stars r the second 
moves about the circle which passes through the middle 
of the signs of the zodiac, and the third moves about 

sphere were net fixed, themselves mnvmg on n Earner sphere 
rotating f*IhhiI two different pole's. Tin: pole* of tilt* second 
sphere skull nrly lav oh a third larger ipharr moving about 
a different set of pH and the poles; of the third sphere on 
yet a fourth, tooting about another set of polrs, Koch 
sphere rotated uniformly, but ils -speed was peculiar to 
itself. For the Kilti and moon only three sphere* were 
needed., the tvfl EorfffsH being the same as for Uic pknetn 
The outermost drew (which comes first in the description 
by AjMoUe and Simplicius^ moving from east to west in 

twenty-four hours, reproduces the* daily niolRui of the filed 
stars. The second moves from west to east about on axis 
perpend ion L ii r to die plane df the zodiac circle (ecliptic)* its 
eq lj ator accordingly revolving in the plane of the zodiac. 

The subject belongs ft* iuildh to tireek astronomy OS to 
Gtwfc iiiatlietnatic^. and for fuller information the reader is 
referred to the dasiSd paper of Schiaparelli. Lt *f*r* 

OFKKWlriHfAi 1 iU Ei*ifo*W , 31 Cafffppo ¥ <fi strutottfc (Milan* 
1375), to the works of Sir Thomas Heath ( Ariiiurrha/ of 
Stimoti pp B 3 9&-22-I. Grrsk A i tronomy, pp, Eff. Jf. L 

SBfeSS&J, iknd to W. D. Ross, Jritlotlf's Sfifophptia* voL 1L P 
pp. 3^-HEDT., Rut l^tl(lyoiM System of oonerntric rotating 
sphere* Is a geometrical four d* /«?rcr of £hr highlit order, 
and must find some notice here. In all the history of 
science their an* few hypotheses that hear so otunlsteluhly 
tbe Stamp Of grnjys. 

ill 
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rr/Virfi rww fcpS&w (<sV p&i^avt Sf frAdxtt AtAdfdj- 
itQu.i kh&' or ^ crcA^idj ifripcrtu ij aad' oy 6 17 Axes) * 
T&V Si TrAnviu^i^dii' ua-rptwi" €v Terra pmv €khc rrow 
u^nlptii^t *ai tovtmv Be r^r /mv Trptiirtjr «at Seu^ 
T£pav T7jf» awr^V e&ttU ^KftWif (rip T£ yap tw^ 
aTrAarmi' dirdaeiff ^epoumr efrat, urn* otto 
mirTft T€TaypeMTjr «ai irara TOk Ota pc-siuw tow 
I tethlwv T^i/ «iopHi' i^ovuav Kotinjr dbrotfwtf 

Trjs Si rptTYpr djrarmpl' Tois irdAous cV rai £uu 

ju^ftxeov t<Si' iw5cjjut r cfr'ax,. ttjs" Be TtropT^s TTp 
<£qpdi r tfard to i' AeApftdpA'Oi* 7rpo$ rdf p^cxov rad- 
rrjs' thai Be rptnjr w^mpas reus' rroXoi^ twv 

p o> aAAiur iSiawv, TO tiff St Tijff \A^poBtTTj£ Kcit tou 

'Eppow raw? away?. 

SiinpJ. th /.to en^fo 1L 12 (Aristot. iD8d •!■}» etL IfcIlitT^ 
4 E)<i. SS-# 07 . fi 

T K St- rpin} cnfaiifHt to u$ rdAou? I^owa eiri raw 
or 777 Seurdp^SiA peator rcor £rpBiW tlnS pcoTjp- 
j&ptaff rt Tpdff dpKTov GrptfatUirr} kqu air’ apvroo 
TTpdff peo^p/JpiW trute-rrtOTpc^tt TCTapTIJV KOi 

iv eiMT^f 70^ fiortpa fjptwav koi Si) rijff *cara 
sAdraf jnitjoSMS s£el rrji- fitTiar ov Jiwtf) 

ponj* 06 TOI * 1 ydp ciTi raurij ko i tt pn$ rooi ttqXqus 
tow Strl pcuwr twv dv o aonjp Km 

trAigaiW tujh TOW Koopou ttoXhjv iyurenr Kfli St tj 
TETT ipnj a^tfttpa TrcpJ rows' too -(rap) 1 aortpof 

Xofoo IftkAoif -TTpf^pp^i-^ TidAoUff ItI TavniTtn rfj 
-pirrj dir’ mvaroAtuv trrt Suapd? koI er Ztftp ](pov{t* 
1 tou ™fl 1 fcibcrfc. 

- i> H Use rti LttLtor of thr liiird sphtrft. 

1 i.r. Venus and Mcrciirt; 
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n circle latitudiunlly inclined to the zodiac circle (the 
circle in which the moon moves having a greater 
latitudinal inclination than that of the s\m% Th* 
motion of the planets he Assumed to tiikc plaice hi 
each cjLvr on four spheres ; of these the first msd 
second are the same as for the sun and moon (the iirst 
being the sphere of the fixed stars which carries ull 
the spheres with it* and the second* nest in order lo 
it, hiring the sphere about the circle through I lie 
middle of the signs of the zodiac which is common to 
all the planets); the third ls+ in all cases, a sphere 
with its jhsIcs on the circle through the middle of the 
sign* of the zodiac ; and the fourth moves about a 
circle inclined to the middle circle" of the third 
sphere ; the poles of the third sphere are different 
for nil the planets except Aphrodite and Hermes,* 
but for these the poles ore the same. 

Simplkhli, Cotomtntaro ™ ArUtath't Lb rail# H 13 
a 4)* «J. Heiberg4&ffi 23-4117. £ 

The third sphere, which has its poles on the great 
circle of the second sphere puling through the middle 
of the signs of t he zodjju% and w hich turns from south 
to north and from north to south, will cam- round 
with It (hi; fourth sphere* which has the planet 
attached to it. and will moreover be the cause of the 
planet's latitudinal movement, but not the third 
sphere only ; for* in so far as it w m on this sphere 
only, the planet would have reached the poles of the 
zodiac circle, and would have drawn near to the poles 
of the universe ; but as matters are* the fourth sphere, 
which tarns about the poles of the inclined circle 
carrying the planet and rotates in a sense opposite to 
the third, that is, from east to west* but in Lhe some 
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TTJl* KVTWV TTQlQVfltVT] TO T€ £TTl TtXiOV 

mrepf} 62 &€iv rav Shi ft&uw tujv {qj&iwv TrapotnJ- 

utrai mu tt}v Atyc^tVpp otto EtS&Sfoi/ hmoTtOrp* 

irfpi tqv airrov Toorool frifrcW toj ctorcpi 
wnpigtrat, wore p QTTartuv to t$s rat™ 

nXdrQs, ToaoSni*■ tiai q d<rrrip ei-r ttMtds S^ft* 
Trapaxujpcfr; oTT£p iyxaAovat t<o EoSo|<o t 


* i,# + by the planet. 

1 i.* r 11 hors*-fetter / * 1 

J Schiaparelli worka out in det»U ihi- motion n n F lan,_t 
subject nnty tq the rotations of the third cmd fourth spinors. 
H» problem in Iti simplest «cpT«iod, lie myu w timt 




‘A sphere rotates uniformly about thr Sied diamrfw AI - 
F. p' ere uppu*lte pol ** on this sphere, and * sphere 

cfliieentiic with the fir*t folates unSf^Fmly nhojit II i n 
tatnr time ns the former sphere takoft to turn about AH. hut 
in the opposite direction. M Si a point on the srtjsnd spfcn-re 
equ Lit Lhtuin t from |he poks P ( P {tM i> to *Fp “I 
on I he equator of thr Hecornl sphere), ft -isrequired io j™d 
the path Of M/ K Schiaparelli found a jdutlD* by ftjrans of 
seven gyometriEul «r(jp<witjfms which Eutiineua roulu have 
known, and he proved that the path described hv M «** 
like a liKUre-of-rkht on the surface of tH.- RptienS {M« 
second ligtire)- lm$ curve* which Schiaparelli called a 
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Period, "ill prevent rtnj- usrt-uire deviation" from 
tht- circle through the middle of the .signs uf ihc 
zodiac, and will constrain the planet to describe 
about the same zodiac circle the curve e/dlyd by 
Eudoxus tlie hippopede* so that the breadth of this 
curve measures the apparent latitudinal motion of 
the planet, u view for which Eudoxus has been 
attacked. f 

iiphcricnJ Irmnitealt, ’" agree* with Eudoxus's description 
of it as a hippoptd* (horse dbtter). It L* the interaction of 
list sphere with n certain cylinder touching it intumalEy at 
the double poilit Q, namely, n cylinder w ith diameter equal 
to AS, the 1 s*w\ttu of ihr tfwii11i-tcr of tk ’isjuJI circle of the 
oo which P revolvo, 

J-OF the proof Of these rfatemcnb reader must be 

rwmd to SdilopArrlli's paper. An oimkljcaJ expression 
’■ s 'in' |r cil by Norlk-rt He** in (/apcAio&Ip fier fl&ht%irt{rtirnwi\it\y 
vonPiwtfti utul Kvvuu*. Part pp. ut, n. and reproduced 
by Heath. Ariitarthv* vf Samet, j.|., EftVHWfl, with further 
dfiotk 

Summing up. Heath says {Arhiarrhm *fSamojt t u. £Jlli 

tor the sun and moon the hypothesis of Eudoxus sufficed 
h> explain adequately enough the principal phcfiOtaen#, 
™ej» W- inEpJariijrii due to the eCcrnEricltktSy which were 
ejttusr Unknown to Eudoxus or neglected by him. For 
Jupiter uml Satum, add to some extent for Motutt alao* 
Uie iystetB wils capable of giving on the whole a satisfactory 
e^pkMtlojs of their motion in longitude, their stationary 
points and their retrograde motion* ; for Veniu It was 
uiLSBtuifactuJT + and it failed altogether in the case of MrtrS. 
Tht limit* Of motion in liititude represented hy th r wimu 
h ipp&pftiti Were in tolerable agreement with observed fucts, 
although the periods of t hth deviation* and their pfa m 
In the cycle Were quite wropg. Ilul t notw fttuiniuitag tin- 
llnperfixtitMP of the system of Immocentrlc splii-rcs, we 
Cannot hist recoutfdie in it u -,jh<Qjlativc achievement which 
w-a ? worthy Of the great reputation of Eudoxus ami all tin* 
more dt^rrbg of Jidiii [ration because it wan the ftrbt attempt 
at a scientific explanation of the apparent trrcgulartiiss 
the motions of the planet*, 
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XIV. ARISTOTLE 


(a) Fibst Pahsciflcs 
ArLstCl. A*aL Fftif, L I0 P 76 a $0-77 a 

Acycu S' ap^dy ^ «kh*™ ycYci TGiSras, a$ &rt 

fm iVSf^era* ScEfa** rf pev 01V cr^cuVct 
kb* tb Trpi^ra mi rd cat tch/tcoi** Aaji/Sdt'CTar ori 
S + cori p rdr pci 1 tip^af twciyidj Xapfidvciv p rd S' 
ciAAa ofol* Tt poVil? Tj Ti TO €U&V ICBi 

TpiyivVov' elicit Sf Tfjv fiorfiSti Xaftuv ifat ptyi&os, 
tb S' €T€pa SilHn-'VVai. 

^Eari 6* wv ypwLTai £v rats 1 QircSctJmtfars 1 
cVtOTrfpaiS to. piv JSxa tVacrrTjy entimj/iijr ra Sc 
Koivd t Kocrci Sc jvar > draAfl-ytai^ cVeJ ^pTjsfftpdt' yt 

otlov eV T^j irtTo T7 JI-' e'tt t &T~ijp tj v yevu. 

"ISca p€v otov ypapprp' efvai Totai'St* jeoI to 
*.v$6 t KOtva Sc oEov -ri taa dr?a l&tuv 5r ort 

tpra to AoitfaY exat^y S' lKaurov roihwv Sow £v 
T ip ytvtt- t airra yap ironJeKi* kqv pi} Kara Jtdvnov 


m Aristotle ihlrniju rMtl HE* writinp wiLfi it I nitration* from 
maU^eiMtlcs, ifid u* hi: Jivt-d jn^l Wfon-- Euclid h ^ llintwi 
t'liuahjr ' i irti l. on the trttksfprmation lriiLcIi Kuo] ill effected. 
A Ear #* 1 mUEikruf the QiBtknmtinl paswig^ in Ari>tullt T i 
work* an? traniiktcd, with valojiWi 1 noti-*, in Sir Thomas 
llealh's porthnmiw book AfQtfr*tMtk$ in ArittotU, 
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(a) First Principles 

ArLhiotj<\ PoiUriar L 10, 76 a SO-77 a 2 

I by the first principles ml every genus those 

dements whose existence cannot be proved, 'fhe 
meaning both «f these primary dements and of tho&e 
deduced from them Is assumed; in the case of first 
principles r their existence is also assumed* but in 
the case of the othf-iv deduced from them it has to 
l>c proved, Examples are given by the unit, the 
straight And triangular; for we must assume the 
existence of the unit and magnitude, hut in the case 
of lhe others ft has to be proved. 

Of the first principle* used in the demonstrative 
sciences some are peculiar to each sea cnee, and some 
are common* but common only by analogy p inasmuch 
ah they are useful only in so far as they fall within the 
getms coming under the science in qucstkiM. 

Examples of peculiar first principles are given by 
the definitions of the line and the straight; common 
first principles urn such os that, when equals are 
taken from equals, the remainders are equal Only 
so much of these common first principles h needed as 
falls within the genus in question l for such a first 
principle will have the same force even though not 
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AqjBij dAA* eVi f4.ty£&un fto iw p tuj S 1 dfu&ftifrutu* 

tipifiptln'. 

'Effrt S' Es iv mv Kal a Aapfidwrat ttvai, irtpi 
d tTrumfruj faiupti to, v77tipxovra kq.8' adra* 
ofoi* jLt Qku lict ? ^ CLjpt^jLtrjTLAtj, tJ 34 yftitjii-f rpen cn^aa 

tfai ypa^d?„ -ravra yap Aa^jSdi^L.tri to efrtu 
kqI ro5i ft™. Til Si rodra^ ifu^ tfa#' adrd, 
ri fiiv orjpaivu waoroi^ Xapfidvovaiv t otov p plv 
dpidfLTjrih-T} t( rttpiTTav Tji dpTLQv 7j re-rpayw vm r ^ 
Ki-fioSi Vj &€ ytwfurpta tl to dXcryav rj to titxXdoffezt 

^ pcvclv* 5 s «rri p S^irfviJouca &td re kckjw 

ksx fx run? dirc^fSciy^fW^* jcld ij dcrrpoAoyta 
{L&avr<jjs. ttoocl yup uTotitucrun) £i7i£m}/iTj rrtpt 
Tpia £<rrlv, dtfa Tf flku Titf* rat (radra -V etm to 
yiu offj ov Til jp xad* atjrd iraftjpdrcui’ ftrrl t)etup>]- 
T“tJVT^}p. Kai ri Mpmz Arydpeva d^cojjtiaTa, tf mv 
Ttpdrttuv d^oSf itti' oat* *iu TpdroM To imtfyj £±V rt 
UTtfmUtt lKadrov Aa^jljdwt. 01 W pfrrtH em- 
OT^ia? OuS^ KtLiAl'ii ivUl TOtrrOJlr T7GfH}pnl* t otov 
to y&m fi7j wort^fcr^ai eTiat i dy tJ qW-xpdr dri 
<uTiv (pt) yap op&Lws Sri apiSfios can imi 

on ifwxpav teal uyifiov) M ko.1 tu pi} Xapfidirav 

tI trrjpaivei, dr 3 } SvjXa k tLomp oiSSc rd tfoti^d qv 

kapfldvii Ti (njfiAiLi'E l t q Era affi t&un f d(fteXtZi' t 
Vfl yvwpif&OV. fix A* odS^V T/TTGI' Tp */€ $VO€t Tpia 
raftm eVt f iftpi 5 tc Sewm/crt teat d Scurvwi tfat 

1 a r 

Ook cart £ t vnoBt&tf tidS' atr^pa, o dvdyKij 


- Bu^lkl 4o« not driint racMafu B-! to be lntlect«i/ + or 
Piumir, 11 U> tcri^.'* For u [i csatiipJe of " Saflectk>n/' 
'«pra, pp r pnd of +l vep^iog+ M tvpra pp. 
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applied generally but only to magnitudes, or by the 
arithmetician only to numbers 

Alio peculiar to a science are the first principles 
whf*se existence it assume* and whose essential 
attributes It hivestigntes, for example, in arithmetic 
units, in geometry point* and lines. Both their 
existence and their meaning are assumed. But of 
their essential attributes, only the meaning is as¬ 
sumed. For c * am pic, arithmetic assumes the mesin- 
ijig of ndd and even, square and cube, geometry that 
nt irrational or inflection or verging, 11 but their 
existence is proved from the common first principle* 
and propositions already demonstrated. Astronomy 
proceeds in the same way. For indeed everv 
demonatrntJvc science has three element* : (1) that 
which it jwits (the genu* whose- essential attribute* 
it examines) ; (£) the so-called common axioms, 
wliieh nre the primary prenskses in its demonstra¬ 
ting ; (3) the essential nltrrbutes T whose meaning it 
assume*. There is nothing to prevent some sciences 
passing over some of these element* ; for example, 
the gmm may not he posited if it is obvious (the 
existence of number, for instance, and the existence 
of hot and cold fire not similarly evident); or the 
meaning of the essential attributes might be omitted 
if that were el^r. In the case of the common 
axiom*, the meaning of tziking equals from equals 
is not expressly assumed, being well known. Never* 
thcless in tht^ nature of the case there urr these 
three elements, that about which the demonstration 
take* ptace+ that which is demonstrated and th^e 
premisses by which the demonstration is made. 

That which necessarily exists from its very nature 
and which we must necessarily believe U neither 
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efrai 5 / (luto h-fli Soirctv iirayKTji. av yap 

Tflif Aayov >J drijietfff, oAAn rrpos tov A 1 17? 

tVfi py^e cruAAoyiffjutdy * afi yap conv 
tim-ijiflu irpoj rov iftt» Aiiyar, (LAM tov etKo 

Aoyor oJk 11cii Jaa per out Settcra 5 rra AaptMvfi 

afiros jii} £e£fti^ B raftr*, car p<v iojfoirtTtt Aap/Sci v$ 
rai iWoritferai r Kal tariv atljK 

iTTTohzrtis cLAAi tt/wj cKcirci 1 f»»wv f av St *} p*7“ 

Sc puds ivQvcn^ 77 koI tWiTta? ivot^ngr 

Aa/tiBaiTj ra arfi aiVitrai. Knt tqvtui Sta^p^i 
uttq&ktis if a I amrj;.ia- ears yap ainjpa to xmtvai'Tiait 
roy ^arfffiiipfTtK tiJ Sdfij, 77 o av ti$ aTroAewfTov 
av Aap/IaiTj #ral ^p^rai jjbtrj 5 c*fas“. 

Q* ph' 0Jr apot aytf cJfftv (aufie yap 

cfvai Tf Aiyavrai), *iAA ? ev -rals tt pajama tv at 
wrflllwf^r Tpiif A* opoust povar fwtfcrflai Acl' 
rotJrfli S' oyy £1 pig #rai to anoyCir 

v^adcrtcV Tif etvcu ^rjact* liAA’ ouojv ovtoji 1 ra* 
iKtlva e^irn ytv^rat ro frypWpoapa. ou* 0 
yeaipirp^s ifthv&i} {tjTOTi&zrai, axnrtp rivis 1 <(hi crav, 
Wyo*r«S ws oy Set tw ^rtftrSet ypigcr^a^ tov 5 e 
ycaiperpi) r A^ avra ?ro5niiav tt^v ou 

sraAfatav jj cuflelar T^v ytypapper^r quk €vtklav 
outrav* a Sf yctypirpTjs 1 oySev mjpTrepaiVfrai roi 

nijv&E cZvra ypapp^K, ^i r ayroj l$&£ytmiA r aAAa 

ra 5in toJtojv S^Aoypci'Wi irt to aingpa * r m 
UirofWt? iraffQ t) to? oXov *J t&y £t r p.€pti r a 1 A" upoi 
oJSeTepov TotirtuV* 
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l)Vpothesis nor postulate- For demonstration is a 
matter not of external discourse but of meditation 
within the soul* since syllogism h such a matter. 
And objection can okap be raised to nsterna I dis¬ 
course but tsot to Inward meditation. That which is 
capable of proof but assumed bv the tear her without 
proof bi t ff the pupil believes ond accepts It, h tfput Just &. r 
though it is not hypothesis absolutely hut only in 
relation in the pupil i if the pupil has m» opinion on 
it or holds a contrary opinion* the same assumption 
Is a postulate. In this lies the distinction between 
hypothesis and post ulafce ; for a postulate is contrary 
In the pupil's opinion, demonstrable* hut assumed and 
used without demonstration. 

Tile definitions are not hypotheses (for they do not 
assert either existence or non-existence), but it fs 
in the premisses of a science that hypotheses lie. 
Definitions need only to be understood; and. this is 
not hypatJlcshit unless it be contended that the 
pupil's hearing is also a hypothecs But hypotheses 
tny down facts on who*c existence depends the 
existence of the fact interred, ttnr are the geo¬ 
meters hypotheses false, ns some have maintained* 
urging that falsehood must not be used, and that the 
geometer is spooking falsely in saying that the line 
which he draws is a foot long or straight when it is 
net ther a foot long n«r st raight r The geometer draws 
no cotiduston from the existence of the particular line 
of which he speaks but from what his diagrams 
represent, Furthermore, all hyiKithc^S and postu¬ 
lates are either universal or particular* but a definition 
is neither. 
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(6) Tim Infinite 
A rislcxL / 3 ^j, T S, 2043 m 0- IB 

“Dti S 1 tt jttij ecrrtP tf-rffipov dirAcor, ttoAAA 

dOomra TOp^JxiWi, SfjAdF. TOO Tt yap XpoFOO 

lo-rt it rtf J-PX 1 ? wa * * TtAiimj* t *s ou 

Siaipcrd e{£ tfai eipi%id£ quk corat arrttpos:^ 

Sc ^impUTp.Ii'iuy qvtwx p^Sercptu* ^ai itjtku 
S itupijray Set, tfat S^Aor ort twt ;kv 
cpti^ S 1 otL A/yertu 5?/ to eft'oc to jitt r 

Sompti T-0 t>£ ClTfAe^fOl. KflE To CLITClpGV €OTt 

per TTpnfjQtuti t<m St xai Btaipcatt. to Sc pcyeiW 
d ti per Kor 1 ^pyemr ovh turiv CcTTStpoP, ecpiyrat, 
Stotp/oet S' fWiV’ po yl|3 di'fAcli' ra? 

drdpoor ypflppir ActVtTtn oov Sot'dpfi elm* to 
dlKipOF. 

Ibid, r 6 , b 3 - 1 S 

To Of KUTQ Ttp6tiQtQ& r TO CEJTd COT l TTWff tf*i TO 
icarA StaipfffiM* cr yap Tip t c -ire paup t r oj koto 
TT pAyAffTii" yiyrt tcu arrearpippe™^ jJ yap Sr&t- 
podpcvor dpaTai th iffftpOT* -raurj} wpfWTtWpraav 
faupfirtu 7Tpo$ to tlipiapivov. iv yap tui iroxepa- 
ufiivyj pey£i?ei or Aa/Jair tec c upi&ffcVQV rrpodAdp,- 
pd I'Tf Tyi avTip Aoycp > U.^ To ttlVd Tf TtiQ oAou 
piytBas rr cp i A aptjfld iku v t ov Sicfelfft to -rreTrepa- 
erpeVciP' car S 5 oorco? o-offl Tpr Xayav toerrc aei rt 

* After rriticiiinp the bdlffc of the E'ytfalgttrWH alict 

Plato" *< A riiitotEr h*& just shown I hftt there cnntiot be 

nn Infinite sensible body. 

* ‘ITie doctrine t*f rf EmlivLMbk lin« H is altrilnited to 
Pinto by Artatot. M*K tHH 4 9fhS2 find to Xtttocratts, who 
■niOecTdf-d Spf-ustppitft n* hend r>f the Academy* by Frochlt 
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(6) The Ivfixite 4 
Artltotte, Phytic* T p, 306 a !)-lB 

But it is clour that the complete denial of an infinite 
leads U) many impossibilities, Time nil I have a 
beginning and an end, there will be magnitudes not 
divisible into magnitudes, and number will not be 
infinite. Since neither of these opposing views can 
hr accepted, there is need of &n arbitrator, and elenrly 
each view must be in sonic sense ime h in some sense 
untrue. Now 11 to be ” is used in the sense either tq 
eit 1st actually or to exist potentially, while what h 
infinite is infinite either by addition or by division, 
H has already been stated that spatial extension h not 
infinite in actuality, but it is so by division ; for it is 
not difficult to refute the belief in indivisible lines * ; 
therefore it follows that the spatially infinite exists 
potentially. 

tbid. r P + im b 3-10 

The infinite in respect of addition is in a sense the 
same as the infinite in respect of division, the process 
of addition in ei finite magnitude taking place eon- 
verify to that of division ; but where division is seen 
to go on fid infinitum, the converse process of addition, 
tends to a definite limit. For if in a finite magnitude 
you lake a determinate part and add to It in the same 
ratio, provided the succcHtve added terms arc not of 
the same magnitude, you will not come to the end 
of the finite ma^uituElc : but if the ratio b increased 
hAj that the terms added are ntways of tin- game 

■ » Tim, 1 , d. lliehl it. JW. and tt* EiW. i,, cd. Friedlrin 
5, As Well y by thr cumiuciitiirarc on ArJ^totEe. 'fk 
aseudi^Arf&tatri tan Irndi lb I fn#£v tFwuMMW mems 
directed against Xenocmtes. 
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ra aura mptXafifidvci& fUy^Bos, &tel to 

Tdi^ tt£jt* panels vqv av&ip£taua* ottaoQtf tijptaptvut* 

jw. ni.meb ^ ^*7 a i 

nA^TtiM^ Sl« TOtfffl 3li> Ta aTTZlpH CTTOiTjCMV, OT1 
tfju (STt TTjiV 1 aufcrjy Sower vrrfp^oAAftr ttai eif rlircipw 
te^'fw wni em Kafiatpfaui + rotijaas /icitol SJa 

° u XP'FW ovt€ yap cv rois 70 tVl Wjr 

#f«(?atpFrrtr iMFCEpov UtTap^i ( 7 J yup pol'as cAix- 
JftOro! 1 ]j tiyre to ^Tri nrp au^r (pc^ yap StivdSos 
TTOi^i “dr 1 dpi0p.6v\ . 

*-Upf$fHV€l d£ TOLTarTtar fjl -TIE fAWtipQV fj £rjf 

W ydp of /ugSfr 1^, aAA T of <kt Tt 
*? w tWt, TO^ro a77Ctpfij/ ecmr, mjpeioir Se j«u 
jap ToUi SriwruAiq t?? ajTftpoiAr Atyoiwri rofs pij 

£ £ olb ™ ? ort W Tt iurt hapfhivtiv. 


/ l'n m 11 finite uiaprnittnle A A" a “ drtenrjliuite pnrt * 
tfpwpAw) AB h cut off. HA' is then dirided *i C. CA' at 


B 

-H 


C D 

-HH 


P k fl L nd *° on * ^ch a manner tJmt the fractions diminish 
in the same mho, 1 .,., AB. BC. CD , , + form *™inefcffc*J 
factions diminish in this way, ^ 
A A will never h? eihaustd by tlib process, which will 
pmoreti ag otjSmtnm* Wr may then. look on A V as 
div idl'd into ail infinite number of parts* un in&MiU 

y ?*£*}*'*' or ** h>ok on AB a* having added to it 
n?i* irSf nijm]M ; r ^5?** ff^ ln h r 011 "■/»»'** fry tumw« r 

But if_the sucef^ivE added fractions are equal lo inch other* 

4ni. An = J i Ci±t ;4 = * ^ tl] ^" A A* will be exhausted in n 
T ite n amber of steps. This statement U equivalent te the 
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magnitude, you will come to l he «ml, since am finite 
magnitude is exhausted by continually subtracting 
™o it any definite fraction whatsoever . 9 

Ibid, r t>, sw l> 37-207 a 7 

Plato posited two infinites » for this reason, that it 
is possible to proceed without limit both bv way of 
increase and by way of diminution. Rut although 
lie posits two infinites he does not use them; iW 
in numbers there is for him no infinite by wav 
of diminution (for the unit Is a minimum), nor by way 
of iuenroe (for Jk* izuihcs number go up to ten)/ 

So it comes about that the infinite is the opposite of 
what it is usually said to he. No I 1 hat beyond which 
there is nothing, but that of which there is a] wavs 
something beyond, Is infinite* An illustration is given 
by tiie rings not having a bezel which arc called rnd- 
h-ss. because there is always something beyond any 

P if rehteurf “ 1 abtaA7 ^ h - v Eiufosras (see 

- * Jbc reference is evidently to [tic famous " undetermined 
dyad of the meat mid small." ,V. E. Tavlor ( itta-l, 
pp, 419 -MO. 1920 . and xtiKvi., pp. r '-Jfcj. 1937 ) puts forward 
nn Ingenious theory of [tic nature „f the “ Undetermined 
dyad. lie See* a tefnwiK lo ihe noDtn iif appmximating 



«.j. _ ± xn r J T ■* \-. “ . - Lia uirr rrnncm ent 

meJIifKl Is np t irnsim.iEfcfm by cantimied frnethm,. 
* Iiuugh Midi corK'rjjtions ITCH' dcmbilei not b^ymkd lisr 

Flh-l Ml j. l.. .. S I __J? Tit-. i_T hi . * ' 


— “vuulii-m hue in ii>iiu mr 

niiLthtm&tiraJ ^apjidry uf Platn^ Academy, tbey niu-st 
rvtnjiLn Jrurescs; Jin<! thrre h noHlLng Eo fartc us to believe 
Elint there b anyth iiw Inon.- profit m l In the miit^Tifc yf the 
onddmuiEicil dyad than Aristotle here Mifatra, vj*,, it \ A 
P**™™ to praceitl in c*n infinite serfs tijEher by way of 
Increase ot by way ot d imiirulbiu 

ArlsEotJc has probably rni^mdt^k.od &onie GbUjr dictum 
of rlalo g. 
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Ka&* djKOti^r^ra jtifV Aeywrcr* 01 J ffcWtn 

KtlpEO#* &€i ydp TO Crr6 7t LTTQ^itl- *tal pljSf “OTt 

T<3 aitTO hxjxfl&rzvdm * 1 A* Bi tw #f vK^tp qu yiyttriu 

off™*, oAA' aki to i<f *povoF cTfpQF. 

/AR r 7* 507 b ST-34 

Ouk d^atpcirtu &* <5 Aoyos orSe xou? 

paritfow? Ttp 1 0 *tupio:p p ivmpwv ovrtwff cfvoi 
aimpOP iSorf cvcpyc/p ftvat ^ 7 ri ttjf aof^otF 
a£l*f/T7}TQF' Gl)&* yap IW Biai'Tai tqu artf-lpaQ 

(oi3 yip xpQ3vnu) t aAAa fufrw ffrai ocnjv of /3qu- 
Atai'fat tt^tt^jCki crp,fV-rji 1 ■ rc5 Be ptylcrrw fttyi&tt 

tqu O.VT0V fUTi T€TprjfJ& CU AfjyOl' dm^AxtforOlJF 
piytBos erepoF, ukrre rrpu? p£v to S^tfac 
go 0 **■ Stoioft tto gZrai tv rots’ ovaiv ptytiftmi\ 

(£■) PliOOF DJKmiSO FROM EuOJDfl 

Art stoL Anai. Pr . I. U, 4I b Mt 
MaAAfjt' 8i ycVfTc^ iafepoi 1 eV rofe Bcaypd/i/iami', 

ofoi r on too iowKcAottf unu at trpo? ttj fiaan* 

ii&TQjoai* etf to h m €VTpoi' ijyptm* of AB* ct oJk 
taiji 1 hafifitlvQi tt}v AT ywviav rfj BA / 11 J oAtoj 

* Arftffltlt had hern arguing that In uny syllogism otic 
of (he proportion!! must be afiimiaUve and uniters*]. 
k Lit H drawn^" 

1 I*of _this, method of appaslng the sum of two angles 
by the Juxtaposition of the letters representing them, &« 
ArchvWa method of representing the ran of two numbers 
4SS 
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pomt on them, but they arc so called onlv after a 
certain resemblance, and not strictlv ; for this ought 
to bean essential attribute, and the same point should 
never do duty otfdn ; but in the circle this is not B& 
but the same jwini is used over and over. 

Ibid, r 7, 307 b 97-3* 

But the argument does not deprive mathematicians 
of their study, although it denies that the infinite 
exists m the sense of actual existence as something 
increased to such an extent that it cannot be tone 
through ; for even as it is they do not nee/the 
infinite (or use it), but only require that (he finite 
straight Ifne shall be as long as they please. S T ow 
any other magnitude ma y be divided in tho same nitio 
the target magnitude. Hence it mil tnakt no 
di tt renee to them, for the purpose of dcmunttrni'iuu, 
whether there is actually no infinite amatijf existing 
magnitudes. - 


( c ) Phoqw Dirrtnivo from Bircuti'a 


Arl*lut[r. Prior A twister i 24 t 41 b 

I his° bmade dearer by geometrical theorems, such 
as tliat the .‘ingles at the base of an isosceles triancle 
arc equal [EucL L 5], For let A t li be joined Mo 
the centre. If then we assumed that the angle AT 
[i^. A + r]* b equal to the angle F#A [*jr. B + A] 


rt *pr®' P- *30, Htc miffEtt A f B are like nudes OAB ORA 
and (ire the same ai chose later described, in a confusing 
mirnrier, « K /. Hie angle* I\ A ere the smaller juid,-, 
Ijetweeii Afl and the -are of 111 ,- rin-U There ib other evt- 


lietw'een Afl and like a nr of Hli circle. - - r- IL M u ^ tcr , ri 
ay g- ** s « ch " ®iwd"«ljurlr ! , played a bur part in p re - 
Luclideau geometry, but Eudffid himidf scarcefy usev lliem. 
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dfitiluJOf ra? tupi> ij/iuWtW, K'u! iraAip 

i’ rfj A /irj trucrai' Trpo(iA(tj5idii' nji' tpv rp^aTcur 
fri S’ IX7T J tcr^J 1 StJUtiif Ttjjr oAuw ytUJTMOi 1 «til lawr 

way chat riff AoiTrdy ray EZ, to e£ 
^ T1 ? ff€TC11 J *v-v pii otto r<Lv toon* tacw 

d^HUpoufisiun' ifja XtiTt^aOat.. 

(if) Meoianih 
(L) Principle of ike Tj-rr? 

(Artstnt] Mtrk. 3, B5fl n-b 

+ E“* t Se t? iitto^ ftrd row Stow /Sfi/wvy Mineral xj 

JlKtfwi' Of TQV K€VTpau t ion &£ rpia. Ta TTEpL 

to^ jfiOj^-Vu^ to /xci? v7Top6^iov t tnraproi 1 #f ai 
K€ iTjpOVi Sl'O St jJdpi}, o re KU^H" Koi to Kli'UtJpfTOM' 

O D& TO KtltQUpgVQt' y?d|W¥ TTpOf TO tfil-'Ot/J'ji Tu 

irpoy to jU^ihto-; dmirArwfep* cuVi Sf oo-oj 

Ot' jttffCoV fl^COT^KTy TOU dTTOJiO^Au&LIj pctor IfUTjoci. 

atriVi St e™ rj irpoA^^cioa^ ori jJ TrAtiav dir- 

* Kudld pmvti* IJil> theorem by produdiur the equal 
sidi-s A H, AC of an lao^Jw triangle to I 1 * G « here AF is 



equal io AG. He ahora that the triangle AFC la ctJia-ETirent 
w ™ the triugki AGB, hence tJi.it me triangle MFC \& 
miWWJt Wffll the trims j?]e CGB + and so finally I lint the 
angle A Bt i ^ eq ua | to E he angle \£ It. 

b The Mrthunw b nut by Arblotte, hut must Jiavc been 
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that tbe jungte r Is 

ttiunl tn the Angle d with- 

turning generally 
t/iat the two angles a f & \] 
segments are equal, Jin tl 
we further inferred 
thrtl, £inee the- win tie 
angles Are equal, and 
Angles have been 
subtracted from them, 
t!u h remuiininp ftTiglds. 
t. Z ■■ rcr equal, wre should commit a wAV fW,™ 
iinlcss wr luonined ^entrufly that if equals i rt Sl £ 
tnii-ted from equats the remainders art equal 11 


(d) Mechanics 
(t) Principle of tie Lmr 

fArhiottc], Ifftchanki a F flSO a-\y * 

***?. | h ‘‘ f eiUer " 4 “ “ n,ovcd lllr *re quickly 

5 “ ** 'f^V ; n "ft**. «ll-erc are threi 

or ren£ 111 "' ^ , l iil ," fu|i ruf| lt that is the curd' 

I f "C tVi \ that Wind, moves ami 

Sed ?thr Vrd ; rot T : ' ht mli " of f1 "* wfeht 

nioved to the movjt. ff ureight fa the inverse ratio of 

tW tW^f* T J *“ fulcnua * I[ fa ehraya true 
■ ,'* h<; f; tr!!,cr tht ’ mmin/r Height fa aw.iv from the 
fulcrum, the more easily will it move. ‘IV reason fa 

i.c«d £ aarcL'SxsK^^ 
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^oirt7a eV too K€i*Tpov pel^ova kvxAov yjxfptt* 
u&rrt diTO rijf tiiVrijff uj^tfoc ^fmrfrjMTai 

to h'ivoOi 1 to irAetov tov &rf o/io^Auju aire^ov. 


(ii.J PurulUlogratJt of Vekritie* 

[Bristol.] M*ch. 1* B4& b 

*Orav piv o£y cv Xoyw rivl ^fpTjreu, dir 1 
dvdytrf} $ipfu &at To ^pd^fyor, ku 1 ym-rcn Sid- 
p^Tpo? a-Jr^ rot? c^rjpiTos d frotoikrty at dy tootw 
Adycp owne^tcw ypappaf* 

"Etmu yap d ^ayo? ui- to 

ov e^ei ij AB TTpdj TTJF AT’ Jrtll TO A 1 
TTpof to B. 17 Be AB tm-a^EpdttPw srpos HF a 

St TO p-iv A TTpd? to A* VJ Si jf AB 

irpof to E P ti oCv cm rrj^ ^opa? d Wjwff ^ di- 
7J AB €#** TTpAf TTjy A T, dxmyta) kQ .1 tsjv A A 
np- AE rouToy f^tu 1 Toy Aoyo^ T Spoia& opa carl 

Tip A 6yip to fUKpaxt rerpiifActipov tw pe*£oiT t ojrrre 

f<rii Tf airr^ hidp^rpo^ cwJrdjv, Kfii to A eoTol -rrpoff 
Z, tov avTQv Bi| rpdrroy Sti^^trfrat rtai f ottoi?- 
ooy StaA^^jJ 17 $Qpri m aUl yap ear<u cm tjJf Sta- 
^trrpOLr, ^aycpdr offy on to ^^tq njr Biapcrpoy 
fapoptvQv fV Swo iopays" toi h twv irAEopajy 

Aoyoy. 

* i.fp hai two lliircir mnventflttt* in n cort-taftt i-ntio to cadi 
other* 

* i.#. pdrHlIrlognin. 
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I hat Already staled, that ilm point which h farther 
from the centre describe* the greater circle. As a 
[f the power Applied is the same* that which 
moves illr system will have a greater effect the 
farther it is from the fulcrum. 

(h) Perattetogr&m of ¥ thrift 
{ArutnUe), M*chanicr 1. W b 

When a body is moved in a certain rutin * It must 
move io a straight line, and this straight tine is the 
diagonal of the figure * formed from the two straight 
lines which have the given ratio, 

For let the ratio according to w hich the body moves 
be that of AR to AT ; let Af be moved towards B 
will it AR be moved 
towards llF ; and * A 
let A travel to A + ** 
while AR travels to 
a position marked 
by E. If the ratio 
of the movement b 
that of AR to A T f 
then A A must needs 
have the same ratio 
lo AE, Therefore 
the small quadri¬ 
lateral Ls similar to the larger, bo that they hart the 
diagonal, and A wall be at Z. It may he shown 
that R will behave in the same manner wherever the 
motion be interrupted; it will be always on the 
diagonal Therefore it is also manifest that a IkhIv 
travelling along ike diagonal with two movements 
wiU travel according to the ratio of the sides, 

voi_ i 2j- 433 
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XV. EUCLID 

(d) Gen helm, 

Slob. Ed. IL 31 . 114 . ed, Wadumnlh It. m 

I lap* EuK^€l&ri ns: opftzpfVO? yHi3f±£Tp€tV f dt$ 
to wpc&TQV &tiAipT}fia lpa0iy t r}p€TO tov LJuJcAciStji- 
“ rl &£ p.Qi tt\£qv sortLL ravro. PF KHi o 

EiVAecorjs tou irat&L tfoA/cra? pp coe/" Ijyq, “ ai!rw 

rpuo^oAoi^ B*t aorep if wi' pad?ai*r 

Ktp&alvtiv” 

(A) The Elements 
( i.) Foundationi 
End. Ehm. L 

m OpQl 

a . ^TJJAtiQV fCTTCt-'p QV fl€pQ$ GfcJflcv* 

Tpa/ip^ 3 e ojrAar^« 

y*. r pap.f.i 7 jp 3 t TTtpara <TJ}fJLC ia. 

* J knjly anything ts known ui' the ] ife of Eudkl he round 
whet haii already been :> Luted in Ihe paASJige quoted from 
PrudEuS p. 154 ). From PappiLS vh. 35 P ed. Huitfch II. 

r>tSs, 104 *, in/ra b p. 4 H 9 , we infer the add Elkina) ileluki (tint 
he laught al AJanndrLn and founded n xJiool there. Arabian 
reference* are *ummarirccl by Heath, Th* Thirlr*n <?/ 

AWijd’ri MfHUf jiYi fl J n d ciln.. I Mdtf, VflL 1. pp. 44?. Endld BUiiit 
hare flcMrifbed *. 300 b.c. 
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(a) General 

£tnWus Erfmi* Ur 114. cd. IVachsinuth ti, 

9 M& 

Sonozrz Tvhf) had begun to read geometry with 
Eudtd, w hen he had kamt the first theorem asked 
Euclid, ,H Hut what advantage shall I get by learning 
thi-sc things?" Euclid called his slave and said, 
" Give Ikim threepence, since he must needs make 
profit out of what he teams." 

(h) The EuMim 1 

(h) Foundaiimt 
Euclid, EUmrnii ii. 

DZVIHITION^ * 

! + A pmnt 3?? that which tins no part* 

2. A line is length without hreudth. 

3. The extremities of a line arc points* 

* Km- the miming of tbm*ntw, jun? ™pru, p. 150 n, e. 

* l'or ft Full discus km of the many problems roi*j?d be 
EucHtTf definition*, postulate* and common notions the 
reader is referred tn Heath, Th* Thirism Book* of Euclid'* 
EUrnsnU* voh L pp, 15.^940. 
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S', EMeln fffrtp, qfrtj itrou roif 

eavrf^ err) p fiats KCiTOi t 

f 1 Ewi^dma Sc Arrt^ 5 jiijko? koI irAdW 
8i TTfparq ypapjua/* 

+ ; m w ErriTTfSqF (T[^aTf(a £&Tlv r IJTt? IffOV TCUff 

c^> earn}? tuffficnjr kcI-tci4h 

^ - EmrrcSof Sc ^ti-ru- 1 tJ £v crrdreSoj StJa 

ypapumv &TTTOftdpwv uAAtJAup ml ^ eV <dfldas 
d^VjA^y TtSv wAiVt?. 

. J ■ O'Hiv frt at Trepif^ouffat Tijr yp|4^;ai 

f t/Vc ta t euffiifj naAfiTai ij ytvpwi. 

< * Oriftv Sc cwchi err fE/fleinv artt^fga raj 
e - ^ l ia ^ tefftj? iA^cuf ttoiipj,. dpifl^ 

^i; tcrajlJ eWc, *cai >) c^crrrjtfwq cdfor* 

Kaprrqf hrttAcrra^ 

*$4&njK£», 

£a ■ yawia ccttIv V} iic(W dotfor, 

^ - ^Ofctti ij ap&ijs* 

iy ■ O/ws cvm.i'p o Ttt’oi: (Wi rrep-tif, 

(S', Zx*JH* TO uirq Ttl^S 7j( Tit^top OpOJl* 

Vfp\£^apfv<nv. 

te . KifVAas 1 eWI <jyijp.fi cVtireScij 1 tijra jua? 
yjCKi/ijtiTjj jreptc^/i«*Ov ! ij «c ltUcto* 
rrpof^i# a0 eidj cnjpcbtr tSi* cVtos too ajiJjmTO^ 
Kei^rpu^ trdaat at irpapmirrauimi tv&clai [irpo$ 
^ too ™*Aoo «w aA^Aw fiW, 

i? . Kirrrpo]- S* joy icukAou to oTj^ioir j*nu\etTcu* 
it * iitipc -pas Se ro£ ktuVAqu dtrrJi/ *dtfeid rtf 
gj" 7 ^ «al g gjiarowft^wj 

IHT r> rJt,ln ** « *tr%lit line *s l+ Umt 
U h - 1 ?*“ mSd , d,e ®°wrs Hk endfc / 1 ]\li i*]jrL Appear* to 
w ° ^ 1,P same kind of thing 1 In more geometrical 
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I. A straight lint is a line which lies evenly with the 
points on itself* 1 

A surface is that which has length and breadth 

only, 

6. 'I he extre mities of a surface are lines, 

7. A plane surf tier is n surface which lies evenly 
with the 1 straight lines on itself. 

8. A plane angle is the inclination towards one 
another of tw r n tines in a plane which meet one 
another and do not lie in n straight line, 

p. And when the lines containing the angle are 
straight p the angle is called rtctilineaL 

10. When a straight line set up on a straight line 
make> the adjacent angles equal one to another, each 
of the equal angles is right, and the straight line 
standing on the other Is called a perpendicular to that 
on which it stands. 

II. An obtuse angle is an angle greater than a right 
angle, 

12. An aeute angle is an angle less than a Tight 
angle, 

\3. A hotmdartf is that which is the extremity of 
anything, 

Ik A ^figure is that which is contained by any 
boundary or boundaries. 

1 o. A circle h a plane figure contained by one line 
such that alt the straight lines falling on it from one 
point among those lying within the figiirq are equal 
one to n noth cr* 

1U. And the point is called the centre of she circle* 

IT. A diameter of She circle is any straight line 
drawn through the centre and terminated in both 

luipiin Srithrr statement Is satisfactory as a definition 
w+ M r 7 )> 
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CREEK MATHEMATICS 

i*drfpa ru ptpjf into ttj? roO kvkAov xeptibcpcCas, 
jjris wa* Si^a Ttp« top kvkXav, 

lT j • HpWKWI» Sc fOTl TO T7Cpl^^ojxeVOl’ (JT^jJld 

tijfo T( TiJ5 Sltt^sr/Wtl KOI T^t aTTOAdjLtj3tl>'OjlicV’>JS vff’ 

5c toe? 

ro avro, o Ka{ tou *fuVA&y ^ViV. 

10'. Sjfij/«T* cMoypappd etm T a i^to €(50kik5i- 
irfpifjjo/ltl a, TplirA^lTjpa (Etc TCt lW (7 TJJtojl^ TiTpd- 
Ct TQ rno TKctrapiui', iroAtWlfupa Sc ra 
VITO^ ItAeLOEKO^ ^ TICOOpEoU Ct)0£lcZlL' TTf^IK^OjUflKI, 

’ J&k Be ^wAc vpiuv vjpipA'nop urdnXcapay 
p€v rpiywmv wn n ri? rpa-r ?oar c>p ^Act-pa?, 
lOooxMf; if TO Tos Suo /ioio; ttiai CJfOP 1 TrAcupaf, 

St r5 ras Tpc«<r dvttrovs *X ov ^Acypof. 

xa . Lti Si rtiji' rpt^Act'puif cj^T))i£iTiuv dpOa- 
ytuwoiJ pbt Tpiyavtiv cart to lyoi op&p ytuiiW, 
op^AtTytiptoM Sc to cjfor a/j/SAcrw ytoiw, d£v- 
ywiov 6e to ras rptt S tk c f inj eyov ymvia^. 

Iw > Sc TtTpu.-nXivpuiX' tryijjLtaTtov rtTpa- 
ywvoi' po- eWiir. $ iadrzkfvpdv tc eon. khi o P 0o- 

ytortov, eVepdpTfucf St, £ dpBoywpiov /up, oCk 

ujontevpov 6c. pdp^o* Se, 5 iooTrAtopov pc.- owk 

optfoy^i-iop St, ffyij&ietSfe Si ri nlr diHiwrfop 
yAevpar Tt Pk-ai yWas four aAAij&Uff e^o. , £ odrt 

tcrovAciEpdv fDT»‘ owrc opdoydtvtov* th fit rrapa 
Tai/ra rtTpdirAcirp® Tpame^ta ahAc urlW 
*y\ HaptiAATjW e*W cwSeict, curaer ip to" 
aurtp cmTre'So. oeW *«zi CK^qAAopww efr d^.po,, 
T. c'fdTCpa ro pepTj ciri pijitVepa (fvpWimnwc 
cAAt^uic. 
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directions hy the drciimfi'rcnce of the circle. and such 
a straight line bisects the circle. 

18. A temhxrtk is the figure contained by the 
diameter and the circumference cut off by it. And 
t he centre of the semicircle is the same "as that of 
the circle, 

19. tiftHImratfgunv are those contained by straight 

lines, trilateral figures being those contained"hv three, 
quadrilateral those contained by four, and multilateral 
Ihitsc contained by more than four straight lines. 

20. Of trilateral figures an equilateral triangle is that 
winch has its three rides equal, mi imxcAee triune!* 
that which has only two of its sides equal, and a 
Kaiene triangle that which has its three rides unequal 

'£1. Farther, of trilateral figures, a right-angled 
triangle i. s that which has a right angle, an oMnsr- 
angled triangle is Mint which has an obtuse angle, and 
an acute-angled triangle is that which has its three 
angles acute. 

”■ Of it n adriln tern I figures, a square U that which is 
both equilateral and right-angled ; an obhng is Unit 
which is right-anglgd hut not equilateral - u rkomhut 
u that which is equilateral but not right-angled ; nod 
a rhomboid is that which has its opposite rides and 
angles equal one to another but is neither equilateral 
nor right-angled; and let quadrilaterals other than 
these ch l called trapezia, 

its. Parallel Straight lines are straight lines which, 
being in the same plane and produced indefinitely in 
both directions, do not meet one anotlier in cither 
direction** 


hoes min Uuw main groups : ( I ) Parallel nrahki Unit jW 
»« jwmr romsMi, under which grflrrat ConreprtiDn it* 
follow urn varieties of statement are todudwl E tu y do 
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Amjparw 

a. ’IUttju&o aTTo Tracis *irl itav 

tnjfietov ti&ttw yfi app^y ayayelv, 

0\ Kai Trerripaaft^nji' tv9dav Kara to am 

tir‘ cyfetaj sVjSaAetv. 

y , Kai frai^i ittvrptt) ptai $*<wrnjpart KUirAov 

ypiitfteoBai, 

Kai Troims Taj dpfJaj ytovitis ta aj tiAtajAcus 

euai. 

Kai til 1 eij Swo fuflei'aj cufoTa 

raj citAt koI ew* ra ai!ra pep 15 ywwaj Swo ap 0 < 3 v 

eAfWOi'aJ -013, efr/JaAAeptWj riff Sl-o tvStla f eV 
^Trftpor avpffiVretv, a pep? «Wv aZ tQv St» 
fjpflio*' eAitraoycj. 


R ol rut pjw nnofAfr, (bl Iftfy m*tt at infinity, (c) ih*y havt a 
eommoa jwmt .1 1 1 (S) parnlM *trmp '/ (•-" *«• 

Mp #dWn** or fliti dirtrifO* or rfiw/imt |3j parer^J 
itpripAf ^ h*z* th* UUrttn thrm wttUmt. 

gliJd*»d^lSon bebngsto KJ&ud he i^oupfcUitJC* 
latent in the other defoiMortSi lowing fcltnself superior not 
an]v to mtinV oncknl, but to rmiiiv modem, geometer*. 

* The oh Lef purpose ofth^ rfrut three postulates i- perhap«i 
not to tiiv down that frtntight IJlir* and itfmtrt wn be drawn, 
tint 10 delineate the nature of tnielUlean ,5j? 

that ^jux ift canlimious (not diwrctc) find infinite (not 

hl ^L'fhU gives a determinate magrutltdo by which angles 
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M5TPUTES 


J. Let, ill f folia Wing be postulated : to draw n 
tmight lint from any point to jiny point. 

To produce a finite straight line continiiomjv in 
a straight liner. 

». To describe a circle with any centre and dia¬ 
meter." 

k All right angles are equal one to another/ 

3 If n straight line falling on two straight linc^ 
make the interior angles on the same side less than 
two right angles, the two straight lines, if produced 
Indefinitely,meet on that side on which are the angles 
less than two right angles/ 


25 h® J 1ut ^ does far more. To prove Lhi* 

FUltcTnrni it would be n*re*£ary to assume the mntrinhility 

tWlZi Eu ?K P refrms4 l*r,tu\Rtr rh C equality nf 
nfltit angl^p wlikh Mjeuntl to An assumption of tin- in- 
panabihfu ttf jigurtt t>r Hie of 

H^th says that Ibis jxistuklc “ must ever l W regarded 
as anion jr the most epoch-makiOff achievements hi ! J11- 
7 ’"' °. f rry, and observes; ■■ Whrn we consider 

Hit countless successive attempts made through more lima 
™‘r wnblrlts lq prove the postulate, many Of them by 
< lf ability, We amnot hut admire the genIn* of 
tile man who concluri, d that such a hypothesis, which lie 
fomal necessity In the validity of hi ," whole swtcin of 
gwsnictry, was really mdemfinstrnlijc." 

JllE postulate was frequently aft.ieki-d in antimtilv end 
many attempts have been made to prove it-by Ptolcnw 
and Prod ns m ucJent day*, by WUL, SowharC Lambert 
anti U pend re in modern times. All have failed. By 
5SL* 1 * UXmehvnky, Bolyai and Rkniann 

in l, 'y***™*°rpoinrtrj*. SacchcrS, 

■ n hm book Eufhrff* ah omri* nnfim viHriicatu* (lltEt) ^0- 
t* °f iUtoMtivr hypothec, and worked out 

Ibr umxiqtKnteK of Rtvrrid j but \m fultli in FindMcbn 
pometrr is the 9dlu potMiblc geometry was so Atronir ihn\ 
lie fn tied lo IcaEize the full impticnltuns nf hJ.i work, ^ 

4 M 


GREEK MATHEMATICS 

Kmvat £wom 

a T Td rtS ai>ruj icra teal dM^Atw larh 1 tera. 

,6'. Ral idr ujeh£ fori itpoa- Tfl^f > rd oka cotcv 
Zaa* 

y\ Ktd lav dird igwv ?(j£l iiif>aip€&7j r rd Kara- 
XtiTTaiicvd ecrrir ttja* 

Koi iuv a± f i&QL£ laa TTpooTtOj}, rd oka iatlv 

thrum, p 

t ^ Kat rd to 0 admit/ SirrAdrrxa f*m dAAijAotf 

*_/ 

CPTlU. 

s''. K at rd tqS aiTQv Tj^tcnrj ura dAA^AoiS iirrfrj 
if. Kfii ti 4 t^ap/jn^Fra ew 1 dAArjAa stfa aAA^Adiff 

fffTiV. 

IWi rd aXav rov nipaus pet£dr [Amir]. 

Kat &eJo tvQdai %tx}pu>v uv mptixuUvlM.] 

(IL) Theory of Proportion 

Eud. Pf*m. v. 

*Qpot 

n.\ Mlpos ioTi iilyt&os jicylffov? rd eXaaaov row 
fj it(§QVi>£i 6rn.v KaTd^rpij to fitT^ov. 
f}'. J [oAAairAdmuv Si rd fietftbv tqV IXdrrovQS, 

dmxv Kti-Tap£Tp?j7<iL drrd tow tXaTTOvo?. 

y\ A6yo? lari hvo pxyt&tiv dpoycvwv Tf Kata 
TTTfklKOTrjTti TTOfU cr^OTtf, 

Adyoy l%etv -pd* dXXejXa ptylByi Aeyerac* a 
Omtnai Tro^XjtntXuaia £6p&va dXXjXwv vnwp^x^- 
t\ 'Ey TtZ cidrtd Xoyiij pcyifh} Xiy€Ta% £iyat 
Trpcdrov 7 rpos Sevrcpoy teal rpvrov trpos TtTaprov, 


EUCLID 


COMM-CW NOTIONS 

1. I flings which, afc equal to the snine thinu are 
e-q ua I one to another. 

2. If equals are added to equals* the wholes are 
equal. 

3- If equals arc subtracted from equals* the re- 
mai niters arc equal. 

V. Things which coincide with one another are 
equal one to another. 

8* The whole is greater than the part/ 1 


(tt-) Theory of Proportion 
Euefkl* Et*m*nU v. 

DEFINITIONS 

I. A magnitude is a pmi of a magnitude, the less of 
the greater, when it measim* the greater* 

± The greater is a multiple of the less when it is 
measured by the less. 

3. A ratio is a sort of relation in respect nf size 
between two magnitudes of the same kind. 

4. Magnitudes are *aid to have a ratio one to 
another which are capable, when multiplied, of ex¬ 
ceeding one another. 

5. Magnitudes arc said to be in the same ratio, the 
drat to the second and the third to the fourth, when, 

* The m5s t have four other Common NoibitH, but they 
art unut-ecssan^ and their genuineness was gusuecUai wen 
ia antiquity. They are i 4, If equals are added to utirauak 
the whole* are unrquei s 5. Things which are duuWeof the 
jamr thing are equal otic to another £ tf + Things which arc 
hotyes qf the same thing are equal one to enothvr ; y. Two 
insight lines do net enclose a space* 


445 


GREEK MATHEMATICS 


oruv ra tov TTpiurov teat Tpirov letdtas ™AAa;rAdm& 
run* tov t^vripov Kai Ttraprov loams' ^aAAa* 
TrAauwv Ka&' oirgioroui* iroAAaffAaffui^io^ €«a- 
Ttpov fVarfjpcm tJ afta «ia ft ft 

apu cAAerrft Aft^fleVra KOTttAAftAar 

^ Jl . Ta St' TQ-y uvriv Agyoi* pcyc&ft ^ra- 


Aoyav KaAetatta. 

£\ "'Ora^ St twv tcramj ToAAaTrAaaiW to pci* 

TOV ItpUfTQU 77 oXXQ 7 :XcicTLOV lf 77 tp€)(rj TOV TOV Set*- 
Ttpov iroMa?rAa 4 rrbu, tp 5 s tov rpirov mAAuffAd* 
mov jLiij uTTtpcxft row rou Tcrdprou jToAAa?rAacn J ou* 

TOTf TO 7 Tj[HilT^J r TpUtf TO &E VTipuV ptiC^VtL AoyOU 

€X tlv XiytTvit ’fjjrtp to Tpirov TTpis to t drapTov* 
ft . AyaAffyia 6c tr- Tpimi' opatf cmx*orft ccrrsr. 


0*. "Oray Sc rpta dvttAoytiP $, to Trp&TOV 

Tipis to TptTov SiffAamoi*a Adym* r^fik Acycrai 

ftWp irpdff TO ScVTFjPOV, 


■ In the I ran s Ul inn of I hi* rem&jkttble iJrSafi liion I cannot 
improve i '3i Heath. Li If nil trail* la Uojj 3s difficult Ihncauso 
Llki: word < **3 r dmuovovp rr&rUairAaoHia'jwSr come only onee 
lit the Grctk hut refer 1 both !o ta . . * tvdxai TiBXkmikaqia. 
in the noniiii^tive =irul . . . iW^f w^Wflnianitiiif In the 

genitive. 

The definition* which n voids ail mention of a part of a 
nmgoitndEi (unlike EUmttdt vii + Def. $1), U applicable to nil 
niapiti^d^i camm^murable and inet* minerwurable, 11 diei^L 
bt din.-, i n substance at Iwti to Kud osui I ecc tupra M p. 41^ I. 
The deftn ill inn J i \i -i afters been assadi,*! through tabundcr- 
-tundinjr. but tins been bnlliMnlJy defended by suoh un iit 
mathr’mLLli( , ]j'Ui- ivs Barrow and L>e Morgan, and was adopted 
hy Wejerbtn&S fo t hU ddlnition of equal numbers. 
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if any, equimultiples whatever be taken of the finjt 
ami third, and any equimultiples whatever uf the 
second and fourth, the former equimultiple*! alike 
exceed, arc- alike equal to, or alike full short of, the 
latter equimultiples respectively taken in correspond- 

Rig order*** 

d. Let magnitudes which have the same ratio be 
called pruporiimwL 

7. When, of the equimultiples, the multiple of the 
first magnitude exceeds the multiple- of tin- second, 
Lmt the innilfi|ik L of the third does nof exceed the 
multiple of the fourth, then the first is mid A> ha iv* a 
grrater ratio to the second than the third has to the 
fourth. 

#. A proportion in three terms is the least possible, 

9- When three magnitudes are proportional, the 
first is said to have to the third the dttpticaff? ratio of 
that which it hm to the j, Wu n4» 

p, I J O) thinks it Is clear from this, definition that the Greeks 
po-sscssett a notion of irijtlLrt ft* p/cncml nn. modern mjitl-i**, 
nuitieiuti*. Heath( Th, Thirl"* /Li”/ 
n-. pp, 12*-t96) shows how Euclid'* Jefinlllon divides ail 
rntiunal tnimbela lido two eofxtt ftTj'.y clashes, and godefines 
njuaj rat Jo* m a ma nner exactly cor™sp jading to Dedcfcjnds 
mcflry of the imhonnl. 

i tilc fclbiring modern equivalent of tins 

c»^iTV or ii° tlr nlH!fnitud<s - 11 A ? -fine kind, had 
S “ ,P.. 0f lhr , “JO* ur collier kind, are DrtjportJonal 
il" 11 l| W l»f A can he dUtributocftmLg the 

multiple* nf Jt in the same interval!! as the carhop, nidi in? 
multiple* of L muiing tilOM of Jj,” That Ls to Jl- „ 
bwitf aa, orajbrrr. whatMwvcr, If „A lies between and 
(n+ I)B h mL hes bttwtt n ft II and («+ ])D. 

^ r “ S* ^ a ** * the duplicate ratio 

of ti to x. 
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i y * *Qrav $< riaaapa fitytih} ivdA&yof iJ J to 

ITP&TOV ?TpOf TO TtrqpTOV TpiirhimuVti. Aa-yav 
Atytrax Tprtp TTpo f to Scorepoiv K<it atl cfijff 
OjLQOdU^, £OF 01 / tJ ijl'flAoyta OTTEIp^JJ, 

m'p ‘OpioAoya fizyt&Tj Xtytrai ra ijyoujfjmi, 

TOiy jJyoyjieWi? to 81 (W/iO'u tolf tVo/icWs, 

*/?*. 1 EmAAnf Apyor fcrri Aiy/ii? too ^yoi^iirou 

irpoj TO TJ 70 t?jLi^ro^ «TQ( TW € 1 TQfJL€\ r QU upo$ TO 

lm jp#tw» 

iy' • \\v 4 mriw Apyos" tori AiJ^is too tmttJjfpocj 

ptf ^youjiei'ou iTpOF to ijyot^eiw ojf 

fcS + Aoyotf tfOTi tov TjyQif}iii T au 

jitra too e'nojUti'Qi.i (is evo^ irpo^ aura to eVn^eiw. 
Atm/wu** Aoyoo tori Xfpfttv mtepotffjs, 

?f L^p^fl TO TftOVfWlOV TOO W^O^erOI/, TTjOOi ai/TO 

to trro/Aciw* 

iC - ' A taUTT/W 1 ^ Aoyot) fWi Atjj/rls' TOO T^THJjU^Voy 

^pof T 7 |I j U 7 Tt.pO)£l]V r $ i' r ~£p*X * 1 ™ TfyvUfXfPQV toD 
t 7 TOfl€VOU. 

l£\ A*’ tOO El AoyoSf COT! T 7 Ac l-d I'tUV OTTO?]' ^£- 
ytBujv «ai aAAtof' ai/rotf itiajv to irAfftfog arn^tio 

Kal fV ra> aortp Aoy^>, Srav lij to? 
cr rot? TfpitrTGtf p-zyt&tat to TTputrov Trpo? to 
ro^tlTC!!', OLT-OIST tv ToXf SsLfTCpOEF /ity/tfiTtft to 

■ The niapitudfs rmiri be L11 conHihJf.ini tirvfwrtioc. If 
a j # id 

- ^ V* 1 ' A " fit1 “ 41 “* * u ^ rmbo of 

0 !o J. AJirniHLtvel t + a cube with tide 4 lm- the same 
ratio to a cube with Hide ? 44 o to fi (see ftgrre, p. 2 S 6 n, 6 ), 
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JO. When four magnitudes arc proportional* the 
Hrst Ls said to have to the fourth the triplkuir ratio of 
that which it his to the second* and so m continually, 
whatever the proportion* 

IL. The term rarn-*portding magnitude* ut used of 
Antecedents in relation to smt™dent* «nd nf con¬ 
sequents in relation to consequents> 

1*2. Alitmatc ratio mean* taking the antecedent in 
relation to ilie antecedent, and the consequent in 
relation to the consequent.* 

l^j. frtvtrsr ratio means taking the consequent as 
antecedent in relation to the antecedent jis come- 
qucziL* 

l 1 * * 4 *- Composition of a ratio means taking the ante- 
cedent together with the consequent as one in 
elution to the consequent by itself,' 

13. Separation of a ratio meins taking the excess by 
which the antecedent exceeds the consequent in 
relation to the consequent by Itself/ 

16. Conversion of a ratio means taking the ante¬ 
cedent in relation to thi+ excess by which the ante¬ 
cedent exceeds the consequent* 

3 7. A ratio m acquali arises when, there being 
several magnitudes and another set equal to them in 
multitude which taken two hj two are in the same 
proportion* as the first is to the last in the first set of 
magnitudes r so is the first to the hist in the second 

1 Hfc Antecedents 11 are literally 11 lending terms." 41 con- 
iequrnl-. r Hie * b foUnwinp terms/' fn the ratio « : ft + q k 

thr antecedent, b the crmjrvqilrnL 

* If u - A : ? A : ft, tlien it ; A :: ft : R, 

4 If a i &; : A : B, then ft r a : : B t A. 

' U* tHe tnuufrfcnatioii of the ratio o ; ft bio n + ft : ft + 

' ■>> the imu^fonmUiun of the rat io n i ft jute hi - ft t ft, 

* M* the trunj.fornuitton of thv mlb a f ft tub a - a , .ft. 
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irpcSro^ 1 vrpor tu £&%<ttQv m vjf aAAoij' tow 

fLKpujV Kpff VTT€^aip€mV 

17}'. TtTnpnyfUv^ 5 e drciAoytu eWiV, oral? Tpiuh* * 

□VTCOir peyt OiTfl' IWU dhXwV aVTQl? LrtUIi* TO 
ymfrat oj-,- piv eV rot5 irpdjrms p*ye0ccrt* ^you- 

fltVQV TTjdHJJ OOTUI? €l r TOtf S^ortpDiF 

ytflcmi? qyodpeiw apps- impcmi?* luf Se cf rotF 
nptA>TQis f t—dpctw frpo? <tWo rx> ot'T^j 

ci? rots S^i/Tfp&EF dAAo tl ?rp^s ^yotrp«vm , _ 

(iii,) fj/' Jn cownmuttrablrs 

EucL E(*m. x. 

'Opot 

a # , Sdpperpa pgyefl^ Aeyerut Tfi r<p uotoj pcrpoi 
ptTpaupci'tij amJp/icrpa 3 e* d*i? a'&i^crac 

tfou'oi? ^LeVpoF yeitfftfai. 

jS', EiJtfaai Sumpti ovpfizr pot eiVtFj orav ra air 
avTtltv Ttrpdyiova to* au™ ^ajptsp pcrp^raip fiau/x- 
pcTpot Sc p orar roij air' nArtoi? rrrpayioi'ois juifScv 
^Sf^roi ^oiptoy koivof pdrpov ymmat* 

y\ Tothuiv unoKtvfX&H&V SeUCTOTai p art rrj irpo- 
TtOtloT} epflcujt VF^p^oyaiM futfctai afr^ipoi 

oi/ppcrpot re hra! doD/iperpot at ph r pij>e€t povmv 
at Si Kai Siwd/teu m&dfjBt# om- 1 rj jjcv irporc^toa 
eu0eta p^nj* leal at t aim) cnJppcrpox are ptjKct 

■ ifls" i?4u Huron “ at tin t '.j llii I duiLolrft/' i-i.y nftrr an 
eqiwl number of terms* If a, ^ t . . . m, n u one set 
inu|fiutLLJi— and ,\* B t C . v , M, N Lk other, and n:ft = 
A : H* and » on ( ug < tn in ; n M : S, then u : w-Ai N. 
This is proved in v„ M. The definition mcmt? serres to 
gave a name tu the Inference. 
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set Tif magnitude 1 ^ : in other words* a taking of the 
extremes by removal of the int^iuedi^ terms, 0 
IS. A prrtufM proprtriifm arises when. there being 
three magnitudes and another set equal to them in 
multitude* as antecedent is to consequent hi the first 
magnitude^ so is antecedent to consequent in Hie 
second magnitudes, while as the consequent h to the 
other term in the first magnitudes so is the other 
term to the antecedent in the second magnitudes.* 


(ill.) of IfteonimfnsurtiifleM 

Euclid. Kit in wit jc. 

DEFINITIONS 

1. Those magnitudes are said to l>e c(uar Mensurable 
which are measured by the same common measure, 
and those IncommcELHUtable which cannot have any 
common measure. 

Straight hues are eomm&u*rabk in iquare r when 
the squares on them are measured by the same are, h * 
and incQmwmmnjhfc in ttjvare when the squares an 
them cannot; have any area os a common measure, 

S. With these hypotheses s it is proved that there 
exist straight lines infinite in multitude which arc 
commensurable and incommensurable respectively, 
some in length only* and others in square also, with 
an assigned straight line. Let then the assigned 
straight line be called raiumtiL and those straight lines 
which are commensurable with it, whether m length 

* If a, 4, c and A b B, L‘ are the twci srU of magttiiiicks, 
and n ; h - H t C p h : r - \ : B the proportion Is ssiid to \yr. 
jnrturfad* It follows (hat o s c - A ( C Th is is a particuEar 
case of the infer cnee Tmw and is proved in r. S3. 
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wu! Swdpct ftTt Svvdfifi fiiii-Qv pifral, tit Si -ratnj/ 

anupfierpul uAttyoi (faA( luf) W(JQ V. 

S'. K ai TO ptf Q.7T0 —pOT£&C.lm}S €L'8tld£ 

Ttrpdyitivov pfjTQV, teal fa tpi?™ uvpperpa pryrd t 
fa Sc tout ip auuppiTpa iLXoya JtaAciIcnffitf, «ai ai 
airra oAuyaip EE plv TfTpayajm ct^ p 
vtnoi fd nXtupQ,i t « St mpd Ttt*a ^v&vypnppa I 
al “era dlVoTf TtTpdytol'a a^d^pa^dUtfal, 

a? 

Atro fityzOwv atwcat-' itcKctpevtup, tav citto to£p 

p.tt^QVQf mSaipdlf} pctZpv 7} tq vjpiw *aE toP tfara- 

Xsnropdvov ptZ^ov 7J TO Pirat tqvtq (ici 

yiyyrjrxn, XtPfQ'qarral n p.€yt8ai t o /<mu cAadudv 

Top cKKCLjftcVmr tXdauovog p€y*&at}$< 

’liivroj St™ pfyiBjj dvitjQr rd ABj V, am 
to A B■ \tyu> T art idir riiro rod AB dtfraipt&fj pti^uv 

Tf TO jjpiOV Kill TOV KtiTlAeiTTQ^UvOV ^ TO 

^tlOVp Kill TOVTO aCt yiyVJ)7fM w AcU^fflJcrfTcJ Tt 

q eioTQi tAdcrani r tqv F ^icyc 3 OUF, 

To F yap n r oAAtiirAdffEd|jDfiti-'ai r eomt tote top 
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und in square or to only, be culled rational, but 

those which are incommensurable with it he culled 
irrational r 

And let the square on assigned straight line 
bo i'a [] etl rfliidiaif, and II hose areas wliidh are eaitj- 
i Mnanra hlc with it rational, but those which are 
Incommensurable with it irrational, anti the straight 
lines which produce them irrational, that is t if the 
ureas arc squares, the sides themselves, but if the 
areas are mu' other rectilineal figures, the straight 
lines on which are described squares e qual to them. 

Prop, i 

Tiro unequal magnitude/ bring tel out, if from the 
grtatrr there be tmhtraetal o magnitude greater than the 
/lalf anil from thr remainder a magnitude greater than 
,u hot/, and jo on continually, there nil) he left tome 
magnitude tehich trill be leu than the truer magnitude set 
out. 

I' 1 ' 1 4® p * two unequal magnitudes, of which 

j\B is the greater; I say that, if from AH there be 


subtracted a magnitude greater than its half, and 
from the remainder a magnitude greater than its half 
and so on continually, there will be left some magni¬ 
tude which will be less than the magnitude I’. 

Tor F, if multiplied, will at some time be greater 
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AR irerro?L\a^XrLaiiiadu^ t tcai tarw to AE 

toiu pi k- T jfoAAtijrAJrJiOi^ Tot? hi AR pclfo?, vat 
SiTjpjatfuj TQ AE ft? 7(1 T<Z T laa Ta AZ, Zlf, II E, 
KOI OTTO plir ToC AR p^oi* if To rjpi*.W 

TO B 0 P tlira SI TOU A 0 jtiift^O!" l} TO lJp*OU ID 0 Kj 
vet* touto do ytyveG&to, tuw at m £v rut AR 

Biaipiati? ojorv^flet? yfvwvr at to cV rdy AE 

Siiiiptaemv* 

avy at AK J K0j ©R Starpc ucts tao* 
TrAlj&tj ovoai rack AZ J ZJI, HE r Vai dtlti $14 i£ot* 

<(JTi TO AE TOU AR, KCti. Alftfipfl/ftm a 170 piv TOO 

AE cXaoaor tou fjptGtws to EH, iwd Se toi? AR 
plH^Ot 1 Yf TO -iJpiOU TO B0, Aoi73W O/Kl TO If A 

AfJiTfotf to£ 0A p^ov Iotii^ vai tmel pct^or fWi 
to Hi tou 0Aj vai dtfa-fipTjTai too piv HA ^piou 
TO HZ f TOU SI 0A pei^GI* Tf TO ^U01l TO 0K, 
Aoii7o^ dpa to AZ Aox-TTot? tou AK pci£or Ami 1 . 
iuov SI to AZ Tto F l teal to r dpa tov AK pet£oV 
cot tv. £Xautjav dpa. to AK tou T 1 . 

KaraAfiVcrai dpa a 770 tou AB pty£&QV$ to AK 
l±£yfffos iXavaov ov tou fKKtiptvov iXd&Ouvos 
peyf^auF tou r- oiT€p iSe* Ott^m —oprnaiS fie 
SrL^/?)JcjeTatp Kav ipucnj tJ rd dtfrajtpauptva. 
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Hmn AB [see v. Det Let it be multiplied* and let 

AE be a multiple of I , greater than AB, and let AE 
be divided into the port* AZ t ZIli HE crjual to f’ p 
and from AH let there be subtracted B0 greater 
than its half* arid from A0 let there be subtracted OK 
greater than its half* and so on confctmmHy, until the 
divisions in AB arc equal in multitude to the divisions 
fn AE. 

bet, then, AK, KO f 0U be divisions equal in 
multitude with AZ h Z|[ p HE; now since AE b 
greater than AB* and from AE there has been sub¬ 
tracted EH less than its half* and from AB there has 
been subtracted B0 grenter than its half, therefore 
the remainder 11A is greater than the remainder BA. 
And since HA lk greater than BA. and from HA there 
has been subtracted the half, HZ, and from OA there 
has been subt meted l! K greater tlinis its half,therefore 
the remainder AZ is greater than the remainder AK. 
Sow AZ is equal to T’; and therefore F is greater 
than AK + Therefore AK k less than I\ 

There is therefore left of the magnitude AB the 
magnitude AK which k less than the lesser magnitude 
set mit, namely» F; which wj^ to be proved—and 
this can be similarly proved even if the parts to be 
subtracted be halves, 11 

* Tills important theorem is often known os die Axiom 
af Archimedes hreausa of the use to which he puts it* or a, 
similar hrnro.s 3 >l Tli-- excess by which the greater of two 
unequal areas exceed-! I he le^-ser cun. by being CoalHiu ally 
added tn itself, be made to rxceed any given finite uti.' 1 
Archimedes makes iio claim to have discovered this It tnrruk, 
which Is doubtless due to EutkutuJ, Thr chief use of the 
11 axiom n by Furl id i* to pmvfi Elmtifni* xii, J. that circles 
arc to one another as the squares on Uu lr diai]ictrlr&. 
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Pm[i. 11|| mm] I. 

- H air orofA-q Kai ai ptr fxvrijv nXoym qvt€ rjj 

jut'crri qSt€ aAAtjAatS cunr Hi aoraV. , . . 

Ka£ €iftl btbctKTm >j airoTOfiT} ovk *} eumj 

ttj €K 6vo ovo^QTwi 1 , tt^lol'cje tie ^Aang irapa piyi"qv 


- Much of Fuel. £7nn.. x. is duvcittd Eo/in dibomc dnsid' 
fircitiipn of imikmid straight l£nt>, /rf-ulhtn (Gwhtfbi* d*r 
MatAsmatik im Altt/ium Jf/ffrW/rr, p, suggests 
Ehoi* inasmuch os one straight line Looks very much like 
another, the Greek* conM nut peraire by simple inspection 
that difference nmun# JFr«tion4il quantities which our system 
of algebraic symbols enfilMes m to sm ; ennsrquently they 
n-cre led to ekis-ify irrational straight lines in the manner of 
Euct. Etem* sc.* ond we know from on Arabic commentary 
ual thin book discovered by VVoepck* (J/ Anofrflr u 

ri«Q#n> dr/ jsk f IftiStf, op. JS£fi-T£OJ that lll^ae- 

tetu*i tmd to home extent preceded Euclid. In thLs system 
irrational .straight Itnra ore classified according IQ the atttt 
ihrj produce when b ' npplled '* sr. *upm r pp, IBG-JB7) Ei* 
other straight tines. For full details the r-jrnler must he 
referred io Lerfji* L* #i/h ntir unitca @t&c iVt* pp. 

Heath's notfc- In Tktt y'kirtf *n /Jwh s/ £Wlio 
vpl* ili.H and fT-G-if*1404-4H P but h m*J be useful 
h> |tfvc hera d in Heath's notation,, the modern algebraic 
equivalent-; of Euclid'a irrational striii-jjlit lines. A rued Ini 
line is of thr form Jdg* Lf., the positive solution of the equation 
z 1 - pyltf =0. The other twelve irrational lines ore GOfli- 
pound* and may bcil be arranifd in pairs as follows : 

li BirtOrnKfl 1 ,| 

Apoiami r ^ ^ 

befog the positive roots of the equation 

aH- 3(1 + i)p>. a* + (l - t)Y ^0. 

2* Fir*t h*m§dml \ lin 

fird tijbtft/HM a/ a lucrfwfi f ? - ^ 

beta# Ehe positive root* of Hie equation 

** - Si/*<1 + Dp" * *■ + *(! - W =0, 

m 
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Prop* 111 „ enrol Eary 


The apotome and the irrational tttdlghl Unet following 
it are the same neither with the medial straight line Jior 
with one another™ , - . 

Since the upitoine has In-rii proved not to be 
^me as the binomial straight line [x. Hi], midj if 

\ ... . A*p 

of u mrttoi J * 10 t jtf* 

being the positive tools of Lhc L^iution 


.*+A* . ik-Xf , n 

* -s y*' “* " =a 

4 ' j/& J £ v ; 0vil i. ! ‘ L A \ /{‘"TKP '" 


being the positive roots of the equatiock 


5. Mid* of d rat iota*I pinto 
•Mfdrnt arm 


V*ii '+ i 3 ) 


) 


Pn*timef)t§iFith a rat <Wwi f p 
f/rra 0 W fid mi leheU j ± ~7^Y“r£r 

b+Ln^r thr pn-iSivi- nnbs of the quAtiun 

ft* 




$c*- 




(L #NlW 0/ frrr> 

titAtiW vrfOj 

Froth**-imj with a med¬ 
ia f arm <i M/tiuil 

wM* 

bclni^ the positive roots of the equation 

e~l\ + 


‘SU'O-yAiO- 


+S7 
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impafiaXAoiJLWQi at ptra ri^ <x7roTo/iTp ei^oro/^i^ 
qkoA&uSwj fVfi«7TT| rij Tjj >ea&' avnjvj <i* 

tt}v i/c hvo avopaTtuv rdy e* S 1 J 0 ovojtiircm' 
ktu airml ttj rrfifeE ETKoAciEjtfajy. Imp at apa titnv 

Q.L jLLC'Tfl TTp r CLiTOTO^t^ J«£k CTffKU at ^ECTii T7,lV tV 

Guo J>r cbai Hj ra^et Trdtfay tiA&yewy Ey, 

MfCTT/Vj, 

T E*t hvo Ji'qpareqi'j, 

'Em Suo piootv TrpcSnjr, 

K E« Sw* S^imrpat^ 

Mti&jya, 

TVjiroi^ kou /iftroj. 1 Sum^cVip', 

Ado /ifVu 
^Attoto^etJpj 

MAfj)S (ISTiyTOjEl^V T?pUiTT}P M 

M/aijs d-TTorofxrjv h€uripav t 

'EXduaova,. 

Merdc p^TC3u pctror to oAoi 1 rroioucrar p 

MjCTR fLsaou jUtWr to qXov ttoio^q^i 

(fv^ Method of Exhamtim 

FucL EUm, xiL 2 

01 /cvkXqi JTpCH? aAAijAouy C&rfp Ta d*7Q TWP 
5tcf^/rp£4/t K nTpdytum. 

“EffTflwaj/ wunfAcu <h ABFi, EZHQ> Stafierpoi 

he auriliv nl JJA. 20' Af=yqj r on fartr eiy o ABFA 

KitarAoy iTpa? ror PZH 0 kwAgv p ovrwy to difp 

BA TfTptiym vv wpo$ to arro ttjs ZQ rerpayuivm'* 

• EurinnLiH Attributed I lie discovery t*f this imprirlnrii 
tkorcm lo Hfpfuaatefi mpm* pr ^3% Unforhinoteiy 
vt do not knew how Hippocrates proved it, 
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spoiled to a ration ill straight line, the straight tines 
following thr apotnme produce, ns breadths, apo- 
tarnts according to their order, and those following 
the binomial straight line produce, as breadths, 
Mnondata according to their order* therefore the 
straight lines following thr apototnc are different, 
and the straight line 4 following the binomial straight 
line are different, m that in nil there *re p in order, 
thirteen straight lines* 

Medial* 

Bnusmiul t 
First hi media I. 

Second bimedUU 
Major* 

Side of a rational plus a medial area* 

Side of the sum of two medial ureas* 

Apotome* 

First Jipotomr of n modi a! ht might line* 

Second apotome of a medial straight line, 

Minor, 

Producing with u rational area n medial whole. 
Prancing with a medial area a medial whole. 


{iv + ) Mrt/iod of Eik imstxon 
Euclid* ijifiit? ntx vd r 3 * 

Circle art to osc annlfttr ns ikt ${fttnra on ihr 
diamtfrrt. 

kt ABFA, KZfiB be circles, and lid., ZO their 
diameters ; I say that, as the circle ABFA i> to the 
circle E^H0 T so is the square oti HA to the square on 
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Et yolff jlT} carrot 6 ABTA kVkXo? ?fpO? TflF 
EZ1I0* fiWtu? Tfi imJ Tljs DA nTpywvov Tpas 
T-O dlTQ TT7? Z0, f<7TCll Cof “To OTTO TT}* BA TTpOff TO 

otto tt}? Z0 p o£r*u$ 6 ABTA kukXo? tjrat irpos 
cAaaaov rt tou EZH0 kuktXov fttuplov Trpns 
ptT^ov. botuj TrpcmEpov TTpos ZXaoaoP to S. koI 
ly'/typd^Qw efr tof EZH0 jciucApf Tci-payou^F 
to KZH0- to £ y jChijUjU « ro v rer^ctyaiFor 

ptllov eortF tJ to T^utoy r oB EZ1I0 kvkXqv m 
tfTTttS rjff€p tav Sio TWV Ep Z, Hj 0 fi- 

trfrTQjtevtJY too kvkXou dydytup^v^ too ■JTtpr/pa^o- 
pdvov TTCpl TOV KrfxXni TBTpayOjVOU fjpUOtJ icrri TO 

EZH0 T^Tjdoycjjrov, Toy 8c mpcypa ^ t^t/hx- 
ytyMou fAaTTwi' c<ttu k 6 kvk\o$ m ohttb tq EZHB 
zyyzypa-pijL&Qv rtrpayww>f pcT^ov fWt rov 
new? rov EZII0 KvkXov, T€Tpya&waav oi 
EZ, ZH, H0p 0E TTtpufitpBiai tcard TO K, A, 
M* N anqfjtfta,, ko i Are^xAaoui’ ai EK, KZ ? ZA* 
AH, HMj M0> 0N fc NB* nal ZtcaoTov apa taof 
LKZ, ZAH, HM0, GNE rptytim^v p.*t£dv tarty 

tj To Tjptmj tov xfiB* iauro r^parot tou ku»(Xqv 4 

imtStfirtp tav Ota ?€& K, A, M, N mip&kov 

i<txnrrop.€vas tvv kuk-Agu dydytup.€¥ teat am- 

TrXripivtn^p^r to ctti tiof EZ g ZB, H0* BE 
ti&tidiv uapaXXj}X6yp<iiipa r sKwcnov twf EKZ, 
ZAJI. HM0 # 0NE rpiytuFaiF ijfutn) loro* toQ 
ko. 8' Zauri naptiXXjiXvypdppou, aAAti to ko8* 
4GO 
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1W if the circle ABI T A is not to the circle E35K0 m 
the square mi ISA to the square on ZU p then the 
.si [ unit on BA will he to the square mi as tli e circle 
AllFA is to some area either less than the circle 
EZHB or greater. Let it first lie in that ratio to a 
lesser area i". And let the square EZHt i< be inscribed 
In the circle ISZIJ0 : then the inscribed square is 
greater than the half of the circle EZHb 1 inasimioh 
as T if through the points l i, Z, 13, U wb draw tangents 
to the circle, the square KZHB is half the square 
circumscribed about the circle* and the drek is less 




than llie circumscribed square ; su that the iwilH-i] 
square KZl iU h greater Ilian the half of the circle 
EZH8 # Let ihe cireuiuterei]c€ L s EZ t ZH f LI0, 0K be 
bisected at the points K* A* >I T X, and let ICK, KZ t 
ZA t AH t JIM, m f 0X, NK be joined- therefore 
each of the triangles EK Z w ZAH P HM6 t GNE h 
greater than the half of the segment of the circle 
about It h Inasmuch els, if through the points Iv, A T M p X 
we draw tangents to the circle and complete the 
parallelograms on the straight lines EZ P 7A\ T KO p (>E P 
each of the triangles EKZ+ZAli, H_M6 + 0XE will be 
half of the parallelogram about it p while the segment 

4&1 
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iatrro rpfjfxu tAarroi' fort top 

^ eKWTQi' twv FKZ, ZAH* 11 MB, 0KE 
rpiyurt'Ojv fiilZifV em rot? ^ecj£u^ to£f Kaff* fai/ 7 fi 
Toy kvkXqu. Sq Tar u7roAetiT0- 

jicVa? irept^c/3€iay Stjfa vat ctt* fevyjaWer 
vai rooro del ttviqvvtz? varaAet^opeV Tiwa dm*- 
TjUJjjCiO'Ta rut? vpvAou, a eVrat eAdacroya ttk 

uTr^p^ei d EZHQ kukXds toG % 

Xwpiou. Ititixdrj yap tv TtS TTpurroj tfeatpij/Aari rot? 
StifitTToy tiifiXiGUj oti Slip eVtcei- 

*dr “770 top peifow* d^aipctfj} ptllov ij 
ru TjijDLumj vat res£f varuAf t;rop eVot; pcetfop tJ to 
rj/uau* vat tduto dtl yfyy|jT«i t Aci^flpjtKTru ti 
peyeOo?, o iarai tX aaaar rot? EWCLpeVou eAaWai'ar 
Ai’AetH^i'cp K<U £crrw T4 ClTt Ttlu j 

EK r KZ, ZA P AH, HM, M0 P m, HE T/nJfiiiT-a 
tqv EZH 0 vuvAou f^irrova rijr J? 

OJ?£p€^Ct P EZH0 VlivAor TGU £ J^typtoy* Aotirdr 
apa to EKZAII.VJ0N TroAi/y corny fiei£dy iari tou 

5 xcyptou. t'/ytypdfi&w vat cfj roy ABFA vwAay 
t<3 LK Z A H M 0N 77oXi'yiI?y(i} opotov iroAtiyati’di 1 
tp AiBOI HAP+ tcrr^ apa tbs to d™ rijs BA 

t tjpdyaivav it pG$ to alto Hjs Z0 rtrpd.yw 
ovtco? to A^BOrHAP JT£)Aliy£iji?oy vpo$ Tfl 
hKZAUMO^ ffoALrytiiTO^, dAAd vat tLs ro otto 

T?Ji' BA TtTpdyutvov TTpor Tq ai rq TPJn: Z0 3 p£™r 

J AB F A kvkXqs TTpo? to A ^tuptoy vat dr a pa 

6 A UFA unirt'Aqy WpOJ TD X yojpiQV, QUTWS TO 
A^BOmAP TToXir-ytiWOV TTpOf TO EKZA1IM0X 
TTokuyo/vov L ii aXXttE apa dr d A B FA vdvAoy wp&g 

TO tv uurq> 770AUyajyqF ? oirrtuj To A. ^coptor Trpor 

to EKZAHM0IS wX&ytiJvov, Sc 6 AB1A 
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about it is less than the parallelogram ; so that each 
of the triangles KKZ, ZAII, HAIO, 0XE is greater 
than the half of the segment of the circle about it. 
fhus: H by bisecting the remaining circumferences n nd 
joining straight Lines and doing this continually, we 
shall leave sonic segment of the circle which will 
he less than the excess by which the circle EZHf j 
exceeds the area 1\ For it was proved in the first; 
theorem of the tenth boot that, if two unequal 
magnitudes be set out, and if from the greater there 
be subtracted a magnitude greater (han its half, and 
from the remainder a magnitude greater than its half, 
and so on continually, there will be left some magni¬ 
tude which is less than the lesser magnitude set out. 
Let such segments be then left, and let the segments 
of the circle EZH0 on BK, KZ P ZA t .Ml, HM. MB, 
i)S r NE he less than the excess by which the circle 
EZ H fJ y Hrceds the area t herefore the renuiindcr,, 

the polygon EKZAfJMOX, is greater than the area 
Let there be imcfibedt also, in the circle ABFA 
the polygon AEBOHlAF similar to the polygon 
BKZAHM0X j therefore as the square on BA is to 
the square on £6, so is the polygon AH 130 FT1AP to 
the polygon EKZAJ IMON [xii. I]* Uu| as the square 
on BA is to the square on Zt=h so fc the circle A If FA 
to the area A; therefore also os the circle A UFA is 
to the area X so is the polygon AHHO VI IAP to the 
polygon EKZAHMeX [v. 11] ; therefore, alternately, 
as the circle ABFA is to the polygon in it* so is the 
area X to the polygon EKZAHM0X. Now the circle 
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h-c'h-Aoe row A r adry TroAuyuji'Oo- ptilov npa ^ttui 

to E y<op£ov toS EK2AHM0N nofaytuvou. «AAn 
fc-tii eAcm-m" amp «jtLv ciSt!varov, ddif dp* <dTiv 
<ir to ana rrjf BA TWpdyKOHJi - 1 irpoj to dwd rip 

ZB, oifTcaf d ABBA mJtfAw frpd? £W<jdo t* too 
EZH0 KWkA<W ^(UplW. S 17 3*i£ofi<V, OTt 

uuSe d>i to awd Z0 irpos rd and BA, outws a 
E2H0 kijwAof vpos iXcuraor n tol? ABBA tctiuXov 

votpiov. , , 

_Wyw Stj, qti ou&e ws to a*i rtjr BA irpos to 

Arro 'nji Z0, ovtwf o ABBA kvkAdf itpo s 
rt too EZH0 KthtW jf oipiov. _ 

El ydp SuotlTOk, SOTiLtJ TTpOT /Iftfoi' TO £. ^OH*' 

™Jni' Jp<* <05 TO dwd -rij? Z0 TfTpdyioiw rrpos r& 

Ano rijr AH, owru-r ™ S *wp(W -pus too ABBA 

«t5«Aov. oAA' <os rd £ xwpiov ™' ABIA 

iKoVAoo, oiTtwj q EZH0 kvkXos rrpoi ZkiTtov ti 
too ABBA kokAou ytofumr ttaA tij A pa. to Atq t% 
Z0 Trpoi to d*6 -riji BA, outw5 i EZH0 kokAov 

,-pds eWmJo ti rod ABBA jfd^Aoo jpopim" o~cp 
aduraroo Sftxlh}. ovk op* €orlv tbs to otto BA 
TCTpfiiyw^OV rrpos" TO fllTO Z0 ■ os/Tti/S 1 O jV U l A 
KtJxJlos Ttpoi Utl&V Tt toG EZH0 kvkXou Yatptar* 
Obtix# i? §4 or* odfii irpo? £W<jov &rtv dp* (Ls 
TO dno TTjS BA TtTpdyuiw irpos to q.tto rijs Z0, 

oLrua 6 ABBA wdrfAof wpos tAv EZH0 kwkAoo. 

0 *' dpa kwkAoi rrpdy oAAtJAowf itab> oji rd. tifro 
twv LutpUrpoiv TtTpdyuivtl’ ojtfp eSti S«f<u. 
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AGFA la greater than the polygon in it ; therefore 
the area 2 also Is greater than the polygon 
EKZAHM0N. But it is ako less ; which h im- 
pofwible^ Therefore It Is not true that T as is the 
square on BA to the square on ZS f so Is the circle 
AGFA to some area less than the circle RZH0, 
Similarly we shall prove that neither is it true that, as 
the square on Z0 is to the square on EA t so is the 
circle EZHB to some area less lhan the circle ABI'A, 

I say now that neither is the circle AGFA towards 
some area greater than the circle EZ110 as the square, 
on BA is to the square on ZB, 

Fur* if possible Jet it be in that ratio to some greater 
area 2, Therefore* inversely, as the square on ZB is 
to the square on AB* so is the area 2 to the circle 
AGFA. But as the area 2 is to the circle ABrA, so 
is the circle EZH0 to some area hss than the circle 
ABPA ; therefore also* as the square on Z0 is to the 
square on BA F ao k the circle KZHB to some area |i^s 
than the circle AGFA [v, II]; which was proved 
impossible. Therefore it is not true that, as the 
square on BA is to the square on Z0, so is the circle 
AGFA to some area greater than the circle EZIH L 
And it vu proved not to be in that relation to a less 
area i therefore as the square on BA is to the square 
on Z0 T so is the circle AGFA to the circle EZH0, 
Therefore circles are to one another as the squares 
on the diameter?* ; which was to be proved. 
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(v + ) Rrguhr Solids 
Eud- KUm. xiU. 18 

T af TfXtvpas rwv itivT* cr^r/fia twm ixftiQQai Mai 
miyKptvat wpos cEAATjAaf + 

-q tt^ Sofl^Knjj cr^/pa? Smp^rpos 1 tJ 
AB, Kat rer/iTjcrtfw fcotcI to I' toore wft* 

Tip- AP ttJ FBj Htt-n Bi to A iLcrrt SiirAaoiWa 

rip A A TTjs AB* tcai yeypatf*Bw tul rijs 
AB tfputUKXiQV to ARB. Kai am Ttuv F p A ttj 
AB irpof opdas tJx0wktch» ni FE, AZ, Kat f- 
jfiwvair at AZ, ZB t EB. **i imt SittAyj cWcv ij 
A A rffr AB, tpHriiy apa cdTiP ^ AB rrjs BA- 
dva<rrp*ifiGVTt TfptaXta apa itrrhr tJ BA rrjs A A. 
tujf Bl ^ BA wpo? t^u AA t oiJrwj to ^tto tt|? 
BA 77jOOf ro airo tt)s AZ- itjoytavim' ydp iari to 
A ZB TplywvQv tw AZA Tptytl*vti} m -jJ/xtoAioi- upa 

COTl TO G 7 TQ TJ}S BA TQV d™ Tip AZ, IffTl 
JfaL ij rip utfiaipcLS &idp.tTpQs SwdfiMt /jjLiloAia 


■ Fur the earlier hiultiry of fche rtftulaf, cosmic or Pi thw i t! 
figures P- ii4prci, pp. £[<£’225, 9 i6-HiT0» 

* ThSi propo^illon cannot In: fully undexstbod without the 
previous |-myKLSttEaiis in the bbpk which St uaiRieu Imt it will 
giv* an Insight Into the thoNitgka& aid comprdwiiiveniAS 
of EudwTs methods, 
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(v.) Regular Solids ,J 
Eneiid, EUmcnb xUL i $ 1 

To ift out fh* sides of the jivejiguTts and to compart 
tftnr j rnr tritft amithtr* 

Let AH, the diameter of the given sphere„ be 
out. and let it be cut at I' so that AT is aqu^ 1 
mu] at A so that A A h double of AH , 
let the semicircle AEB lie drawn, and 
m f AZ be drawn at right angles to AB, nm\ 

Zli> EB be joined. Then since A A -5A.B, tnere- 
fore AH = SBA. Convtftertdo, therefore HA= f;AA, 
Hut HA ; A A =■ ISA* : AZ a [v. Def, tj] T for the triangle 
AZB fa equiangular with the triangle AZA [vi. } 


therefore BA* |AZ*. But the square on the dia¬ 
meter of the sphere is also one-ond-o-halF times the 
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rrpy irlcvpa? rajs' ™paKai Aptw ^ AB 17 

X ^otjKts Std^terpo?- 17 AZ dpa Jen; dori ttj 

p$ TP}? 7 rupapt£o£ P 

TToAc^p dare! StTr^aertua- iorbf ^ A A rrj? AB S 
rpiirX^ dpa carh t§ AB rijr BA. <jus Si q AB 
tt^os* rrjii ! BA ± mmoj to dm* r% AB ixpos to mfo 
■njj BZ- TpiirAdaioy dpa iWi to daro ttj? AB tou 
dwo TTjf BZ- eon Si Kai Tf rq? cr^atpaf Sca¬ 
pe rpoj Si^ap^t rpjirAaffiajif ttJt roO kv^ov -Atv- 
pdff. If at tWiv nj AB Tji rf-k o^atpa? Sidperpo?- 
^ BZ dpa row Kufiau ear! arAeuptL 
Kai drrd iorj iori^ 17 AF tjJ FB, Si^tAtJ dpa 
«Wiv 17 AB rijs BF, cisr Si rj AB irpdy Wp BF, 
dvtojs r<J dm 3 rrj? AB wpor to dm} ttJ? BE- SittAu- 
otoi" opa tort to dird rij? AB row dard rjf BE. 
tart Si *rai tJ ttj£ cr^atpaj Stdp^rpos Sup r apf{ 
ScTrAaaiaa 1 rjjf too dpfraeSpou trAeupdff, wan derm* 
r f AB 7 } rrjs So^ctcnjs mdaipaj Stdptrpos 1 ^ BE 
dpa TO5 oKradSpoy eWi irAfupd, 

Sij diao tou A cnjpedst# ttj AB *v&£ta 
frpd? dp&ds 17 AH, Kai tcti&dw 17 All Ecm rfj AB a 

Kai dm£et^0a> 77 HTjVat dird rau 0 dm rqy AB 
jcddcros T}X&°* V ©K- *rai tV*i StirA^ iarn f 17 

HA AT- 'atj yap i'i HA rjj AB- di? Si tji HA 
rrpo? AF b dutoj£ 17 0K irpds ttjv Kf\ Si*Aij 
dpa Kai ^ 0 K ttjj KT\ rrrpa irAdmov dpa dort 
to dird Trj$ 0K rad dm 3 rijs- KF* rd dpa dird rwv 
0 K, KF, o 77 €p i<rrl to dard rqs 0 F p wowirAdaidy 
eon too d™ rrj? KT. toij Si $ 0F ttJ FB* 
mvrairAdcrtoir dpa cVri To dm 3 -njr BF tqu am* 
FK. Kai dirt* SittA^ itrnv 77 AB Wk FB, ™v 
^ AA Trjff AB (Vi SiifA^j Aoiinj dpa 1} BA 
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square on the side of the pyramid [xiiL IS], And 
AB the diameter of the sphere; therefore AZ is 
equal to the side of the pyramid, 

Again p since AA = £iH t therefore AB=SBA* But 
AB ; M-AB 1 : BZ 1 [vl 8, v* Def. 9 ] £ therefore AB® 
^SBZ 1 . But the square on the diameter of the 
sphere is also three times the square on the ^ide of 
the cube [tfiih 15}. And AR the diameter of the 
sphere ; therefore BZ is the side of the cube- 

And since AT = PB* therefore A13 « SHF. But 
AB: RF= AB 1 ; BE a [vL S p v. Def 9], Therefore 
AB*—SEE*. But the square on the diameter of the 
hphere is also double of the square on the side of 
the octahedron fstill. 14]* And AB is the diameter 
of the given sphere ; therefore BE is the side of the 
octahedron. 

Now let AH be drawn from the point A at right 
angles to the straight line AH P and let All be made 
equal to AB^ and let HP be joined K and from G let 
OK br drawn perpendicular to AB. Then since 
HA—SAT (for HA = ABJ, and HA : AF-0K ; KT 
[vL 4], therefore OK = fiKP + Therefore 0K s “+Kr i _ 
Therefore CUP+KP-5KTi-er» [L 4r|. But 
0F = rB; therefore Bl'—SFK*. And since A 
2 PR, and in them A A = £AR, therefore the remainder 
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ttJ? AT cot i StTfA^x TpLfrAiJ dpa tJ BT Trjs FA- 

AwTrAdrfjoi* ap to clttq rij? BF rov a.7?n ^ FA* 

TrcrraTtAricnoF Si to dm t% BF rov dm rgs FK- 

jUftfoM dpn TO OTTO TJJff FK to£p dm ttJj FA. 
P«l£ojl' dpa «ot!m t) TK -njf TA. Ktiaftai r?J FK 
tOTJ tJ FA* KOI dftd Toy A Trj AB ?rpdff ap&o^ 
•t)X^ ^ AM, Kai cTFfCfiJ^ffcy ij MB. xai 

rntraTrAdoiGV cort to dm rijj BF roil drro tijs: 

FK, Ktti €<TTt TlJj jtieV BF SotAtJ Tf AB, Sc FK 
SittAtj ^ KA, 7 T^iiTciiTAdotoi r dpa cart to dird tt]s 

AB tow dm rfjf KA. ojtc Sc >ftii 17 njs <r<ftut- 

pas Sid/XCT/JO; St/ldpCi -ire \,’ToirXa0Lti3V nrjs' cV TOt? 

itivTpm) too k yrfAdUj d^ f ov to etKocrdcSpoF r!m- 

ytypu-TTOL, Kut can v ^ AB j) rffi uifyiipo^ fitti- 

pcrpos' ij KA dpa it c tqQ rcivrp&u con toC 
jctfrcAou* u£ H 0$ to tfZ/tDodtSpoK d vqyiypa tttoi ■ ^ 
KA dpa. i^aywvQV earl nktvpd tov fipipiivov 
kvkXov. xtu cVci 17 r^f rj^oipct^ Stdpicrpos" my* 
K€irat €t€ tc ttJ? roft e£ciytuFOL? jvo! Sut> rduv tol* 
Se^tiyiujk^u tujv et? tof cipijptcvaF xJxAov cyypra- 
^opemn', kqI iariv ^ piv AB ff ttj? &$aipa$ 

Std/ierpoff, ij St KA cfaytorou TrAfC'pd, h-tii I or} t} 
AK tt} AB, cVdrtpa dpa t<uf AK p AB Sctfaycoi-ov 

tori rrAet'pd rati iyypa^opit^v etV tof inbcAaP* dd>' 
oft rd ctxoodcSpoF aFaytypctirTat. *co2 mt Sctfa- 

ywFOP tJ AB* efaywrou Si *7 MA + £<nj ydp 
eoTi tt) KA, citcJ *al rjj 0 K- moF yap dirijfOtwiF 

■ Elldld'ft prtJtcdur^ ill ctm^trucHn^ the kdWihrdrtmi 
lt^crib«bk itl n RhfCfi .hptu'fp, fir^t to construct ndrtk 
mdiiij* r swrh tliiit =-Jrf» ¥ when* d is ike rilfiWlcr td the 
spIitTC. [n this iLt inscnb«> n -^uljir dtcag'oiu rind front it-i 
470 



EUCLID 


BA is double of the remainder AT\ Therefore 
Br = SFA; therefore BH^SFA*. But BF 4 - 5FK 1 ; 
therefore FK*> FA* Therefore FK> FA* Let FA 
he made cquul to FK t and from A let AM be drawn 
at right Jingles to AH, and let -MB be joined. Then 
since BF*-*rK*, and AB—£BF, KA =3FK t there¬ 
fore AB 1 =5KAA But tlie square on the dia¬ 
meter of the sphere is also five time* the square 
on the radius of the circle from which the icosahedron 
has been dose rifoed [xtth IB. earolf ] + * And AB is the 
diameter of the sphere ; therefore KA is the radius 
of the circle from which the icosahedron has been 
described ; therefore KA is a side of the hexagon in 
the said circle [iv. I5 P enroll.]. And since the diameter 
of tlu- sphere is made up of tin* side of tin* hexagon 
and two of the sides of the decagon inscribed in the 
*;ame circle [xlii. 16. comll]i and AB L> the diameter 
of the sphere, while KA is the tiide of the hexagon, 
and AK-ARj therefore each of the straight lines 
AK, ABis a side of the decagon inscribed in the circle 
from which the icosahedron has been described. And 
since A H belongs to a decagon and MA to il hexagon 
(for -MA Ls equal to KA since It is also equal to UK, 

angular points draws straight Eim^ perpendicular lo the 
p'hulc of the Circle and rqun] in length to r ; thb detenilim- 
the rtfl^lar points of another decagon Inscribed in nil equal 
parallel circle. By joining alternate angular points of erne 
decagon, he obtains a pentagon, and then docs the me 
Willi the other decagon, but in hunch u manner tlml fch«? angutar 
pnints ore pint opiwmEe sme another. Joining Iho angular 
JH hint* of one pentagon to I hr nearest angular points of tile 
other, he obtains h-n equllalrra] trlangU*K + n hicn are friers, of 
the krbsohedrnil. He completes Ihc procedure by find big ttie 
cniunuiu verticil of the live rqnllateral Irlungli'.t KtandllUE on 
each of I he pentagons, which form the rrnialning faces of the 
kosahedrom 
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dmi ray mi iarw ttcaripa. run* 0 K, K.\ 

&TrWuiMf l t^s KT- fffmywtiov ctpa Iotii* ^ MB. 

St TTfJTa^mi; ccrrii' roi; e i KOijae'Spo u' 

tlnaimfHpav apa lerrii-' 7 } MB. 

Kat end 1J ZB KL^Otl e 5 T[ TrAitrpd, T^TjiljofleU 

Mpor Kai filvtiv Adyw vara rd N, *ai Icrrai 
petfoF TjU^tt rd NB J -jj KB apa ScoSctfolSpou tWi 

IrAtftfpCt, 

ha! ind rj ttj; cn^aipa? fodperpos Tijff 

AZ nhcvpas tt}? -rrupajiiSos; Svrd^n ipioAia, 
rijs Si mu dicracSp&y rijs* BE Suva/itu hvn\&Q\mv t 
£1 rou Kuffau r?}s ZB ^Wdpet TpiTrAaffttu^j 

anup apa >J tt}£ a^aipas SidfUTpos Strrdpet If, 
Tatot/™F 1} fiiv ttJ? TrupaptBos rfoodpa*^, ij 5t rod 
(jA-TasSpoif rpcd/c-', ^ Sf rod K^jr Sdo. 1} }th* 
dpa rrjs irupaptfS 05 T/Aeupd rot? oKrul^pou 

ffAcvpar Sm-apet eortF (frtrpiTOfj tjJf Se tou Kvfiov 
bwnptt Si-rrXrj, ^ £| mu dtrrci^Spov rqs ™ Jcupou 
Sui^apct ijptoAta. at ptif oik* twf rpwuv 

oftr^aTa/F fflAnpa/j Alya* Stj TrypapuSos 1 *ai om- 
fftpou k(h KUjflou^ 7 T/»f aMiJ^a? eV Adyotr 

pijroLff T at St Aoi77D& &ik> t Alyaj Sij ij rs rou 
rat jj to d dtuStAraeSpQUi o$re iipjf 
dA,\^Aaff oA-c Trpdff Tid^ irpaetpi^cvar €«r!u ef 
flEB 
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f»ing the unr distune? from the centre, and enrfi 
nf the straight lines OK, K_\ is double of KT), there- 
™ re ^belorigs to a pentagon [xui. 10, i. 47j. fj u i 
the side of the pentagon fa the side of the Icosa¬ 
hedron (xiii. Ittj ; therefore MB is a side of the icosa 
Fiedrcm, 

Now, since 7,B Is u side of the cube, let It be cut 
hi extreme ami mean ratio at X, and let NH be the 
greatersegment ; therefore Nil is a side of the dode- 
called ron [xUL (7 + cqeqILJ, 4 

And, since the square on the diameter of the sphere 
WJW proved to be one iW-a-half times the square on 
she side AZ of die pyramid, double of the square 
on the side BK of the octahedron* nnd triple of the 
square on the side Z J3 of the cube, therefore, of parte 
of which the square on the diameter of the sphere 
contains six, the square on the side of the pyramid 
contains four, the square tm the side of the octa¬ 
hedron contains three, and the square on the side of 
the cube contains two, Fhercfore the square on the 
■-iile of the pyramid is four-"thirds of the square on 
the side of the octahedron, and double of the square 
ori the side of the cube ; while the square on the side 
of the octahedron Is OTie^and-fl-half times the square 

file side of tin cube. The said side* «,f I he three 
figures* I mean the pyramid, the octahedron and the 
cube, ire therefore in nitionnl ratios one to another. 
But 1 I 1 , remaining two, i mean tin- side df the icosa¬ 
hedron nnd the >iilc of the dodecahedron, are not ii; 
rationnl ratios either to tine another or to the afore- 


T To wratnut 1 he dodeculirdron Insqrfbabte in a iriren 
sphere fc.uckl begin* “ith the cube in*-Ht*d in the same 
^ihere, Mid draws, jicntagom, bavin# the edg« of the oftens 
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ASyoiff pijroif dAoyoi yap ctbtv, Tf pkv iXd.TTajv t 

15 Se aTroTg/i 7 j_ 

w Qtl pttotin' iarlv 1} tov ttKauaiSpov TrAfnpi 15 
MB rrjr tov dtxiStxoJopcv T 7 /«r X H , Setfbpo otfraij. 

’Enti ydp ipayutviov tori to ZAB TplyO/iW tw 
ZAB Tpiytuvipr draAjoydr tortv ouj tJ AR itpoz rrjv 
OZ F Dm-aj^ -q BZ Ttpd$ Ttp' BA, Kat 1 tVtl TffZf 
eiMfctm dvdAaydr tiffin, cartv <is iJ ^rpcJr^ 7?pSf 

Trp Tpt’rqy, gyTtu£ tS drrS T^S TTpw?TT)S TTpOS TO 

and r^s &tvr£pa§* m tartv a pa tij ij AR Trpas tt}i j 
BA, QVTOJS TO &TTQ TTfi AR TpQS TO aTTO TT^ BZ' 
ayarmAu' apa ti? ij AB 17p0$ Ttp' KA P ayr-WF TO 

OrTO TtJe ZB TTpQiT TO tXTO Trji? BA- TpltfAlJ St Jf 

AB 7% BA t rpmXa&tQv dpa to dm rijs ZB tov 

a TTQ BA, fOTi St #f(U TO CtlTO T^S A A TOV 

CtTTfl TTJS AB T£Tjpn7rAdcr[or|f h SlTrAlji yup ij A A rfj? 
AB l jiciLoi' apa to and mg* 1 AA rot? d tto tyjs ZB‘ 
pei^cur apa fj AA tt}t ZB- ttoX^Z dpo. ^ AA iSJf 
ZB pfL^cuii 1 iiTTiv . kol djf per A A nKpov «ai 
ptaov Xoyov Ttprapti^f to pcl£or rpi}fid fWe^ tj 
KA, eVeiSiprep ^ per AK c^etyouJr'&u eVrti', i) St 
KA Betfayeirai/* TtJs Sc ZR dxpQV Kal pi<JQV Xayov 

Ttp-VOflivTIS TO fltt^QV TpTJpd OTTIV IJ NB' p*{£ttiV 

dpa tJ KA -rq* NB. ting Sc ij KA Tij AM* ptLtwr 
dpa ?rj AM rrjf NB Be: AM pti£o>r torir ij 


J Hu f tie fc , . M Minim if. far bwx ddUtitto hue 

[ncocHiinibtjft vrrbifl dtetair* pesertfim forma pniin Euctidiii. 
cum Inrtki'D imlm m h*G ip* pnopwiitkin^ ioiitn laciir *14 
UMirpiitn, ltaqui: ^mto+ VCTM 1rai ml , , * fotWpaS sulxl Itil'O 
ftw. Hcibfi^. 


■ If r lir thfr ratUiks of Ihe hpherr clrcunuttllii^ llu? (3iP 
nr^ular 
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Enid for Lhev are imUkuinl. the one hein^ 

minor Latiii- tflh the other an [xttL 17]/ 

rhftt the side }IB ol the icosahedron k greater limn 
the ride Xft of the dodecahedron we *hat] prove thus, 
h'or since the triangle ZAB h equiangular with the 
triangle ZA Ft [vi. 8J T the proportion arises p Ail t BZ = 
ItZ : JiA [vi. Cl. And since the three straight Hues 
are Sft proportion, as the first Ls to ihe third, h» is 
the squire on the first to the square on the second 
[v. Del 9];. therefore AB : BA = AB* £ HZ*; there¬ 
fore p in v ersely. A B : BA = ZH S : BA* Bat A B = 
3HA ; therefore ZB a =SHA*. But A A 3 = lAR a , for 
AA= iAH ; therefore AA*> ZB*; therefore AA>ZB ; 
therefore A A Is by fur jjreater thin ZB. Arnj T when 
A A in cut in extreme and mean ralfo, KA k the 
greater segment, since AK belongs to a hexagon, 
and KA to a decagon [xiit. 9] : and when ZB k cut 
in extreme and mean rat in, XB k the greater seg¬ 
ment ; therefore KA is greater limn XB, Bui 
KA —AM; therefore AM>NB. Therefore MB f 

tilde of pynisi llI n)y|, r 

side of octahedron k v |. r 
“i Ltlr,‘ of cube = I N ]{ +1 

side of Lconhedmi = * * 5) 

5 

wide of dirireahnlroii . j v i5- v i). 

hi Use stEiSc of the term irrational a.> ii^d bv Kul- lid's nrr- 
deceiBQCS and by modem niathciryiticiimv nil thrsc express 
are irrational; hul in ihe tptdaJ sense of Euel. Etna, 
ac T thd first Ihrw are rational because ttirir £<|LinLre-h are 

commensalr=th(f one with another* The fourth nod fifth 
racpwwioits are irmtkroaJ even in Euclid's stn.se, belonging 
tu two species of irrational linos Investigated in Hook x. 
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MB]- 1 ircAAtp apfl 15 MB tJifUjfw TOb 

tUouatSpov fiw(%it*v €a-ri rfjs NB mtaupa? o&np 
rod SayStKattpev* vjrtp eSet BtJfm, 


:V tyii> Bij, ori TrrtfHi ra fiprjjlitW ir^Tf 

uu crwjaftrjfir^-rtu ertpop ajrojia ircpicydpeim 1 uttq 
l<jorrX^vpiup t€ itaj taayfurjW 1 tiAA^Aocr. 

f l TTp jtifi p yip Svo rpiyunwv 77 oAo*? cirftf«5t«ftt 
crripti ywrik ol (rwiWaTat, 1 *md Bt rpituv rpi- 

ywvwv if rrj^ wvp^tSo£ t vwq Be Ttcrmptnv ij tcw 
o^me8pou r imo Si jJ ro£ e Ittotrn4hpov ■ (ma 

Se ^ Tpiytui'iLH' tffnTrAf.upitir Tf *cai tt^pst 

m wiffTa^a'^i' quk fffrat arepfa yojvhi- 

GL'enjJ ynp T^f Td0 «TOTrA*i.rpEJv TptytxtVOV yftJViW 
foniTUL at If r/ffircipffiv ap^aT$ 
(Mt r mrtfp oror ami/ra ytip (rrfpea ymi'ii utto 
lAaradWr t) Ttcrorapto^ opJtw TTtpil^tTiii. Sia ra. 
oiVTa Brj 1 owSer mro irAfpLtPi't/ji-' tj If yGpt'itSM' t^iTrirBaiu 
crepti yuip&a wJ'tm-aTcu, 

# 1 ?tB Si TzrpayiLjKiiv Tpiav ij toO irtij9ou ^uivm 
Si npaaptu^ nSui'iiTw lecirai yip 
mXiv TftJ&apfs (Jptfai, 

'Ttto St ir^tTayitSixu^ uroTrAf ypriiv kclI tmyutvltoy, 

fi*v Tpituy tji toi" BiaBeTOcBpoti h um Bt 7€ff<raptuv 
a&vhmtnr Qbcnjs yap t^s- tqv vevrayiLiay luo- 
rieipow ywriaf Jpfrijs *ai flt^irraii, fcwiTai al 
adapts yuntai Tzuadpmr op$d>v ptt^avs Sirep 
uBwarm*. 

om P- 7 P' vtTq tx/pci* V ajfflpaTi&V 

7 T€p&Ejj£fflSjfFtTat orfpfa yuiyia to hvtq dronotf. 
Ot/K tip a fftipd fa fipTjjrilifi TrttT* 

1 rf* . . . MB dri. HeSbt rff. 
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which is o side uf the Leo>iuhedroi]:» k much greater 
than NB, which ls a suit? of the dodecahedron ; which 
was to be proved. 


I say now that no other jtgvre T betides the said JTm 
fig****, can he amstrutted *t> m to be contained by tqui- 
interal and equiangular figure* equal one to another. 

Vor a solid angle cannot be constructed out of two 
triangles, or r generally, planes. With three triangle*, 
there fa constructed the angle of the pyramid, with 
four the angle of the octahedron, with five the angle 
of the icosahedron; hut no solid angle can be formed 
by placing together at one point six equilateral and 
equiangular triangles ; for inasmuch as the angle of 
the equilateral triangle is two-thirds of a right angle, 
the sis will be equal to four right angles ; which is 
impossible, for any solid angle is contained by angles 
less than four right angles [*L Si]. For the same 
reasons no solid angle cun be constructed out of more 
than six pin tie angles. 

By three squares the angle of the cube is contained ; 
but it Ls impossible tor a solid angle to be contained 
by four squares ; for they will again be four right 
angles \xL SI J* 

By three equilateral and equiangular pentagons 
the angle of the dodecahedron is contained : but by 
four it is impossible for a solid angle to be contained ; 
for inasmuch as. the angle of the equilateral pentagon 
is a right angle and a fifth, the four angles will be 
plater than four right angles ; which is impossible 

\ T nr will a soIleI angle be contained by any other 
polygonal figures by reason of the same absurdity. 

Therefore no other figure, besides the said five 

477 



GREEK MATHEMATICS 


€T£pvv irxfjp.ii crrejcrfot- mrvraB fj utrrui vttu 1\jq~ 
TtAtupiov Tt Kai unrytstvicuv Tre/3t^6/imi^- orttp 
fSci Jkifat, 

(r) The Data 

EucL, «L Hdberf-Mcnge vi. 2. 1-15 

r Opot 

a\ AcSofitW toj ptyfBct AeytTctt ywpiu. r£ 
ypappul khi yitivuii* off tibi'dpttfn twi -noptrjaaGoL, 

/£'. \<?yo? SeSocrflai XfycTOU r ci t&v 

avrm' Trapiaaodat. 

y\ EirituYpafjLfiix cr^iJ^aTft rel i ftBfi StSodJat 
Atyerm, Jji- 1 a! T€ ytuvidi StSo/tevai ffct Kara 
«:fti of X6yoi Twv rrXsupifjv TTp&s aAAvjAas 1 5^Sq^ticmi, 

5^ Tt} Giatt Sn&oa&ai Xeyovtiu a^pttd re khI 
ypapjifii ttni yaji-'c'ut, a tt iv ClL-TOJ- ro^gr 

c', ICiJaAos jUc)fflet S^SoV^ai ofi 

SeSorai ij £*c te>S Ktvrpav Tip ptyeOei. 

I"jj fcoft Sf Kal tw peyiOtt Kt?*fAoy ^5ua^at 
Aplyerai, eff SeSorat to fiti 1 rjj Gina, f) St 

in tqv Kti^rpov to* peyefei. 

(d) The Pdbuhi 

Prod, in Earl. i.„ ed FriedleLn ISOE 19 ; EucU 

ed. Heiberg-Mfflips Till* 237 + 1E-T 

"E* J Tt tw yettJff£Tpr*f£AJM eWi^ orojftfrafr to 

it ipiafin.* tQtn-o Sf ayjpalvtt &itt6v iraAouat yap 

■ EudUEs Data (Afftaproa) U his only work in pure K" 1 " 
mtlry to liavc sun r ivd in liira-k apart frutll Die EJ*m*id# P 
{lli> ^Kfk Ob /iiVftiW i 1 / Fj^nrif lwi-> survived in Arable, 
r, p, 15® n. r a J It h dc*ly wsniwcted with Rook# 

L-vL flf Ihc and g^Lcffll ulmructer will be buHi- 

4T& 
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%nrt5 t can be constructed. so as to be contained by 
equilateral and equiangular figures \ which was to 
be proved. 

(c) Tint Data 0 

Eucl. + t*d P J bnbvrg-Mfcnpe vt, 5. I-1J 

Oefutffimt 

L Arcjt$ f line.s and audits arc said to be given in 
mngjntudt- when we can make others equal to them, 

-■ A ratio is said to be given when we can make 
■noUicr equal to it. 

3. Keel itinea] figures are said to be given in speeies 
■when their angles urc severally given and the ratios 
of the sides one towards mother ure also given. 

-k Points, lines and angles are said to lie given in 
posilimi when they always occupy the same place. 

S. A circle is said to be given in magnitude when 
the radius is given in magnitude, 

fi. A Circle is said to hr given in position nmi in 
magnitude when the centre is given in position and 
the radius in magnitude, 

(d) The Poms ms 

P focJu s, On Ettriid i. T e*L Frifdlcbl 301. ^1-302. 13* 
Euck, cd, I■ M cage yjU- f3T. D-^T 

Porism is one of the terms n.^rd in geometry* h 
has a twslbld meaning. For porisms are in the first 

dcntly InclJcAted by thM first few definitions The object 
Of a proportion called a datum Ls to prove Mint, if in a figure 
certain proprftlr* tuegbttti* other properties an- alio gfcrnjtt 
anr □r of hi -r of the senses dduird m the definition % \* a pnii* 

ihcludfd Iht book JJt his TArt* dwiikdpme (Trrtjmur$ of 
^ia/yiu]d 
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rtopiuaara, kuI Sou $ttunrjfia f TO m^tf<iTW<TNrcuri~ 

ftTU. 4 . ruts uAXwW Q 770 dt if £< 7 E I' PLUS' €p^ltUU JCCli 
K€p&Tj Titn- ^Tauvriuv vrjTQpxovru.^ * *■«* Sou £l?T*I™ 
flA', *{ip€tT£U*q S< KOI Otr7( y€vio£WS p.QlT}$ 

qvt€ ftctapit if dirA^f. Srt piv yap ruli’ iowHcAcStf 
rjj jSduic Serai llfctitfrrHHU Set, teal orraw SiJ 
tu'ojv 1 77pa.ypa.T{jji' forty tJ tqwcJtjj yvutms^ TTjr 
Si -jvui tai &ix a 7 ^Ff^' t} TptyiuVQV ovorvjuaaftui 7 } 
rE^fAfiv tJ npoaStaflat* raOra vavra rraiTprip tli-o? 

ClSflUTfi- TOV Si So&£lTQs Wl/ftApy TO 

fi/ptiV, i) Sin SoWitwi' tjuppdTpwv /icyE^tu^ to 
J^yuriw «ai atouw cupfiy, tj ocra ToidSe, 

prro^fu ttiSs tort srpo^A^jidrwi* *tii 

ourc yap ti&lv eV t&tfrcur tai^ fi)TOUfuW* 

dAA" fUptWiS* OLtf rffoiptn i^L/taj* Sc? yap thr 1 oifiv 
eyaystl^ Kat irpo Q^i^LaTtar To fjjTtttf- 

J*ctw + Tmaftra apa i&rlv jcai ova EvkAiS^ mpl- 

vparo. ytypatfi€ t y fttBAla Hn/WJUtTW' crurmfaF* 

P*Pp T CWL *il T «L Hufr*di !>*£. [{MHO* 16 : End., 

«L llcibt^-Mditfr t! 1I_ i£4@ t \i\-2 IS. S 

McTh Bi rdy 'Errand? fv rpeert jS tjiXlms fT^&rfurfii 
fWii ICt^AfiSou* noAAotf dtfpoKFpa ^ iA or* if rdr utov 
£iV -nji- didAuaii- tojv cp^fpitfeerripaji' irpojJAij- 
/niTtur « * , 

1 tE fxiifF Hfi}kr% Tt 3 * codd. 

* ■peaifrlat Hrjt'H'rp, ^‘dffijii rtTHltl. 

* A pufitffl in thh icfiic La t»mm«UtlT calltd * roroflury. 

* EucUd’* Foti*m has nnfortimdtel^ not iunTtrcd. *Jtkh 
h i gmit rniibrtiiiH! m it appear? to hire bnii lh\ niosi 
orjirisuL aitd juJ yrs n-erri of all lal^ lilark*. Our kuowled^* 
of its contents co tn« safety from Pappu-i, 

1 Pipptu L* il^olbm^ the books rompritd In lilt T^irtu 
<feaJ i*ip« rot (Tr*uw.rj */ .dHfytb). He proceeds to gfre an 
400 
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place F-urh theorems eiui hr established by of 

the proofs of other theorems, befog n kind of windfall]! 
or lionus id the itir estimation* j ami in I he second 
plare ports m* arc things which arc sought* but need 
some finding, being neither brought into existence 
simply nut yet investigated by theory irfaoe, For 
to prove i Hat I he- angle* At the I we of no isosceles 
triangle are cnunl is n mutter for theoretic inquiry 
only, and such knowledge Ls of certain things already 
in existence. Bui to bisect an Jingle or to com tract a 
triangle* to cut off"or to add—all these things require 
the making of something ; and to find the centre of a 
given dtclc% or to find the greatest common measure 
of two coimuenMirable magnitudes, and so on, 

L* in some w r ay intermediate Wtwccn pmb^rni and 
theorems For in these case* there is no bringing 
into existence of the things sought, but a finding of 
them ; nor is the inquiry pure theory* For it is 
necessary to bring what is sought into view and to 
exhibit it before the eyes. To thi* class belong 
the porisms which I'.Ut-iid Wrote :md arranged in ho, 
three books of /Wtwf r * 


Pappus, OtiN*rtin n vtL m|, Hullwh tim, fs <>£h. itf : 

r.acL ciL ih ibrr.ur-Mengfl t iiL 23 $, 10-Jk% 5 


After the OtnincU (of ApatlonSm \ come, in three 
book), the Ftmsm* of Karikh n entice Hem most skil¬ 
fully framed, in the opinion of many, far the analyst 
of the more weighty problems f * . . 

CspTn nation oftb** Umu po^j*7i as u*w| hy Eadki w|kh which 
Imu'l account win HibstnntLHl n gri'r ment, tn addition, 
he. gav^ firiAithcr dcfijiiLlofi by b ' Itum recent Eecuncters M (vnr- 
T^'tniapf^pMv?, " ii is thn! which fulls, short of m 

locu^theorem in n»pm of it* bypotlwift** [(ro^*a tmvrA 

Xt Jimi' vwefijwwi twWw 

vot. i Si 
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Hepd&jltiv Si ir&AAa jup tt pordatt vjHiara. Suva- 

TQl* £V TO(JTO19 Sea TO tfa! OVTO^ Et!wA«S*jl' dll TfdAAo: 
if eKaoTdti *T&qus re^ttfeVtUji nXAa St/yjiaroj 
&v£Ka zk t^s Eir r ^ aAiya. xpdj 

dpxff Si OjUUi^ Toy rrpdjTov SiflAlou rOktKtv J/io- 
fiSiJ rtj-a 3 fJ¥€iVou rot? Sa.^tAfOTEpoy fSoy-j Ttit- 

T 03 TWir f (if t TO TAijtfof, ScS rfal mpdtt^e^ Tdmif 

/tia uporaact oiJtwj £ypa~ 

tfiafi€v~ £*v UTTTU7U v} Trap ujttIov rpitt ra cVi juior 
o^jtifta [ij ?rapaAA?jAou ttJt tVepaj to 8J&j * 8f- 
Oo-jite^a jJ # ™ 5 < Aqtira (wi? a7rT^Tai Otaci 

hf&afi£VT}s Eu9tias M Kai ro0* tl ^ietoi 0E<m SfSo- 

£t 5 #£*eiff, TOtfT 1 Eiri Tfauupai f £iiil £& 8 f.UliV 

€tfnjnu jiiot-iuj', c 5 r ou rj Swo Sia toO ayrou 

arji^Eioy tiotfj, ayvottrai Si W Trairiy rot? rrpo- 
J *r fl LHM» fn* Huttsch. 

1 ^ fti«r iTritxrp, cod h (saruata lacuna) deL 

Htiltsch, 

1 n™ Hdbttft* war ™l rF Huhseh* 

* ij , , T fi*m kfttrrpcilntart tFlb. KullM-h. 


11 Thy four MrttipjhL lincs ^ described in ihe Dtrck as flhr 
*"“) rntt-f tj frvpnrtfw. ij m *s the sides of rupinr juul 
nyp*r-tupin* pidriktcrih. Robert Sfcmtoa (Qp#ra pcrue- 
JJ? jy Uli^ p. 3itS) fiplftlfij a Wtrtr [J^jUl U twiJTJf of tJl« 
^$2 
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Now to conipreJitiiil many proportions In one 
ciiuitciatinn is far from easy Ip three pnrisms, because 
IvLjrlid himself has nol given many of uadi species, 
but out of ii great number he has selected one or «i 
few by way of example. But at the beginning of the 
first book he hm given certain allied propositions, ten 
in number, from that more abundant pedes con¬ 
sisting of loci. Finding that these cun be compre¬ 
hended in one cminriatkim we have therefore written 
it out fit I his manner : If T in n system of four straight 
AW irhich cut one another hco and tiro, the Hirer points 
[of intersection] fm me straight line he given, nrhile the 
rest except me tie on dijfrrmi straight lines given in posi¬ 
tion, the remaining pmnt also mil he m a straight tine 
given in position. 1 ' This h m been enunciated in the 
case of four straight lines only t of which not more 
than two pass through the same point, and ft h not 

nature uf (11 In the flixflujpttuvjftg diagram^ while (£) and 
fit) are iray3«ma fljrrjpaTii^ Hr jlI-hii ^{iliiLiicd the c^riect 



Ulftttung of the rathrr Iwm- proviso, ni W Aol it* wh%* ^ 
Si&ii MqpApplied ts: tht^c fiimfrv 
ihL enundatbn states that if A, B, P ;lpc jiiren* while the lod 
of C and D are atmlght lines, then the locus of E is ako a 
straight line, 
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T£ EL OjLi/roy jrJhjfcus Smpvav ofra*? A*y*o- 

ttzvov' tav onountavv ed^cieiL TcpraKni * 1 dArbjXafj 
-Af capes' *} St'o 5td rot? rit/noM orrjpziotf? jravra 
5^ cm aurtop Stiopm J *rac Ton* l-nl erdpas 

cmq^tov dsTm/rat tfeVci ScSo^Vt.ij tj gatf- 

oAiKioTtpai' Qihw car &tromutvp cl^xul ripvuxjiy 
(lU^Ao?, f^iwty ?} £do btcL Toy cilvtou cnj^ciov* 
trwra Gel Ta cm fllS* OyTWi' irrp.ltif 1 S^SojLlAct 7 % 
Aomtyjf TO flA^foy fJfOlTnir TpLyUD?# dplBfLQV 
73 irAcypa TQVTQV tKtHTTOV CTTJ^tO^ EllTTJ/lCtW 

ci^«tas’ 0£&€i folr rpiwr irpoj 

dl?a^^<SiT(U^ T/J£ycivoU ^tUpiOLr, £tfa£rTOr 
Aoirrui 1 DT^^ciOP a^trcu uitrti SeSojieVrjs 1 cu^eta:^* 
-oi'^dr ^TtMpp&tm-hv otfg etVdf dyvo^tftu Tt}tsra M r>p 
A 1 itpx^i’ /xdsojM rdfa;t, * . r 

T'a rjOid ^iSAiii t<Zp ITopio^rfrfcjp A-tJ^js.- 

ftam htf, ^yra St ^{op|^aT£ui r eotii* poo. 

1 Se* a triiintfk Imving ha Ha hides three of Hie given straight 

1 The mnuiinj* of ibis en uncLatLon was discovered by 
Stolen, ind b given by Lorili (i# 4MHf odr qnfHKi 

6>/eifi n p r 256 n, ^fas follows : " If 11 complete n-Eatemi lie 
defomid thnt Its rMpwlivtly turn al^uL pi points on 

a straight line, Bind (ji I)ofitfl |»(i l j vertiorri more vfvdl 
on a straight line, the rrm lining |(w - I Jl> - i) of its mUK* 
lUcewiK more oc straight line*; provided rhflfc it IS not possible 
lo form with the fn - 1.1 Vertices any triangle? having for .^0 
the ddre of thn polygon.” Wit may sympathise!:- with thv 
frank Confcpinn of Edmond Hailey "(.fWj Wii Pff^ilfi 1)* 
if shunt mfioau, p. j£xxvU> that k oiuIl! make no sedAe Out 
of thifl p4JL»gry 
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generally known thuL it is true of any aligned 
number of straight lines when thus enunciated a If 
any number of straight line* eut on* another t not mart 
than tm> passing through the same petint, and all the 
points [o/‘ falcriretibn] on one of them be given, and if 
each of those which are on another lie m a straight line 
given in ptmfhn —or still more generally in this 
manner a If ftny number of straight lines cut one 
another, not more than. (tro pasting through ihe same 
point, and alt the points [of intersection] on one of them 
be gn?en f while of the remaining points of intersection, in 
multitude equal to a triangular number, a number eorre* 
spending to the side of this triangular number He respect¬ 
ively on straight [hies given in position + provided that of 
these latter points no three orr at the vertices of a triangle^ 
each of the remaining points mil lie m a straight line 
given in position .* The writer of the Elements was 
probably uot unaware of this, but he merely kid 
down the principle.* .. . . 

The three luMsks nf the Ports ms involve SB lem- 
tuai J j af the theorems themselves then; arc 171/ 

* Pappus prooiird.b to slate in order is pmjHTftltiotiA from 
EacHd's work. 

* Pappu-i gives thrtrt lemmas to the Porisms (Pappus, 
ed. Kufbeh MH». 50; Bud. ed. Hdbetg-Mtnge tiii. 
*4SL lO-SM* U>), 

* The wsnstmctlfla of the Foritms has been one of the 

most faadniting enquiries pursued by student* of Gwk 
matlieiuatieSp and therrby L’htis]& was Erd Era the idea of 
inharmonic ratios. Further details will be found in Laria, 
foe. eiL t pp. H^tln HJr.tf. t. t3l-k£H + and I am 

gn-iitly Indebted tu the tnnjslltioib and notes in these Works. 
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(e) Tiw Cocrics 

Pupp, C 4 + TiU 3036 , ed, Hoilfodi 61 . 5 . iWm 24 

Ta EiffAetSoi/ jSi^Aca S ’‘A^roAAtSpnw 

r! jfctl Trpoaffcis mpa S irap^SojKVV 7} 

Kcujiicw^ Tfi)^7|. *Apfanttups je p 5r yeyptt^f tA 
jn^Xpi ataStS^^fi-a ortpecSw Toimi* 

e STWF^fj rots tVaAti jiral Qt rrpo *AttoA- 

Attwfou ] 1 rfcpp tmwv ypauimv 

<5fuyait r ioUj rtjiv St op0oyco™i% St dp/lAuytur wu 

tfthvau T£)/£7jr. „ T . pj/ Sf dffMfty [ff + ArroAAdjitGj] 

eV ™ rpiVrti totw tVt y koii £ ypajipar jiirji reActw- 
^to EArfAfiSpi?, oiB f av a&ro% Tj&tivrj&i} avS* 

oAAof -euStis dAA' oiJSt p.LKpov tc TrpofftftArat toast 
U 7TO IlLTfAciitoir ypili^-ACTAV 1 Std yt jtiat'OJjL' TOJV TTpa- 
Sefttiypeiwc ijStj ^tun^CQji' ™r .ftrar’ Ei)* 

tiff imi ayros ^caprupt? Atytuy aSi/m-rap 
dvai j^upis- *Lv outo-s 1 irpaypa^u* 

Tfi'v.yKatjfh}, o St EiricAe#>7j£ aTroSf^D/ieixjff iw 

ApurraiOj* &gwv ovt a e^* off ijS^ TrapaSeSoMtt 

ftwrurafr, Ktu /i?) ij prji etAijffas «riwn,™- 

^tiAAta^ai TOtFTitfr rrp aiJnj^ 7fp^arfi(u r l pr«i- 
KearaTOff e®v *w ??paj a^ramis rdptvif? touj icat 
Kara fromSt* cmupfur SwyWtw ri pa3jjpir-a, 
Stij irou pt|S<tpiyy TTpotFKpoyfmjto^ 1 &re pxojir t 
K-ai dtcpt^Tj f ptv oii« dAa£on*o$r St fflA£rcp oSros, 
oow Swaroii- rjv Sa£or roD rorrov Sid rutv tteth’QV 

1 Kol at ap4 T A7«XLiibLi deL J JuJt&ch-, 

* MX * . r ypo^cfou- del. Hulbch. 


1 Pudid'fs «! 'nipiV# lias, rknl sumvcd + but an idra of its con- 
triitl dm bt otitqincd froth Ardltmcilft’ references to pro- 
pohitUMU pjoted in the EI*m*nt# o/ C'oJum Tfi^ jfnAHjtfHf 
+SG 
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(*) The Conics q 

PapptiiH Ctolltriitin *iL S0-3G, cd. Htiitsch fi7£. 1S-6T$ + 2* 

__ ApoUtmiiLs who completed the four books of 
Euclid s Canin and iddca another four, gave us eight 
book* of Comes, Aris taeus, who wrote th e still e stant 
five books of Solid Ijm supplementary to the Cmk* r 
called the ihree comes sections of an acute-angled, 
right-angled and obtuse-angled rone respectively, 

■ - - Apollonius -says in his third book that the 
td locus with respect to three or four lines F1 had not 
been fully worked out by Euclid, and in fact neither 
Apollon iu.s himself nor anyone else could have added 
anything to what Euclid wrote, using only those 
properties of conics which had been proved Up to 
Euclid's time ; a* Apollonius himself bears witness 
when he s*ys that the locus could not be fully in¬ 
vestigated without the propositions that he had "been 
compelled to work out for himself. Now Euclid 
regarded Aristae us aa deserving credit for Ins con¬ 
tributions to conics h and did not try to anticipate him 
or to overthrow his syst em ; for he' showed scrupulous 
fairness and exemplary kindness towards all who 
were able in any degree to advance mathematics, and 
was never often*Eve* but aimed at accuracy, and did 
not boast like the other* Accordingly he wrote so 
much about the locus as was possible by means of 

a term which would cover the trmtEw both of 
Artstaeu* and of Euclid. The tnd the PeritMt 

of Kuclid appear to Imve contain!*! further devdopment*: la 
th^ theory or conks. 

* This ha* bt'en taken Eo imply tJiut EudwTs CWrj was 
nlrrady lost whin Pappus wrote. Nothing more h known 
of Ehb Arbtaeu.% nnkus he li hierd teal with ibe AHstacua said 
by HypaJck* (End. ed, Hdibf rg-M rtige V. 6, to have 

written m book culled Companion of th* Fir# lUfulat Saltj*. 
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Kmi'Ufdjy typwttfv, vvk ecmov rcAoy €X€tv to 

ScumJftcvov* rors yap Jjv amy^aior w* 

tw S > ovhfipt7)$ f fTTctrot wa! cu^rd^ A* rot* KcoMurofS' 

TO. ttA^TotH KaToAilTtiiV OUK tvduvtrat. tt pmr~ 
ffcucu 8« TtJ> tot7cu to Araroftevu SeSifviJTtti ~po- 

\inu-ranwtii t f TOi 1 ? sJtto Ea/JfAeiBoo yeypri/ifteWs 
tJBij ir«pt rov rdrroL! wal [TtffjyoAda'as 1 toi£ frro 

LthdWiSdtt ^afl^Taty eV ’AAela-rSpeigt irAftcnw 

^H$VOV> ofov cgr^< Kui rrjit* roiavn)v tfjtv olW 
aftaifcj, 

Ofrojr 5c d Arc y Kai S ypappas tokos, Jt 

jr^ya irpootfeif ydpit 1 6^€tXftr eiSAuu rot 

nyKjjTW ypeE^rarrt, ratalhas iartv} im* ydp, tf/crei 

5* 5ojfJ tVojr Tplaiv SU&tlUlPi UttO T*Vt>$ TQV 41VTDM 3 

(rijp^iov #ca Taytfukm 1 cm rd? rpecy ^ SeSo/Lemcy 
yctjvuus cutfeiat, A-ui Aoyay lif Sotfciy tou utto 5dn 
*fanjyp«W^ ircpiejfopdVoLF 6pff&ywri qv Ttpiz to awi 
Aawrijy Terpdyanrav, to UTjpiiov difitrui Hiatt 

6s$QLi.ilOV OTtEQ^QU TQTTQV. TQVT£i?TlP fltds TUIV 

* * M i ft* 1 1 5 1ft * 

Tpunv KtuviKWV ypuj.ip.uWr'. nai car cm <i ecjOEuiy 
Oeatt ScSapeWv AraTct^^dkrir (V d^Bo/icracy 

yajruii^u Hal Adyoy ff Sofoiy td£j uko Buo Hwnpy~ 

ftCVitiP Trpos TO UTTQ TOjV Ao LKWV 6vO XaTTjypivUiV, 
npa eW to ffiptuir aifitTV-t flesrcc BeSoficVijf kujvqv 
ro/lijf. 

1 £ hi KvxAti&Tji * * l flKaS^f *Wiir “ whcrfla&tat ruidant 
hidorbr clLiidi'ii j vi-li-rmii raiKlIarrniLlattirtllai non imper ito< -id 
qua dlrenda guanitti tEinpiitio rt SnculirlEihn U*ii* sat ha Ifibuit 
Haalt&ck. 

1 roS atrou del. Hulfcoh. 

* The ihrtt'-ll fic loctu It, of court?, 4 portion I nr ™mp!t of 
the fourdine loqicv It teems dcfir that AjMjHoniLk^ himself 
did not lihVe a eamplek elution i*f the four-line luciia, kilt 



EUCLID 


the Chutes of Aristae us, but did not claim finality fear 
fiE'i proo6, If he had done so. we should have been 
obliged to censure him, but as things are be ri in 
no wise to blame, seeing that Apollonius himself h 
no! culled to account, them eh he left the most part 
of his Comes Incoroplote + Moreover Apolkmlus wns 
able to *jd the lacking portion of the theory of the 
lociis through having become fivutilhir beforehand 
with what liad been written about it by Euclid p and 
through Jmvijjg spent much time with Euclids pupils 
at Alexandria, whence he derived his scientific habit 
of mind. 

Now this ,p locus with respect to three find four 
lints,^ the theory of wtiich he is so proud of having 
expanded— though he ought rather to acknowledge 
his debt to the original author—Is of lists kind. If 
three straight ikies be given in position, and from 
nrae and the same point straight lines be drawn to 
meet the three straight lines at given smgles, and if 
the ratio of the rectangle contained by two of the 
straight lines towards the square on the remaining 
straight line be given, then the point will tie on a 
*nlid locus given in position, that is on one of the 
three conic sections. And if straight lines he drawn 
to meet at given angles four straight lines; given in 
position, arid the ratio of the rectangle contained by 
two of the straight lines so drawn towards the rect¬ 
angle contained by the remaining two be given, then 
in the same way the point will lie on a conic section 
given In position® 

hi* Ctmfc* iiL [Praps. T4-7tiJ tt mount* to m dernmutr** 
Mon of the condense of toe thrtC’LLfU locus if from any 
point af a conic thffl fic dfriltt I ihtf* rtmighi i\nr* in fxtd 
d* fictions to Tfifrt ftopM'tirtiy fijrH fitntfrnt* Oj ikt runic 
and tkfir chord of con tart* tki mlw *?/ iht rdcttmgl* o.m tuinnl 
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Elld . Phnm. Frarf.. EocL «d. HdfoEfrtf'Mcnjjc yuI, 43 , 5-7 

*EaV yap touro? rj xvXiv$pQ$ im-tOw Tpifijj 
wo/m rj v T>J TOjUij ylyverai Q^uywviou kwvqv 

np4* *<rriv Qji&la &vp€<Z. 


y]i Tiik Sl'rjtace-IjOcj 

Rapp, C^JL vii., ed. lliilKdi G3£. S3r®4 

EiJjcA^iSov 1 oxrwv Tuii- 1 upas tmicuWa j3. 


Flwl I W J?vW + I., ed. Erkdlda 394, 16-395. 2 

KfxAai ■§€ TOiriJcd cktdi$ Taifrjp tjvpir-Ttupa 

^J3fW O/W Ttl4 TOTTCl/ <TVpjHfliqKfV r T&TTQV 5* Wfl)l(lljy 
tj cTri^awiaf Aft^ Tjoi&poa^ &■ *ui raurov uvp- 
Tmupo.* r£n f yap t&iwcwv ts |i £v tori -rTpoS ypci/t- 
puif ctve< ffrapcraj ra £« irpchj- eVidhiritais. ^ai 
(TTft&r) t&p ypamuLv td fi&f ttetw crnTTfSot, tu 3J 
rntpcai—err^Soi ^fV f <5 f o' fmir^Sqt 7 

EcfTjfftF* tis tt}$ tvfhlaSt iTT^pcai Sr, till 1 >J y^vtms 
<* raw to^s ciira^atvtrcu <?r<=/>co 0 <^ 7 ^ 47 * 15 :* wy 
rijs KV^a-Spucffi fAi/fosr #rai rcSv jtGtwumjp ypa^Lp£fr 


^ ^ Iih« m drai** to i^wtrv on the third lint u 

WAftant. For & solution and fi|]| dlwiLSj-iuh of the fonr-ljne 
™a. r .rc£mnw ftKwuM be made to Z* il( hen, D'tit 1 >Am e*ri 
A^^'ArtiV^rt ip/j AUerittm^ pp. I2S ET., Or Heath* J pot¬ 
to* jq« o/ Pir^ pp, acmU 

* Eudid 1 * b an rotnHUHlltelll work InrprclY based 

on two trratLns, by AutolyciLu of Fttuw ffi 315 i a.c.) 
wllMzh aft- nivu extant. 

1 Meauduniii b bel^vd to Iibyc dmivt^d the conic 
Mi-diem^ «» tfdiimh of ei ngdit-OHiflctE ocuk-aniiJid &ml 
ubtij.*r-angk-d Wnc respectively bv a plane pcrpindkol&T 
400 
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Euclid,. Pfatfhoe lo EucL ed. Heibt^Mpnife 

*iih tit r 

If n roue or cylinder be cut by a plane not parallel 
to the base, the resulting Rection to a section of an 
acute-angled cone which is similar to a shield. b 

( f ) The Subfacie-Loo 
Pappus, CelUriifrti ed. [Tultsch G3&. 2S-24 

Euclid's two books of Surface-Loris 

Freeing On EmiM t.. etL FrirdMn 3&*. hi-39o. £ 

I call locus-theoreiTLs those which deal with the 
same property throughout the whole of a locus* and 
a locus I call a position of a hue or surface which h as 
1 hmughout one and the same property* Some locus- 
iheorems are constructed im lines and others on 
surfaces- Furthermore, since lines may be plane 
or solid—plane being those which arc simply gener- 
alec! in a plane, like the straight line, and solid those 
which are generated from some section of a solid 
figure, like the cylindrical helix or the conic sections 

lip a gruEj-utiug linc + I lib parage shows that Euclid, at 
3uwt + was also aware that an ellipse could be obtained n* n 
section of el right cylinder by n plane not pftfa I Id to the hate, 
and the fact may well hare been known before hfa rime ; 
Heiberg ( Litrrdrpwkkhtl |VJi * Starftat iih*r Eaklid. p r HH| 
thinks that Mcnacchmas probably used &vf*&r as the name 
for the ellipse. 

^ ' This entry fa taken from the list of books In Pappus's 
Tpmt dKuWfifWff {TrfMTtiy p/ dimly**/}, The work \s 
lost, hut VTt can Corijccbur* whfit suifaer-locl Were from 
remarks by Frocliu and Pappus himself, and we «m get some 
idee of the cootenfc of EneUdS irvatbc from two Jcmmu 
given to it by Pappus. 
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m' tfrii TOiV rrph? yptififUnfa TOTTlKTOJl' Tfl 

piv cTTLireftov Ijfcck tottov^ ri fie oTfpcrfv* 

Papp. CuH* Til. Hl'J-Hlfi, HttlUwh 1004, 16-1 DIO. 15 i 

liiicL ed. Hcibcr^‘Menpf viii. 274 . Ift-iiTS. 15 

EtV TQVS irpos €1TI 

n P , *Em* $ fudecci ^ AB wai Trapa £feWt ^ I'Aj 

Kol jj A nyvs TOD l mo AAB irp&S- tp ami AT, TP r 

r 


A_E B 


A IA _B 

OTTTtTOi KOJVlfirifr YpOflfLVjt, €av oSv 7) fill' AB 
CrT*/rtJ0l} T7JJ l9^C?f4>r r ™1 7(1 A, B OTFpTjtflJ TUV 
Soflerra 1 that, yoTgrrat Oe irpA^ fltcrfi ftHfeuits 1 n it? 
AE* EB, to r ^leTKJipicr^ti- yiWrai wpo? 6i&ti 
€771^3 INf Off. TqQtO hi * 

/S . E«i- tJ ^afi tulftna tJ AB h i at 3o^i- to P 

1 So^'irra 1 Irilh-rir, Mfmj cod.* Hliltwk 
1 c^^nif Turnery, cyfoia c«L 


■ From this passive, Cunfimiicd by Batodui, Unr-ldd 
would appear to be Sod which urr Sines, and surface loci 
would seem Co be loci which n-rr Surfaces. Pappus, In Cc4L 
Sr*SS. Huitsdh 54^ ffO-^5, implies howcPir. that surfitcr- 
loci nre loci trac'd on surfaces* ami he ftivea Hit cylindrical 
bclht 01 ftfi example of Mudi a locus. C/ r Jngtfb. y, 34S n . u, 
4^ 
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—It would appear that line-lod may he plane Joel 
or solid 

f’npiMjs, I 'jlitriitn vH. Sj^sir:. ot. I lnlb-.lt loot, 16- 

lOlU, 15 ; l~qflb dl. Htlbe^MungB tIeL ^74 ] ^-^7 *j | - 

Urnmas to the Surfacc-Loci 

h If AB be a ‘itrasglit line and i 'A he parallel i o 
a -trnight tine given in position, and if the ratiu 


E 



AA * AB : AH be given, the point V ties oh a coim*. 
flection. If AB be no longer given hi position and 
A, H be no longer given but lie on straight lines 
AE P KB given in position, the point V raised above 
[the plane containing AE P EH] is on a hiirfaee given 
in position. And this was proved.* 

2 - If A B be a straight line given Ln position* and 

1 The ti reek teat and the figure In it (given on the Jjefl-hnnd 
page) are misiKMicioryi hut Tannery pointed out tluif by 
reading fiWrioif instead d m sUtMmtoiy meaning cnii 

be ubtnin-rti (//u Nrfi* d+r math/maHy u*g, * U: y 

ti. tiy-J50>, He also indicnisd (he twrect figure, which 
Wns first printed bv Zruthi-n (/J|> t..'hr* mm dtn Ktyrf- 
jrAaiTfrn iru AlUrtmu | ] p. Th* B<wfcr 0 / Wrcifii- 

by T. L. Henth. |vp. Isii-kiv. should nimbi- coiuultccL 
ITie first bellteflCe stales one of Uu' fundamental pn^rtie* 
nf conic* sreihms. A JitrRd traiLslutirns of the opening words 
in the second sentence muld run : 11 If AB bt- deprived .if 
its jxisitkflp *nd the points A, B be deprived of their dlurauter 

m 
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f\- airrijj AmrcSw* tfai ^ AF, #fcu npos 

ap&as 1 ^ AE* W)W£ St t] ttjj FA nyHjy AE r 



TO A ttTTTtTEU fltVti ftwrwrijr TO/iiJff' StEKTtQt' 1 Sf J 
on wafiftijff </it/Kj? irmei rot- tott ^), 1 Sei^^iJ^trat 
Se ovroir trpoypat^yros toitow* TotrSt. 
y f . Aib ootffiTow r rwv A p B real op&rfi ttjt FA 

Aoyot £&t<im rav diro AA rrpis T<J OTTO FA, AB At- 

y«ti or I TO r (iTTTfTflt ^cuvol? TUJHfr, tar rt jf o 
Aoyo? £cro? TTpoy ttrqir t) ^[ct^tor 77poj tAcitroma |J 
cAapmur 7T,p<k /it^orci. 

“'Eorctf yup TTportpov £ Aoyw "ffO£ irpds Tenor, 
*tu tirtt Taor tWlr to Attq AA roly ami FA, AB* 

tctiaOtu Tjj BA T<dj it} AE. Ttfw upa tori to l^to 
BAE np (im AF r TtT^tTjo^td &i%a ^ AB t£ Z” 

K Vflfa £p&&$ Hultfdl, TVapiii tfftrfL tod, 

* StiWcfc' HullLsoh in udii,* SeLmraj cod. 

1 (i/pDr maifj: rvw i4vw uddp Gcfhanil, HnJtvdi. 

* rtlirav " Emnso t^ 5 " H uituh. 

of being |tf™ * . * The Irit leaves it uncertftia wheLher, 
wben All Ls no longer £twn In position^ it reniamj eonMwtkt 

m 
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fJie point X hr given in the same plane* arid AT be 
drawn, and M be-drawn perpendicular [to themven 
™W* Eine ah Jt ™d if ihc ratiu VA :AK fo ifivcn 
thi- i^oinc A will lie cm a conic section.* But it 
must he shown that part of the curve forms the 
ncus. This will be proved a$ follows by means of 
tnLs Jemma, 

i th ^ lw P° intB A * n «a the perpm- 

iJiriilnr I A, let the ratio Ai* : rA a + AB 1 be Jfren. \ 
sav that the point I’ lies on a conic section, whether 
thi ratio be of equal to equal, or greater to less or less 
to greater. 

J or in the first place let the ratio he of equal to 
equal Since AA* = r**+A&, let AE be made 
equal to HA. 

Th « n [ B A ■ AE + EA* - AA* [Enel. ii. 6 

and so] BA . AE n pa* t 

Jn fc wph o r fariffi, Zculhtn conjectures that hramscj wen* 

rrr * 1 ?^ t ° fft,rriin ? jrLa poim^ Qnd 

uk- £? ttnUtei'.SUL"*” ”” 1 "* *•**“» 

*JJW* “ «ie definition «f« omk in term, of to fbcuj sftd 
imtni, AU IwJrifr t>n! directrix, J' tiic focn», a dot point 
gLj*» c “ rv *‘- • AE the ewsnMs^ofX 

OW fe SatCC P4ppu4 prorts thw property for All thri conics 
P fa y tfornUl| g h Jl U* "»« fomiW UU form, it murf 
“™ i^™ “fumed I v EadW without proof, *tid p«! 
iun^hty fint .irputijihlrjLtrtl by Arltfonu. ltii« 1* *[1 
mn^romwkAbh u the foenulirertri, property bkowfcm 

";L*'7! mI 'V AMIoniLi,, ; ,ud. ii„;,,,f, i, fouii.l . . t , L „ 

t thi. piici5 in Iht whole of the C >reek mithrnuit lenl wriLinjrs. 
s. jujmft [i. n. a. 

J Diit 


lagAiii on p, 4A& 
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hn$iv apa to Z. teal iarat ^ AE ttJf 2 A 

mart to utiq BAE to S cV ccrrti 1 tjjto tJh* AB, ZA, 



Kdt tVru H *j OtTrA-iJ TTjs 1 All liotfetau- to apa: uttcJ 
Sotfeunj? j*oa ZA tow «mv r«p an t> AT. 

td r tL>a oTTTfTctt t)4an i -rrap(±3t>Xr^ 

Sea tov Z* 

Zorreffip^TCfi 5 ^ o ratras ovrws* 

'"'Eo'TOJ To tioO&TU A, B P 6 $i Aoyas" f(?TW tCTOfT 
7TDDS 1 HFOV, KO.I T£T}tfja8txI ^ AB S/^tL TlS Z, Ttjsr 

&i AB EiTxAiJ tffrw 7 ) P, Kfti Secret owenjs* eutfciar 

T^f ZB 7 rcTCp 4 KTft«Vl}£ K- 3 .TO TO Z, ttJs Al P Se^O- 

jutn^s ™ jieycflctp -yeypd^to rrcpl tov ZB 

napaBoXt) 77 H Z > wQT€, oiqf €av err T oetttJj 

q^^top ojJ TO I\ KttSfTOS Sc ij PA, 

ku*jV clvai to iVa P t ZA, toj 0.770 AI\ teal 
opth) 7) BH. Acyto| art to PH ^tfpof r^s T 
napaSoX^ term'** 



4ytJ 
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Let AB be bisected at Z : the point Z Is therefore 
given* 

And AE [p*AB^EB 

-2PZ-3M] 

«£ZA. 

Therefore BA . AE-2PA * Z\ 

[and so ^BA . Zi *= rA B ], 

Now SB A is given ; therefore the rectangle contained 
by a given straight line and ZA Is equal to the square 
on M\ Therefore the point V lies on a parabola 
passing through Z. 

■K Tiie synthesis of the locus is nccomplishctl in this 
way.“ 

Let the given |K>ints be A p Jh let the ratio be of 
equal to equal* let A B be bisected at Z t let V be double 
of A B ; and since Zb with an end point Z is a straight 
tine given in position, and P is given in magnitude* 
with 5 B os axisp let there be drawn [ApolL Contest 53] 
the parabola HZ 7 such that* if any J^omt l 1 be taken 
upon it* and the perpendicular \A be drawn, the 
rectangle contained by I s , Ed is equal to the square 
on AT; and let the perpendicular PH he drawn. 
I say that rn is a part of the parabola [forming the 

^For let the perpendicular I’d l>e drawn* ami let 
M be made equal to BA. Then since AB-2L?Z t 
EB = 2Bd t therefore AK [ = AB - KH] = + 2ZA j 

therefore BA - AE = ~A i ■ ZA 

«= A P + [by construction 

* Diagram Dll p, 49S- 


4D7 
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ZA t TflvreWv tip an 6 AF. irpo^^fWoj 

TO GHTQ LA iUOV OV Tin Q.7TO AB* JAoJ.' opti 7a difj 



A A fffo^ fOTt^ nig dni rdjv FA, AB. ij ZFH 

apHl yp&plfxi} 7701*1 TOV TQTTOl'. 

*'* "Ecrfitt TTouW Tffi StSo SofifWa cn^icim tu A# 

B > KO.I cMItti Tt ^ AF ItaJ dp&T]* Adyos Sc fOTtJj 
tou drro AA Tipd? ri dird BA, AT rrri p.iy 

TTpumqs ’irTatcrtini p,€i^inV irp<k cAdtfOWa/ tVi Sc 
Ti 9 > Sct/t 4pas ihiooojv “jDljj \*yw t dri to 

F dnrtTt it rcif^S, cm piv tt^3 TrpLvrns rrroi- 

atGu-T tAjWu/rftusr, iirl Se ttJs Seurtpa? vTrcppqA^f. 

’Eirtrt yd_p Adypy ccrrly roO air& AA irpos" rd drrd 
BA, AF* © adrd* qiJt^j ycyowc™ d row ini EA - 

4£N3 
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Let the equals EA*, AB* be Added to either side ; 
then [BA , AE + EA*« rA* + AB* 
md so] AA* - FA* + AB? + [End. fL 6 

Therefore the curve ZTH form* the locus, 

5, Again, let the two given points be A* H. and let 
Ar be a perpendicular straight line, nnd Jet the ratio 
AA H : BA* -f-AJ * 1 be in the first east' the ratio of a 
greater to a less, and in the second ease of n less to 
a greater* I say, that the point 1 H lies on a comic 
section, which h to the first case nn ellipse and in the 
second ea.^e o hyperbola. 0 

Since the given mtio is A A 1 : BA* + I’A** let [E 
be taken on AII so that] EA 1 :AB* he in the satnc 



11 The Greek text from this point onwards is unMlbfiidopy^ 
and contains matbrniatlcal errors which t iirnninmEinus and 
lluft^eh ojrrectd. The demonstmtion oJ$> leaves many 
jmp • which I have filled „ again folCowinfF those Com¬ 
ment* tors. 


1 f&kia Ti i AF FC4iJ cfcftj Helbenf: ttarMo* &p&§ i) &F, 
Ccumundlim^ Huit*ch: L^irrrrm tJ AT ™ vpfHj tod. 

1 wpo? iMoowu HuEfcsch, iAa mtuv Tiyw cod< 

1 &£mm vfm UA^am. HulUeh. wl^p wpos cod. 

1 BA Httltseh. BA 
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1 1 1 1 v li [ i A i t -i t * 

TTpos to am AtL trti our t?}? lypomjt Tma- 

fffojff iAdaatuv torlv q liA ttJs- AE P £wl St 777? 



SeuT^paj? ;ui£uw tfj-iy ij BA rijff AE. mc/cf&i 
odv 17J EA itrrj tJ AZ. fTTft Ady&r cqtao tou dm 
AA irpo? Tel afro FAj AB* Iftit iiFTVf cmroj a aiM? 

o row am EA ifpo^ to drrra AB p mt Aourdf upa 
to u utto /, \ E TTpQS TO tlffO A F Acfyo? eWlt' Soft (V- 
eiret St Adyos corJi r r?j? EA vpot AB [mi rift ZA 
Trpof ABf ml rijf ZB irpo^ HA, o airrds aono 
ytyoi^Toj o ttJ? AB TTpoj UJ[ + Ktii oA^r dpa ttjf 
AZ TTpw? AH Adyo? fVrtr Soft;*?- ttgLAjli 1 * cVeJ 
Adyoy fcrrtr rrjt EA -pat AB Sofe&j [ml Wjff EH 
dpa TTpof BA Adyos torU SofltfiV].* d avTtit aiSrtj 
ytytu-'tVtjj d rfjij A0 l Trpdsr B0- Adyo? dpa ml 
A 13 irpot B 0 dorir SoftlV [Soft ^ 1 apf.i TO 0 ] , M Kill 
hanr- d? AE rrpdy 0 A Adyof eerrer SofiWf* tftu 

too mo ZAE apn TTpot to dird 0A1 1 AdyO£ fori 
too Oe Jtfp ZA E iTpr>c to aTo FA Adyo^ 

COTir OoftlJ' Ifai TOO V3TO tiA(') flprc ITpoy TO UiTO 
1 AB Hulta^h, AE cod, 1 mac , , . Tr^i AD del, Hoitflch, 
500 
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ratio; then In the first cue HA is less than AK, while 
in the second case JlA fa greater than AK. 1^-t AZ 
be made equal to IlA, Since the given ratio is 
A A*: I A* + AH 4 * and hA*: AH* is equal to it, the ratio 

[AA*- KA* ; PA* +AH ! - AB*, 
that is, by Eucl. ii. G,] 

ZA . AB : AH 

is given. Now since the ratio [KA* : Alt* is given, 
therefore] KA : AH Is given, therefore (AZtAH is 
given. Accordingly, in the first ease AZ ; IK, and 
therefore IK : AH. n given ; in the second ewe* bo* 
cause AZ t AH Qt Inversely AM :AZ in given* there- 
fore All : HZ or inversely | BZ t All fe given. Let 
fH be taken on AB produced so that] AH : Hil = 
HZ : AB, Then [in the first ease AB +BZ ; UH 4 AB t 
in the second case A I? - B2 ; BH. - AW, that is in 
either cine) AZ 1 AH is given, Let [0 be taken on 
AB such that] At) : BO^EA : AB r Then the ratio 
AB : BB Is given. And [because by construe Non 
AO : H0 « EA : HA, cnmptmrtufa A& + Iff) ; [SO = 
IvA 4 BA : BA+ or AllB^ * = LB : A FI. Therefore 
AII — li B : HO - AB, that is*] A Ii * 0A i§ giveiu [Now 
AZ : AH was given ;] therefore AE , AZ : 0A . AH 
is given. But ZA r AE - AT- was given ; therefore 
the ratio HA . AH : A! ** is given* [But the point 
A is given, and by constructioii the points E + Z nru 
given: and bi-rausu AB: BH = BZ 1 ABt and also 


1 ™ JcL KuEtsch. 

1 Ay I lu I tech, AH «d* 

1 icW> up,* fj 0 dd, 1 ful tarti. 
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AF Aoyo? corir 
rA 0 p H- €T 


fio?ej;V + «:tu' turn 1 Suo Sierra 
apa riff TrpdfTT}* rrrajffeojf rn F 
cifrrtTai eVl Se riff Stufipas irntp- 

jSoAiJf, 

{^) Tut Optii-s 

Eud. Opffe, S T EucL Hdbertf-Men#* viL I -V. 

TA tfirrp p.eyifhi tfai irapoAAijAa £nmv ftuu-rrjxvTa. 
qtto tqu OjiijuaT&f oow AiEiAAyiiis 1 Toif SmcnrJ/iacrsi^ 
OpttTtt* + 

*Ecjt<ei Buo ptytthj tq AB, FA oi^tow SicpttiKflTJi 
AttA tou OjU^arof to A E> Aiyui, oti ook £oth% ii$ 


^aiWrai € j \a^ > tuf to l " 1 A ?xpof to AB, affruif tu 

BE upas 1 to EA, i7p£hj77iirr«™oay yap ojcnw* 
Eli AEp EF P icai K^i'-rpu} ptv rut E StiicmJ^^TE 
Be toj EZ kukAou ycypa^W?w 7 repE^p<i*t rj HZ0. 

qw t to EZT TpiyaiPpP too EZH ro^iiuts /i*i£Ay 
cortt'j to Sf E2A rpiyojvoi' too EZ@ t ojictuf 

ClAottof Am*, TO EZF apa rpty Clival* TpOS TOV 

■ Pappus proceeds to retake Mil- furiuid nyntbcsK. a* in the 
case of the parabok. and then formaJiy proves his onginnt 
505 
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Aft : B0-EA : AB, thereforr] the points F [, 0 arc 
bIski yjvcn. [Therefore in the first case H0 h the 
diameter of an ellipse, in the second it h the diameter 
of jl hypcrlfcdn f and] therefore the point F lies in 
the first ease on an ellipse* in the second on a hyper¬ 
bola. 4 

(g) Tsie Optic* b 

EucIldL Opli?* f'. Eud. ed. Heiberg- Mtn^i: dL 14. l-lfi. 5 

T4r murqif jr:m of rqua! and pur a It? I magnitude* 
at untmifil dutanttt from tA? eye are not proportional to 
tho*e aiitance?* 

Let AB* FA be the two magnitudes at unequal 
distances from the eye t E* I s&y that the ratio of 
the apparent si?-r. of ["A to the apparent file nf A W 
Is not equal to the ratio of BE to FA* For let the 
ray* AE, BF Falland with centre E and radius EZ 
let the ait: of a circle, IVAft, be drawn, Then since 
the triangle EZF is greater than the sector EZH, 
white the triangle EZA is less than the sector EZ0, 
therefore 

[jfllJMff ltWl in the dnsc where tile local is a parabola : the 

E roof wisrre Die locus i* an ellipse or hyperbola has been lost, 
ut can rLi>ily be supplied. 

FndidV Octicr ejctstl Irv two rref-nrdon^ liulli contained 
in voL vii. of the Hdbenr^tcngc edition of Euclid's works. 
One U die recension of Tlwon b but l lelijenc disomfertd in 
Viennese and Florentine wss> an earlier and markedly diffn nt 
reecnifiem* and there is every reason to believe it » Euclid? 
own work; it is from this earlier tell that the proposition 
here quoted i» driven. r fhe Optir* Eh an demen^ry t realise 
on perspective- 1tLs billed on some fstfo.* phj'i leal hypotheses* 
but hiu win? mbTL ^tinp mathemnlk'al theorems. 

1 Euclid. like Plato, bettered Dcf. Ij that rays of 

light proceed from the eye to the object, and not from the 
object to the eye. 


GREEK MATHEMATICS 
EZIi ro/ica Xoyov ^rrcp to EZ A 

Tptyuwav it pat rav EZQ ropia. xai ^oAAaf to 

EZ r rptyiuuQv rrpor to EZA rptywyov jMi^&vo. 
A oyov c^ci ^f?Fcp 6 EZH Toptits it p&s ror EZ0 
rap da „ if a I to ETA TptydOWM ir pis TO 

EZA TplytuiTtv p^ltava AoyoM €^ct ijirep o EH0 
To^ciy upor TQi' EZH TOftea. aAA + a*? to EAT 
rrpof to EZA TptytoroMj otrrms fj EA tt pdy txjm 
AZ. 4 Sc EA ttJ AB IrrTtv w h aai tt>$ Vj All 

Ttpa? T?]U AZ t t} BE TTpQS TTJV EA. " l} BE apt 1 

irpo? T7p- EA /ictfopa Xoyov c^ee r^sp 6 EH0 
TOjtrus itpif tom EZ@ Top/n, tif Sc o to/icot 
TT pof tom TOjWCCt, oJtoi? tJ irro H E0 yonfia TTpof 

TTJM OTtfO ZE0 rj BE apa irpa^ r^iv EA 

Acjyox ijtrcp ij lt?o II EH ycorta Tpo* 
TTjr LfflO ZE0* KOi fif ficv tt}<t iWo I I EH yonttis 
jfJAfrrtTac to 1A, eV St ttjt vcto ZE0 to A IE 

UVK m'n^tiyov dpa roi? flTrovrrjpa&W dpdrcu ra 
tcra ptyeti^H 


* This is equi valent, ofcourw* to saying that 
t.in HEft angle 
GmW& > angle MK& 

a well-known theorem in trigonometry? l|ie full espr^qn 
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triniagtr E ZT sector EZli triangle EZA z^-ctor EZ0* 

hmcrtfitda, 

triangle EZT EZd> sector EZH: sector EZ0 p 

and camptmendo, 

triangle ETA; triangle EZA> sector EHGb sector 

KZ0, 

But triangle KI ’A t triangle EZA = TA : AZ, 

Now FA -AB, and AU : AZ = BE ; EA, 

Therefore BE : EA:> sector KI l+J : sector KZU. 
Now 

sector EH0 safecttiK EZ0™ angle HE0 : angle 7A 7 J.K 

Therefore 

BE : EA> angle HE0 : angle EE0* fl 
Anri TA j*i si'i-n in I he angle IfEf I, while AR Ls seen 
In the angle ZEti, 'Hlcrefurr * the apparent skes 
of equal magnitudes are not proginrtioiml to their 
distances, 

of the theorem is: tf a, jl art two angles swell <hnt *<£< l*r h 
ihun 

tan n 
bin £ 0 

* By Def. t, which a-wt*.: ** Thing! seen under a greater 
angle appear jFFmter, anil I hew® ^n-n under ft (riser nuglr 
appear k$s, walk things seen under cqunl Angle? appear 
eqUuh^ 
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M avltH iL Wr G* Wfuldcll t JWem\ t TcTUgMUBLUt F* EL 
Robbing 


I 
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Mapcui Alvkklius. C. IL Hajnos, ( 3 rd Mp. rrrWJ 
Mn4VDn. F r G, AlLhiM>is.. (£nd Imp* rrristd.) 

Misoi Arne OtATORt. 9 Vok YoL I (Antiphon, Am\^ 

K, J + Mfcldinent. 

Nmsos j DfOCTHj, ca. W. 11. D, 3 Vok (VoL 

Ell 2nd Imp.) 

OrjiAs, CoiLLniL’*, Tirniionofctti, A* W r M*Er. 
t'-H i-ral. Nox-LrrpB.iHT St:r tcriosa. A. S- Hunt and C- C. 
Kdtfmr. 9 Vok (VoL I /rvr/r.) LnnAir &EUKT10VL 

V ol r J (Poetry ^ D. L_ Page, (3rd/fiip H ? 

[blTHHlUfl. C/. Li>xgc5 f 

ISi:*AN!Att [>EH-iiirTBOsf or Gbkecc, W. IL S* Jones, 5 
Vok find Cciintianlon VuL arr-.mjfrd by E. E. Wydu-rW* 
{Vokrtoaufihrf/wix) f 

Fimo. n Vok Vok. l-Y. F. If. ColfrOQ pud Rrr* G. IL 

Whitaker i Vok VMX. E EL CoUii. I Vok L II, V, 

V I imd VII /fM. r Vo-). IV :trdl /raj#, r*rj#Hv(.) 

I 111 I.'> v TiL .1TI r TiiK LllT or AfQlLDhjO or Tvafa. F. C. 

l-'onybnre. 9 Vok (3rd 

1 1 1 > i ilatts j iMiOISfrj ; Ca lust iiat ls s Di:^cili pti i>^i. 

A. Fairbanks, 

FiiU MTOTU1 Asn IwATTUl: Lire- nr tui Sophist*, 
Wittucr C*Tt WrizhL (?nd Imp,} 

I'lSPAft. Sir J. F. Sandyi, (T th Imp. mwtdjk 
Fmto : Cit^anjiiEs, A%&whkk Hp^aiciil^tbe Lovem* 
TKKJlUia, Ml Vo* ax n HriNouii VV* R* M. IjhhL 
Plato e CnAi-rUi-tf, Gieatt n Limx 

Him as. IL N. Fowler. (3d /fnj} + ) 

Putu s Ftiiiu^fsn^ Avo i tjgr , Cuno, PllilM, PiUii;oatJi. 
JL N + FowJer- {9th ImpA 

Plato : Lunn, pRor 40 oaAi + Mlnu, EanurKKUUL 
Vl\ R, M- IJimb. (£aJ Imp. r*ri*tdA 
FiaTo ; Laws. Her, R, G» Bury. d Vo!^ (^i Imp,} 
Pea Ti i: L^ls, Sy upturn* Gone Hi. VV. R. M. Lnmb, 
(Mh Imp. rrrwrd.) 

Puto I Km nuc. Paul Shorty. 9 Vok. (VoL I 4fA Imp., 
VoL II $td Imp .) ' 

Plato t Sr*™***, Philebli*, hL N. Fowler; lost, 
W. R. M, l4mb r {StdlmpA 

I I I.aTo s Tji r_i rriTis .vtu Sorii isTp l L N. Fowler, (3rd (mp T J 
i'l ATOl TlUALLi, 1 H-lTiAH, t LSTOTltO, M L.}iXTEiL’S, Kj'I' 

itLLfct, Krv. R. G, Bury, (tfnd Imp.) 
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PruTAicir i Momaua. 11 Vnla. Vote, 1-V, K, C + Bobbitt; 
VuL VI. W. C. I Icluibold; VciLX. IL N, Fowler. (Voil. 
L ME and X dad /rop.,• 

Pi-L'TAii'Cil: TitL- Pjniiim Lira. B. Perrin, || Vok 
(Vute. I, 11 mid VIJ Srd Imp*! Vok III, IV, VI. VIIE-XI 
fad Imp,) 

Po^rmus, W, R. Pntun* *i Vote. 

Piocotegij Hirrpxf djtht Wais. Hhi R* Dewing. T Vote. 
(Vfll. I 2nd /flip.) 

I'TrtLoii; t TrrtiAiiiMtDi. Cf. Ma^itthG. 

CJl'isttuk SitVi^AtUi. A, S T W*Y. (fad Mp.) Verse trv& 

Sixths Esi ri 11 K/UI. Ite'f. It. O. Bury. 4 Vote, (Vgk I and 

Ill 2nd lmp.\ 

SorttOCLES. K Stnsr* S Ysits* CVnL J 841 Imp.* Vol. II nth 
Imp*.) Vtfi» Lranx. 

SthaIMI : 1 i i!'j+i h a 3'ji v. lluraue L, Jonea. S Vok (V&la. I 
and VIII lird lmp. % Vote. LI. V mid VI fad /rap.) 

TnroFiiHin-L's ; Cniliatnl. J. M. Edmunds; Hoodie, 

etc. A. D. Knot, (fad Imp.) 

TimiriiB aSTI's : E14111IT IKTO PuMtl. Sir Arthur Jbft 
2 Voter (2nd Imp.) 

Tiyicr rides, £, F, Smith, 4 Vote. (Vol, I 3rd VoEs- 
I l-l V 2nd /flip, rre U*d .) 

T HI J'lC[l>DuILL' t. C/. OlTUS. 

Xoohhox ± CmrACOii. Walter Miller. 2 Vais, (Vol. I 
2nd Imp,* Vol* 11 3rd /mjy.J 

Xt.xoruox t Hj-.llhsica, AifAitiMa, Apology, and Stmini- 
HVM* C. L, Brownhum and Q* J. Todd. 3 Vote. (A nte. I 
mid III :{rd hnp. f Voi II 4/A i«ap.j 

Xekgpiiox : MofOJusiiiA istd OkonomicuI £, C. Mat- 
chant, ( 2 nd /flip.) 

Xesopiio-S : Scum Ml^oaA, LC. MindumL (iqd /mp.) 


VOLUMES IN PREPARATION 


Glu: KB AlTTilOliS 


Amwom i D t Mnxno, etc. D_ Furfay and E. S. Forslei 1 , 
AllSTOTUli Hist oaf nr Am UAia, A. L. PffiL 
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H. D. P. l«. 

LATrS AUTHORS 

St. Auomjjd i Cirr o* Gon. 

r I3ALDBL3 A ST* ^TIlEl F*DCHJTJ1. J}. ^ PtffTy 

flffJrJWPg/Fg OiV APPUCATlQit 


irQSsmyx 

IfflLUAAl URlXK^XSX LTl J 
Clnth 1^4 


UJL&YAR D UtflV, S b ftES3 
Clfltft 13.50 

























